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1 Intr oduction

Compressions usedjust abouteverywhere.All theimagesyou geton theweb arecompressed,
typically in the JPEGor GIF formats,mostmodemausecompressiontHiDTV will becompressed
using MPEG-2, and several file systemsautomaticallycompresdiles whenstored,andthe rest
of usdoit by hand. The neatthing aboutcompressionaswith the othertopicswe will coverin
this course,is that the algorithmsusedin the realworld makeheary useof a wide setof algo-
rithmic tools, includingsorting,hashtables tries,andFFTs. Furthermorealgorithmswith strong
theoreticafoundationglay a critical role in real-worldapplications.

In this chapterwe will usethe genericterm messagédor the objectswe wantto compress,
which couldbe eitherfiles or messagesThetaskof compressioronsistof two componentsan
encodingalgorithmthattakesa messag@andgenerates “compressedtepresentatiohopefully
with fewer bits), anda decodingalgorithmthatreconstructshe original messager someapprox-
imationof it from the compressedepresentationThesetwo componentsretypically intricately
tied togethersincethey bothhave to understandhe shareccompressedepresentation.

We distinguishbetweenosslesslgorithms which canreconstructheoriginalmessagexactly
from thecompressethessageandlossyalgorithms which canonly reconstrucanapproximation
of the original messagelosslessalgorithmsaretypically usedfor text, andlossyfor imagesand
soundwherealittle bit of lossin resolutionis oftenundetectablegr at leastacceptableLossyis
usedin anabstractsensehowever, anddoesnot meanrandomlost pixels, but insteadmeandoss
of a quantitysuchasa frequeng componentpr perhapdossof noise. For example,one might
think thatlossytext compressiorwould be unacceptabl®ecauseghey areimaginingmissingor
switchedcharacters. Considerinsteada systemthat reworded sentencesnto a more standard
form, or replacedwordswith synoryms so that the file canbe bettercompressed.Technically
the compressiorwould be lossysincethe text haschangedhut the “meaning”andclarity of the
messagenight be fully maintainedpr evenimproved. In fact StrunkandWhite might arguethat
goodwriting is theart of lossytext compression.

Is there a losslessalgorithm that can compressall messages?Therehasbeenat leastone
patentapplicationthatclaimedto beableto compressll files (messages)—&ent5,533,05 titled
“Methodsfor DataCompression”Thepatentapplicationclaimedthatif it wasappliedrecursvely,
afile couldbereducedo almostnothing. With alittle thoughtyou shouldcorvinceyourselfthat
thisis not possible at leastif the sourcemessagesancontainary bit-sequenceWe canseethis
by a simple countingargument. Lets considerall 1000 bit messagesasan example. Thereare
21000 differentmessagewe cansend,eachwhich needgo bedistinctly identifiedby the decoder
It shouldbeclearwe cant representhatmary differentmessageby sending®99or fewer bits for
all themessages— 999 bits would only allow usto send2* distinct messagesThetruthis that
if ary onemessages shortenedy analgorithm,thensomeothermessageeedso belengthened.
You canverify thisin practiceby runningGZIP on a GIF file. It is, in fact, possibleto go further
andshaw thatfor a setof input messagesf fixedlength,if onemessagés compressedhenthe
averagelengthof the compressethessagesver all possibleinputsis alwaysgoingto belonger
thanthe original input messagesConsidey for example,the 8 possible3 bit messagesif oneis
compressetb two bits, it is not hardto corvince yourselfthattwo messagewill have to expand
to 4 bits, giving anaverageof 3 1/8 bits. Unfortunatelythe patentwasgranted.

Becaus@necant hopeto compres®verything,all compressiomlgorithmsmustassumehat



thereis somebiason theinput messagesothatsomeinputsaremorelikely thanothers,i.e. that
thereis someunbalancegrobability distribution over the possiblemessagesMost compression
algorithmsbasethis “bias” on the structureof the messages i.e., an assumptiorthat repeated
characteraremorelikely thanrandomcharactersor thatlarge white patchesoccurin “typical”
images.Compressiotis thereforeall aboutprobability.

When discussingcompressioralgorithmsit is importantto makea distinction betweentwo
componentsthe modelandthe coder The modelcomponensomeha captureshe probability
distribution of themessageby knowing or discovering somethingaboutthe structureof theinput.
The coder componenthentakesadwantageof the probability biasesgeneratedn the modelto
generatecodes. It doesthis by effectively lengtheningow probability messageand shortening
high-probabilitymessagesA model,for example mighthave ageneric‘understandingbf human
facesknowing that some“faces” are morelikely thanothers(e.g., a teapotwould not be a very
likely face). The coderwould thenbe ableto sendshortermessage$or objectsthat look like
faces. This could work well for compressindeleconferencealls. The modelsin mostcurrent
real-world compressioralgorithms,however, are not so sophisticatedand use more mundane
measuresuchasrepeategatterndn text. Althoughtherearemary differentwaysto designthe
modelcomponenbf compressiomlgorithmsandahugerangeof levelsof sophisticationthecoder
componentsendto be quitegeneric—incurrentalgorithmsarealmostexclusively basedn either
Huffmanor arithmeticcodes.Lestwetry to maketo fine of adistinctionhere it shouldbe pointed
outthattheline betweermodelandcodercomponent®f algorithmsis not alwayswell defined.

It turnsout thatinformationtheoryis the glue thatties the modeland codercomponentgo-
gether In particularit givesavery nicetheoryabouthow probabilitiesarerelatedto information
contentandcodelength.As we will see thistheorymatchegpracticealmostperfectly andwe can
achieve codelengthsalmostidenticalto whatthe theorypredicts.

Anotherquestionaboutcompressiomlgorithmsis how doesonejudgethe quality of onever-
susanotherIn thecaseof losslessompressiotherearesereralcriterial canthink of, thetimeto
compressthetime to reconstructthe sizeof the compressethessagesandthe generality—.e,,
doesit only work on Shakespearer doesit do Byron too. In the caseof lossycompressiorthe
judgements further complicatedsincewe alsohave to worry abouthow goodthe lossyapprox-
imationis. Therearetypically tradeofs betweenthe amountof compressionthe runtime, and
the quality of the reconstruction.Dependingon your applicationone might be moreimportant
thananotherandonewould wantto pick your algorithmappropriately Perhapghe bestattempt
to systematicall}compardosslessompressiomlgorithmss the Archive Comparisornmest(ACT)
by Jef Gilchrist. It reportstimesandcompressiomatiosfor 100sof compressiorlgorithmsover
mary databasedt alsogivesa scorebasedn aweightedaverageof runtimeandthecompression
ratio.

This chaptemwill be organizedby first covering somebasicsof informationtheory Section3
thendiscusseshe codingcomponenbf compressin@lgorithmsandshavs how codingis related
to the informationtheory Section4 discussevariousmodelsfor generatingthe probabilities
neededoy the codingcomponent.Section5 describeshe Lempel-Zv algorithms,and Section6
coversotherlosslesslgorithms(currentlyjust Burrows-Wheeler).



2 Information Theory

2.1 Entropy

Shannorborrovedthe definition of entropy from statisticalphysicsto capturethe notion of how
muchinformationis containedin a andtheir probabilities. For a setof possiblemessages,
Shannordefinedentropy as, )
H(S) = s)log, ——
(5) = X pls) ok 75
wherep(s) is the probability of messages. The definition of Entropyis very similar to thatin
statisticalphysics—inphysicssS is the setof possiblestatesa systemcanbe in andp(s) is the
probability the systemis in states. We might remembethatthe secondaw of thermodynamics
basicallysaysthatthe entropyof a systemandits surroundingganonly increase.
Gettingbackto messagesf we considertheindividual messages < S, Shannordefinedthe
notionof theselfinformationof amessagas

(6) = 1o 1
i(s) = log, p(s)

This self informationrepresentshe numberof bits of information containedin it and, roughly
speakingthenumberof bitswe shoulduseto sendthatmessageTheequationsaysthatmessages
with higherprobabilitywill containlessinformation(e.g., a messagesayingthatit will be sunry
outin LA tomorraw is lessinformative thanonesayingthatit is goingto snaw).

The entropyis simply a weightedaverageof the informationof eachmessageandtherefore
the averagenumberof bits of informationin the setof messaged.argerentropiegepresenmore
information,and perhapsounterintuitively, the morerandoma setof messagefthe moreeven
the probabilities)the moreinformationthey containon average.

Herearesomeexamplesof entropiedor differentprobability distributionsover five messages.

p(S) = {0.25,0.25,0.25,0.125,0.125}
H = 3x0.25xlog,4—+2x 0.125 x log, 8
= 1.540.75
= 2.25
p(s) = {0.5,0.125,0.125,0.125,0.125}
H = 0.5 xlog,2+4x 0.125 x log, 8

= 05415
= 2

p(s) = {0.75,0.0625,0.0625,0.0625,0.0625}

4
H = 0.75 x log,(=) + 4 x 0.0625 x log, 16
2 3 2

! Technicallythis definitionis for first-order Entropy We will getbackto thegenerahotionof Entropy



| | bits/char |

bits [log(96) | 7

entropy 45
HuffmanCode(avg.) 4.7
Entropy(Groupsof 8) 2.4
Asymptoticallyapproaches| 1.3
Compress 3.7
Gzip 2.7
BOA 2.0

Tablel: InformationContentof the EnglishLanguage

= 03+1
= 1.3

Notethatthe moreuneventhedistribution, thelower the Entropy

Why is thelogarithmof theinverseprobabilitytheright measurdor selfinformationof ames-
sage?Althoughwe will relatetheselfinformationandentropyto messagéngthmoreformally in
Sectior3 letstry to getsomeintuition here.First,for asetof n = 2! equalprobabilitymessageshe
probabilityof eachis 1 /n. We alsoknow thatif all arethesamdength,thenlog, » bitsarerequired
to encodeeachmessageWell this is exactly the self informationsince:(.S;) = log, pi = log, n.
Anotherpropertyof informationwe would like, is thatthe informationgivenby two independent
messageshouldbe the sumof the informationgivenby each.In particularif messagest and B
areindependentthe probability of sendingone after the otheris p(A)p(B) andthe information
containeds themis

i(AB) =g ! ! !

oApE) eyt T iAW HIUB).

Thelogarithmis the“simplest” functionthathasthis property

2.2 The Entropy of the English Language

We might be interestedn how muchinformationthe EnglishLanguagecontains. This could be
usedasa boundon how muchwe cancompres€nglish,andcouldalsoallow usto comparehe
density(informationcontent)of differentlanguages.

One way to measurehe information contentis in termsof the averagenumberof bits per
character Table 1 shavs a few waysto measurdghe informationof Englishin termsof bits-per
character If we assumesqualprobabilitiesfor all charactersa separateodefor eachcharacter
andthatthereare96 printablecharactergthe numberon a standardkeyboard)theneachcharacter
would take [log 96] = 7 bits. The entropyassumingeven probabilitiesis log 96 = 6.6 bits/char
If we give the characters probability distribution (basedon a corpusof Englishtext) the entropy
is reducedo about4.5 bits/char If we assumea separateodefor eachcharactefor which the
Huffmancodeis optimal)the numberis slightly larger4.7 bits/char



Date | bpc | scheme | authors |
May 1977| 3.94 | LZ77 Ziv, Lempel

1984 3.32| LZMW | Miller andWegman
1987 3.30| LZH Brent

1987 3.24| MTF Moffat

1987 3.18| LZB Bell

: 2.71| GZIP :

1988 2.48| PPMC | Moffat

: 2.47| SAKDC | Williams
Oct1994 | 2.34| PPIvr Cleary TeahanWitten

1995 2.29| BW Burrows, Wheeler
1997 1.99| BOA Sutton
1999 1.89| RK Taylor

Table2: Losslessompressiomatiosfor text compressiomn CalgaryCorpus

Note thatso far we have not takenary advantageof relationshipsamongadjacentor nearby
characterslf youbreaktext into blocksof 8 characteraneasureéheentropyof thoseblocks(based
onmeasuringheirfrequeng in anEnglishcorpus)you getanentropyof about19 bits. Whenwe
divide this by thefact we arecoding8 characteratatime, the entropy(bits) percharacteis 2.4.
If we grouplargerandlargerblockspeoplehave estimatedhattheentropywould approach.3(or
lower). It is impossibleto actuallymeasurehis becaus¢herearetoo mary possiblestringsto run
statisticson, andno corpuslargeenough.

This valuel.3 bits/chans anestimateof the informationcontentof the Englishlanguage As-
sumingit is approximatelycorrect,this boundshow muchwe canexpectto compres€nglishtext
if wewantlosslessompressionTablel alsoshavsthecompressiomateof variouscompressors.
All these however, are generalpurposeand not designedspecificallyfor the Englishlanguage.
Thelastone,BOA, is the currentstate-of-the-artor general-purposeompressorsTo reachthe
1.3 bits/charthe compressowould surely have to “know” aboutEnglishgrammay standardd-
ioms,etc..

A morecompletesetof compressiomatiosfor the Calgarycorpusfor avariety of compressors
isshavnin Table2. TheCalgarycorpuss astandardenchmarkor measuringompressiomatios
andmostly consistof Englishtext. In particularit consistf 2 books,5 papers bibliography 1
collectionof news articles,3 programs,1 terminalsession? objectfiles, 1 geophysicatlata,and
1 bit-mapb/w image.Thetableshavs how the stateof thearthasimprovedover theyears.

2.3 Conditional Entropy and Mark ov Chains

Often probabilitiesof events(messagesare dependenbn the context in which they occur and
by usingthe contet it is often possibleto improve our probabilities,andaswe will see,reduce
theentropy The context might bethe previouscharactersn text (seePPMin Section4.5), or the
neighboringpixelsin animage(seeJBIG in Sectior4.3).

The conditionalprobability of anevente basedon a contet ¢ is written asp(e|c). Theoverall



P(blw)

P(w|b)

Figurel: A two statefirst-orderMarkov Model

(unconditional)probability of anevente is relatedby p(e) = Y. p(c)p(e|c), whereC' is the set
of all possiblecontets. Basedon conditionalprobabilitiesme candefinethenotionof conditional
self-informationas:(e|c) = log, | of anevente in the contet c. This neednotbethesameas
the unconditionalself- |nformat|on I%or example,a messagetatingthatit is goingto rainin LA
with no otherinformationtells usmorethana messagstatingthatit is goingto rainin the context
thatit is currentlyJanuary

As with the unconditionalcase,we candefinethe averageconditionalself-information,and
we call this the conditional-entropyf a sourceof messagesWe have to derie this averageby
averagingboth over the contexts andover the messageskor a messageset,S andcontext setC,
theconditionalentropyis

H(SIC) = 3_p(e) Y p(slc)log, (1|C)-

ceC SES

It is not hardto shaw thatif the probabilitydistribution of S is independenof the context C' then
H(S|C) = H(S), andotherwiseH (S|C') < H(S). In otherwords,knowing the context canonly
reducethe entropy

Shannoractuallyoriginally definedEntropyin termsof informationsources An information
soucesgenerateganinfinite sequencef messages;, k € {—oc,...,oc} from afixedmessage
setS. If the probability of eachmessagés independentf the previous messagethenthe system
is calledanindependenand identically distributed(iid) source.The entropyof sucha sourceis
calledthe unconditionalor first order entropyandis asdefinedin Section2.1. In this chapterby
defaultwe will usethetermentropyto meanfirst-orderentropy

Anotherkind of sourceof messagess a Markov processor more preciselya discrete time
Markovchain. A sequencdollows anorderk Markov modelif the probability of eachmessage
(or event)only depend®nthe & previousmessagesn particular

p(n|Tn-1, s Tuok) = P(@n|Tno1y. ooy Treky .. .)
wherez; isthe:** messaggeneratethy thesource Thevalueghatcanbetakenonby {z, _1, ..., z,_x}
arecalledthe statesof the system.The entropyof a Markov processs definedby the conditional
entropy whichis basednthe conditionalprobabilitiesp(z,, |x,—1, . . ., n—k ).

Figure 1 shavs an exampleof anfirst-orderMarkov Model. This Markov modelrepresents
the probabilitiesthat the sourcegenerates black (b) or white (w) pixel. Eacharc represents
a conditionalprobability of generatinga particularpixel. For examplep(w|b) is the conditional
probabilityof generatingawhite pixel giventhatthe previousonewasblack. Eachnoderepresents
oneof the stateswhich in a first-orderMarkov modelis just the previously generatednessage.
Letsconsiderthe particularprobabilitiesp(b|w) = .01, p(w|w) = .99, p(b|b) = .7, p(w|b) = .3. It



is nothardto solve for p(b) = 1/31 andp(w) = 30/31 (dothis asanexercise).Theseprobabilities
give the conditionalentropy

30/31(.011og(1/.01) +.991og(1/.99)) + 1/31(.7log(1/.7) + .3log(1/.3)) ~ .107

This givesthe expectednumberof bits of informationcontainedin eachpixel generatedy the
source Notethatthefirst-orderentropyof the sources

30/31log(31/30) + 1/311log(1/30) ~ .206

whichis almosttwice aslarge.

Shannoralsodefinedagenerahotionsourceentropyfor anarbitrarysource Let A” denotehe
setof all stringsof lengthn from analphabetA, thenthe!”* order normalizedentropyis defined
as

1 1
H, = - p(X)log .
nxgw p(X)

(1)

Thisis normalizedsincewe divideit by n—it representthe percharactemformation. Thesource
entopyis thendefinedas

H=1mH,.
n—oo
In generalit is extremelyhardto determinethe sourceentropyof anarbitrarysourceprocesgust
by looking atthe outputof the processThisis becauséo calculateaccuratgrobabilitiesevenfor
arelatively simpleprocessouldrequirelooking atextremelylong sequences.

3 Probability Coding

As mentionedn theintroduction,codingis the job of taking probabilitiesfor messageandgen-
eratingbit stringsbasedon theseprobabilities.How the probabilitiesaregenerateds partof the
modelcomponentf thealgorithm,whichis discussedh Sectior4.

In practicewe typically useprobabilitiesfor partsof alargermessageatherthanfor the com-
pletemessageg.g.,, eachcharacteor word in atext. To be consistentvith theterminologyin the
previous section,we will considereachof thesecomponentsa messag®n its own, andwe will
usethe term messagsequencdor the larger messagenadeup of thesecomponentsin general
eachlittle messageanbe of a differenttypeandcomefrom its own probability distribution. For
example,whensendinganimagewe might senda messageapecifyinga color followed by mes-
sagesspecifyinga frequeng componenbf that color. Even the messagespecifyingthe color
mightcomefrom differentprobabilitydistributionssincethe probability of particularcolorsmight
dependn the context.

We distinguishbetweeralgorithmsthatassigna uniquecode(bit-string)for eachmessageand
onesthat“blend” the codestogetherfrom morethanone messagén arow. In thefirst classwe
will considerHuffmancodes,which area type of prefix code. In the later cateyory we consider
arithmeticcodes.Thearithmeticcodesanachiese bettercompressionhut canrequiretheencoder
to delaysendingmessagesincethe messageseedto be combinedbeforethey canbe sent.

9



3.1 Prefix Codes

A code( for amessageet.S is a mappingfrom eachmessagéo a bit string. Eachbit stringis
calledacodevord, andwewill denotecodesusingthesyntaxC' = {(s1,w1), (s2,w2), -+, (Sm, W) }.
Typically in computerscienceave dealwith fixed-lengthcodes suchasthe ASCII codewhichmaps
every printablecharactemndsomecontrol charactersnto 7 bits. For compressionhowever, we
would like codevordsthatcanvary in lengthbasedon the probability of the messageSuchvari-
ablelengthcodeshave the potentialproblemthatif we aresendingonecodeavord afterthe other
it canbe hardor impossibleto tell whereone codavord finishesandthe next starts. For exam-
ple, given the code{(«, 1), (b,01),(¢,101),(d,011)}, the bit-sequencd 011 could eitherbe
decodedasaba, ca, or ad. To avoid this ambiguitywe could adda specialstop symbolto the
endof eachcodeavord (e.g, a 2 in a 3-valuedalphabet),or senda length beforeeachsymbol.
Thesesolutions however, requiresendingextra data. A moreefficient solutionis to designcodes
in which we canalwaysuniquelydeciphera bit sequencénto its codewords. We will call such
codesuniquelydecodablecodes.

A prefix codeis a specialkind of uniquelydecodablecodein which no bit-stringis a prefix
of anotherone, for example{(a,1), (b,01),(¢,000),(d,001)}. All prefix codesare uniquely
decodablesinceoncewe getamatch,thereis nolongercodethatcanalsomatch.

Exercise3.1.1 Comeup with an exampleof a uniquelydecodablecodethatis nota prefixcode

Prefix codesactually have an advantageover otheruniquely decodablecodesin thatwe can
deciphereachmessage&vithout having to seethestartof thenext messageThisis importantwhen
sendingnessagesf differenttypes(e.g., from differentprobabilitydistributions).In factin certain
application®nemessageanspecifythetypeof thenext messagesoit mightbenecessaryo fully
decodehe currentmessag®eforethe next onecanbeinterpreted.

A prefixcodecanbeviewedasabinarytreeasfollows

e Eachmessagés aleafin thetree

e Thecodefor eachmessages given by following a pathfrom theroot to the leaf, andap-
pendinga 0 eachtime aleft branchis taken,anda 1 eachtime aright branchis taken.

We will call thistreeaprefix-coddree Suchatreecanalsobeusefulin decodingprefix codes.As
thebitscomein, thedecodercanfollow apathdown to thetreeuntil it reaches leaf, atwhichpoint
it outputsthemessagandreturnsto therootfor thenext bit (or possiblytheroot of adifferenttree
for adifferentmessagéype).

In generaprefix codesdo not have to berestrictedo binaryalphabetsWe couldhave a prefix
codein which the bits have 3 possiblevalues,in which casethe correspondingree would be
ternary In this chaptemwe only considerbinarycodes.

Givenaprobabilitydistribution on asetof messageandassociategtariablelengthcodeC’, we
definetheaveagelengthof thecodeas

L(C)= > p(s)l(w)
(s,w)eC
wherel(w) is thelengthof thecodevord w. We saythata prefixcodeC' is anoptimalprefix code
if 1,(C) is minimized(i.e., thereis no otherprefix codefor the given probability distribution that
hasalower averageength).

10



3.1.1 Relationshipto Entropy

It turnsoutthatwe canrelatetheaveragdengthof prefix codego theentropyof asetof messages,
aswe will now shav. We will makeuseof the Kraft-McMillan inequality

Lemma 3.1.1 Kraft-McMillan Inequality. For anyuniquelydecodableodeC,
o2t <,
(s,w)eC
whee [(w) it thelengthof the codevord w. Also,for anysetof lengthsL sud that
Y27 <1,
leL

there is a prefixcodeC of thesamesizesud that(w;) = [; (: = 1,...|L|).
Theproofof thisis left asa homevork assignmentUsingthis we shaw the following

Lemma 3.1.2 For any messageaet.S with a probability distribution and associatediniquelyde-
codablecode(,
H(S5) < 1.(C)

Proof: In thefollowing equationgor amessage < S, [(s) refersto thelengthof theassociated
codein C'.

1

H(S) = 1.(C) = X%P(S)logzp(s) z;gp(s)l(s)
= Z;p(S) (10g2$—1(3))
= Ze;gp(s) (10g2 lﬁ — log, 21(5))
N, 2
= 2y
< 10g2(22—1(5))
<o

Thesecondo lastline is basednJensersinequalitywhich stateshatif afunction f(z) is concae
theny", p; f(z;) < f(X; pizi), wherethe p; arepositive probabilities. The logarithmfunctionis
concae. Thelastline usegheKraft-McMillan inequality O

Thistheorensaysthatentropyis alowerboundontheaveragecodelength.We now alsoshav
anupperboundbasedn entropyfor optimal prefix codes.

Lemma 3.1.3 For anymessagsetS with a probability distribution andassociateptimalprefix
code(,
[(C)<H(S)+1.

11



Proof: Takeeachmessage € S andassignt alengthl(s) = [log p(l—s)}. We have

E 2—[(5) — Z 2—[10g p(l—s)]
seS sES
S Z 2—logp(1—s)
sES
= > p(s)
SES
= 1

Thereforeby the Kraft-McMillan inequality thereis a prefix codeC’ with codavordsof length
[(s). Now

L(C) = 3 p(s)l(w)

(s,w)eC’

1
= > p(s)[log )

(s,w)eC’ J (S)

S p(s)(1+ log }%)

(s,w)ecC’ ] (S)
1

= 1+ p(s)log —
L2 MBS

= 1+ H(S)

IN

By thedefinitionof optimalprefixcodes/,(C) < [,(C’). O
Anotherpropertyof optimal prefix codesis that larger probabilitiescannever leadto longer
codesasshavn by thefollowing theorem.Thistheoremwill beusefullater.

Theorem3.1.1 If C is an optimal prefix codefor the probabilities{p1, p2, ..., p.} thenp, > p,
impliesthati(c;) < (c;).

Proof: Assumel(c¢;) > [(¢;). Now considerthe codegottenby switchinge; ande;. If [, is the
averagdengthof ouroriginal code this new codewill have length

lp = la+pill(c) —Ue;)) + pill(e) — U(e:)) (2)
= Lo+ (pj — pi)(l(ci) = Ucj)) (3)

Givenour assumptionshe (p; — pi)(I(c;) — I(¢;)) is negative which contradictsthe assumption
that/, is anoptimalprefixcode. O

3.2 Huffman Codes

Huffmancodesareoptimal prefix codesgeneratedrom a setof probabilitiesby a particularalgo-
rithm, the Huffman CodingAlgorithm. David Huffmandevelopedthe algorithmasa studentin a

12



classon informationtheoryat MIT in 1950. The algorithmis now probablythe mostprevalently
usedcomponenbf compressiomlgorithms,usedasthe backendof GZIP, JPEGandmary other
utilities.

TheHuffmanalgorithmis very simpleandis mosteasilydescribedn termsof how it generates
the prefix-codetree.

e Startwith aforestof trees,onefor eachmessageEachtreecontainsa singlevertex with
Welghth =p;

e Repeauntil only asingletreeremains

— Selecttwo treeswith thelowestweightroots(w; andw;).

— Combinetheminto asingletreeby addinga new rootwith weightw; + w,, andmaking
the two treesits children. It doesnot matterwhich is the left or right child, but our
conventionwill beto putthelowerweightrootontheleft if w; # w;.

For acodeof sizer thisalgorithmwill requiren —1 stepssinceevery completebinarytreewith
n leaveshasn — 1 internalnodesandeachstepcreate®neinternalnode.If weuseapriority queue
with O(log n) timeinsertionsandfind-mins(e.g., aheap)healgorithmwill runin O(n log n) time.

Thekey propertyof Huffmancodess thatthey generat@ptimalprefix codesWe shaw thisin
thefollowing theorempriginally givenby Huffman.

Lemma 3.2.1 TheHuffmanalgorithmgeneratesan optimalprefixcode

Proof: Theproofwill be oninductionof the numberof message the code. In particularwe
will shaw thatif theHuffmancodegenerateanoptimalprefixcodefor all probabilitydistributions
of n messageghenit generatesn optimal prefix codefor all distributionsof » + 1 messages.
The basecaseis trivial sincethe prefix codefor 1 messagés unique(i.e., the null messageand
thereforeoptimal.

We first aguethatfor ary setof messages' thereis anoptimalcodefor which the two mini-
mum probabilitymessagearesiblings(have the sameparentin their prefixtree).By lemma3.1.1
we know thatthe two minimum probabilitiesareon thelowestlevel of the tree(any completebi-
narytreehasatleasttwo leaveson its lowestlevel). Also, we canswitchary leavzesonthelowest
level without affectingthe averagelengthof the codesinceall thesecodeshave the samelength.
We thereforecanjust switchthe two lowestprobabilitiessothey aresiblings.

Now for inductionwe considera setof messagerobabilitiesS of sizen + 1 andthe corre-
spondingreeT built by the Huffmanalgorithm. Call the two lowestprobabilitynodesn thetree
x andy, which mustbe siblingsin 7" becausef the designof the algorithm. Considerthe tree
T" gottenby replacingz andy with their parent,call it z, with probability p. = p, + p, (thisis
effectively whatthe Huffmanalgorithmdoes).Letssaythedepthof z is d, then

L(T) = (T +p(d+ 1)+ p,(d+1)—p.d 4)
= (T +p: +py - %)

To seethatT" is optimal, notethatthereis anoptimaltreein which = andy aresiblings,andthat
wherever we placethesesiblingsthey aregoingto addaconstanp,. + p, to theaveragelengthof
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ary prefixtreeon S with thepair z andy replacedwith their parentz. By theinductionhypothesis
[,(T") is minimized,since” is of sizen andbuilt by the Huffmanalgorithm,andtherefore, (1)
is minimizedand?' is optimal. O
SinceHuffmancodingis optimalwe know thatfor ary probabilitydistribution S andassociated
HuffmancodeC
H(S) <1, (C)<H(S)+1.

3.2.1 Combining Messages

Even thoughHuffman codesare optimalrelative to otherprefix codes prefix codescanbe quite
inefficientrelative to the entropy In particularH (.5) couldbe muchlessthanl andsotheextra 1
in H(S) + 1 couldbevery significant.

Oneway to reducethe permessag®@verheads to groupmessagesThis is particularlyeasy
if asequencef messageareall from the sameprobability distribution. Considera distribution
of six possiblemessages.We could generateprobabilitiesfor all 36 pairs by multiplying the
probabilitiesof eachmessagdtherewill be at most21 uniqueprobabilities). A Huffman code
cannow be generatedor this new probability distribution andusedto codetwo messagesat a
time. Note thatthis techniquas not takingadwantageof conditionalprobabilitiessinceit directly
multipliesthe probabilities.In generalby groupingk messagethe overheadof Huffmancoding
canbereducedrom 1 bit permessagé¢o 1/% bits permessageThe problemwith thistechnique
is thatin practicemessageareoften not from the samedistribution andmemging messagefom
differentdistributionscanbe expensve becausef all the possibleprobability combinationghat
might have to begenerated.

3.2.2 Minimum Variance Huffman Codes

The Huffman coding algorithmhassomeflexibility whentwo equalfrequenciesrefound. The
choicemadein suchsituationswill changethe final codeincluding possiblythe codelength of
eachmessageSinceall Huffmancodesareoptimal,however, it cannotchangeheaveragdength.
For example,considetthefollowing messag@robabilitiesandcodes.

| symbol| probability | codel | code? ||

a 0.2 01 10
b 0.4 1 00
c 0.2 000 11
d 0.1 0010 | 010
e 0.1 0011 | 011

Both codinggproduceanaverageof 2.2 bits persymbol,eventhoughthelengthsarequitedifferent
in thetwo codes.Giventhis choice,is thereary reasorto pick onecodeover the other?
For someapplicationsgt canbe helpful to reducethevariancen the codelength. Thevariance

is definedas

> ple)(l(e) = L(C))?

ceC
With lower variancet canbe easierto maintaina constantharactetransmissiorrate,or reduce
thesizeof buffers.In theabore example,codel clearlyhasamuchhighervarianceghancode2. It
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Figure2: Binary treefor Huffmancode2

turnsout thata simplemodificationto the Huffmanalgorithmcanbe usedto generatea codethat
hasminimumvariance.In particularwhenchoosinghetwo nodesto meige andthereis a choice
basedon weight, alwayspick the nodethatwascreatedearliestin the algorithm. Leaf nodesare
assumedo becreatedbeforeall internalnodes.In theexampleabove, afterd ande arejoined,the
pairwill have thesameprobabilityasc anda (.2), but it wascreatedafterwardssowe join ¢ and
a. Similarly we selectb insteadof ac to join with de sinceit wascreatedearlier This will give
code2 abore, andthe correspondindgduffmantreein Figure2.

3.3 Arithmetic Coding

Arithmetic codingis atechniquefor codingthatallows the informationfrom the messages a
messagesequencéo be combinedto sharethe samebits. Thetechniqueallows the total number
of bits sentto asymptoticallyapproactthe sumof the selfinformationof theindividual messages
(recallthattheselfinformationof a messagés definedaslog, pi)

To seethe significanceof this, considersendinga thousandnessagesachhaving probability
.999. Usinga Huffmancode,eachmessagéasto takeatleastl bit, requiring1000bits to besent.
Ontheotherhandtheselfinformationof eachmessagés log2 = .00144 bits, sothesumof this
self-informationover 1000messagess only 1.4 bits. It turnsoutthatarlthmetlccodlngwnl send
all the messagessingonly 3 bits, a factor of hundredgewer thana Huffman coder Of course
this is an extremecase andwhenall the probabilitiesaresmall, the gainwill belesssignificant.
Arithmetic codersare thereforemostusefulwhentherearelarge probabilitiesin the probability

distribution.

Themainideaof arithmeticcodingis to represeneachpossiblesequencef n messageby a
separaténterval onthenumberline betweerD and1l, e.g. theinterval from .2to0 .5. For asequence
of messagewith probabilitiesp,, . . ., p,,, thealgorithmwill assignthe sequencéo aninterval of
size[]”_, p:;, by startingwith aninterval of sizel (from O to 1) andnarroving the interval by a
factorof p; on eachmessage. We canboundthe numberof bits requiredto uniquelyidentify an
interval of size s, andusethis to relatethelengthof the representatioto the self informationof
themessages.

In the following discussiorwe assumehe decodelknows whena messagesequencés com-
pleteeitherby knowing the lengthof the messagesequence®r by including a specialend-of-file
messageThis wasalsoimplicitly assumedvhensendinga sequencef messagewith Huffman
codessincethedecodesstill needgo know whena messagsequences over.

We will denotethe probability distributions of a messagesetas {p(1),...,p(m)}, andwe
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Figure3: An exampleof generatingan arithmeticcodeassumingll messagearefrom the same

probability distributiona = .2, b = .5 andc¢ = .3. Theinterval given by the messagesequence
babc is[.255, .27).

definetheaccumulategbrobability for the probabilitydistribution as

F@)=Ypl) G=1,.m). ©)

So,for example theprobabilities{.2, .5, .3} correspondo theaccumulategrobabilities{0, .2, .7}.
Sincewe will oftenbetalking aboutsequencesf messagegachpossiblyfrom adifferentproba-
bility distribution,wewill denotetheprobabilitydistributionof the:** messagas{p;(1),...,p:(m;)},
andthe accumulategrobabilitiesas { f;(1), . .., fi(m;)}. For a particularsequencef message
valueswe denotetheindex of the:"* messagealueasv;. We will usethe shorthand; for p;(v;)
andfi for fZ(UZ)

Arithmetic coding assignsan interval to a sequencef messagesising the following recur
rences

L— fi 1=1

o lich + fi* 81 I<i1<n

o Pi L=1

ST { Si1 * p; l<i<n (1)

wherel,, is thelowerboundof theinterval ands,, is thesizeof theinterval, i.e. theintervalis given
by [l,., L. + s.). We assumeheinterval is inclusie of thelower bound,but exclusive of theupper
bound.Therecurrenca@arravstheinterval oneachstepto somepartof thepreviousinterval. Since
theinterval startsin therange[0,1), it alwaysstayswithin this range. An exampleof generating
aninterval for a shortmessagsequences illustratedin Figure3. An importantpropertyof the
intervals generatedby Equation? is thatall uniquemessagsequencesf lengthrn will have non
overlappingintervals. Specifyinganinterval thereforeuniquelydetermineshe messageequence.
In fact, arny numberwithin an interval uniquely determinegshe messagesequence.The job of
decodingis basicallythe sameasencodingbut insteadof usingthe messagealueto narrav the
interval, we usethe interval to selectthe messagevalue,andthennarrowv it. We cantherefore
“send” amessagsequencéy specifyinga numberwithin the correspondingnterval.

The questionremainsof how to efficiently senda sequencef bits thatrepresentsheinterval,
or a numberwithin the interval. Real numbersbetweenO and 1 can be representedn binary
fractionalnotationas.b;b,b; . ... For example.75 = .11,9/16 = .1001 and1/3 = .0101, where
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w meanghatthe sequencev is repeatednfinitely. We might thereforethink thatit is adequate
to representachinterval by selectinghe numberwithin theinterval which hasthefewestbitsin
binary fractionalnotation,andusethatasthe code. For example,if we hadtheintervals[0, .33),
[.33,67), and[.67, 1) wewouldrepresenthesewith .01(1/4), .1(1/2), and.11(3/4). It isnothard
to shav thatfor aninterval of sizes we needat most—[log, s| bits to represensucha number
Theproblemis thatthesecodesarenotasetof prefixcodesIf yousentmel in theabose example,
| would notknow whetherto wait for anotherl or interpretit immediatelyastheinterval [.33, 67).

To avoid this problemwe interpretevery binary fractionalcodevord asan interval itself. In
particularastheinterval of all possiblecompletions.For example,the codevord.010 would rep-
resentheinterval [1/4, 3/8) sincethesmallespossiblecompletionis .0100 = 1/4 andthelargest
possiblecompletionis .0101 = 3/8 — ¢. Sincewe now have several kinds of intervals running
aroundwewill usethefollowingtermsto distinguishthem.We will callthecurrentinterval of the
messagsequencéi.e [/;,[; + s;)) thesequencénterval, theinterval correspondingo the proba-
bility of the:"* messagéi.e,, [f:, f; + p:;)) themessagénterval, andtheinterval of a codevord the
codeinterval

An importantpropertyof codeintervalsis thatthereis adirectcorrespondendesetweerwhether
intervalsoverlapandwhetherthey form prefix codesasthefollowing Lemmashaws.

Lemma 3.3.1 For a code (), if no two intervals representedoy its binary codevords w € C
overlapthenthe codeis a prefixcode

Proof: Assumecodeavord a is a prefix of codevord b, thenb is a possiblecompletionof « and
therefordts interval mustbefully includedin theinterval of «. Thisis acontradiction. O

To find a prefix code,therefore,insteadof usingary numberin the interval to be coded,we
selecta codevord who'’s interval is fully includedwithin the interval. Returningto the previous
exampleof theintervals [0, .33), [.33,67), and[.67, 1), the codevords.00]0, .25), .100][.5, .625),
and.11[.75, 1) areadequateln generafor aninterval of sizes we canalwaysfind a codevord of
length—[log, s| + 1, asshavn by thefollowing lemma.

Lemma3.3.2 For any/ andan s sudi that/,s > 0 and/ + s < 1, theinterval representedy
taking the binary fractional representatiorof / + s/2 and truncatingit to [—log, s| + 1 bitsis
containedn theinterval [/, + s).

Proof: A binaryfractionalrepresentatiowith [ digits representaninterval of sizelessthan2~
sincethe differencebetweenthe minimum and maximumcompletionsareall 1s startingat the
[ + 1" location. This hasavalue2=' — ¢. Theinterval sizeof a —[log, s| + 1 bit representation
is thereforelessthans/2. Sincewe truncatel + s/2 downwardsthe upperboundof the intenal
representetly thebitsis lessthan/ +s. Truncatingtherepresentationf anumberto —[log, s|+1
bits canhave the effect of reducingit by at mosts/2. Thereforethe lower boundof truncating
[+ s/2 is atleast/. Theinterval is thereforecontainedn [/, + s). O

We will call thealgorithmmadeup of generatinganinterval by Equation7 andthenusingthe
truncationmethodof Lemma3.3.2,the RealArithCodelgorithm.

Theorem 3.3.1 For a sequencef n» messagesyith selfinformationssy, . . ., s, thelengthof the
arithmeticcodegeneatedby RealArithCodas boundeddy 2 + 3", s;, andthe codewill notbe
a prefixof anyothersequencef» messages.
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Proof: Equation7 will generatea sequencentenval of sizes = []"_; p;. Now by Lemma3.3.2
we know aninterval of sizes canberepresentely 1 + | — log s]| bits, sowe have

n

L+ [—logs] = 1+ [—logy(J] )]

< 2+ZSZ

Theclaimthatthe codeis not a prefix of othermessagets takendirectly from Lemma3.3.1. O

Thedecodeffor RealArithCodeneeddo readtheinputbits ondemandsothatit candetermine
whentheinput stringis complete.In particularit loopsfor » iterationswheren is the numberof
messages thesequenceOneachiterationit readssnoughnputbitsto narron thecodeinterval to
within oneof the possiblenessag@ntervals,narrovsthesequenceterval basedn thatmessage,
andoutputsthat message Whencomplete the decodewill have readexactly all the characters
generatedy the coder We give a more detaileddescriptionof decodingalongwith the integer
implementatiordescribedelow.

Froma practicalpoint of view therearea few problemswith the arithmeticcodingalgorithm
we describedsofar. First,thealgorithmneedsarbitraryprecisionarithmeticto manipulate ands.
Manipulatingthesenumbersanbecomeaxpensve astheintenalsgetvery smallandthe number
of significantbits getlarge. Anotherproblemis thatasdescribedhe encodercannotoutputary
bits until it hascodedthe full message.lt is actually possibleto interleare the generationof
the interval with the generatiorof its bit representatiofy opportunisticallyoutputtinga O or 1
wheneer theintenval falls within the lower or upperhalf. This technique however, still doesnot
guaranteghatbits areoutputregularly. In particularif theinterval keepsreducingin sizebut still
straddlesb, thenthealgorithmcannotoutputanything. In theworstcasethe algorithmmight still
have to wait until thewhole sequences recevedbeforeoutputtingary bits. To avoid this problem
mary implementation®f arithmeticcodingbreakmessagesequencesto fixed size blocksand
usearithmeticcoding on eachblock separately This approachalsohasthe adwantagethat since
thegroupsizeis fixed,the encodemneednot sendthe numberof messagesxceptperhapdor the
lastgroupwhich couldbe smallerthanthe block size.

3.3.1 Integer Implementation

It turnsout thatif we arewilling to give up a little bit in the efficiency of the coding, we can
usedfixed precisionintegersfor arithmeticcoding. This implementationdoesnot give precise
arithmeticcodes becausef roundof errors,but if we makesurethatboththe coderanddecoder
are alwaysroundingin the sameway the decoderwill alwaysbe ableto preciselyinterpretthe
message.
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For thisalgorithmwe assumehe probabilitiesaregivenascounts

andthecumulatie countaredefinedasbefore(f (i) = Y2} ¢(j)). Thetotal countwill bedenoted
as .
T = Z c(7) .

j=1
Using countsavoids the needfor fractionalor realrepresentationsf the probabilities.Insteadof
usingintervals between0 and 1, we will useintervalsbetween0..(R — 1)] whereR = 2* (i.e,
is a power of 2). Thereis the additionalrestrictionthat # > 47'. This will guaranteghatno
region will becomeoo smallto representThelarger R is, the closerthe algorithmwill cometo
realarithmeticcoding. As in the non-intgyerarithmeticcoding,eachmessageancomefrom its
own probability distribution (have its own countsandaccumulatie counts),andwe denotethe ;'
messageisingsubscriptasbefore.

The codingalgorithmis givenin Figure4. The currentsequencenterval is specifiedby the
integers! (lower)andu (upper),andthecorrespondingntenvalis [/, « + 1). Thesizeof theinterval
s is thereforeu — [ + 1. The mainideaof this algorithmis to alwayskeepthe sizegreaterthan
R/4 by expandingtheinterval wheneer it getstoo small. Thisis whattheinnerwhile loop does.
In thisloop whene&er thesequencenterval falls completelywithin thetop half of theregion (from
R/2 to R) we know thatthe next bit is goingto be a 1 sinceintervals canonly shrink. We can
thereforeoutputa 1 andexpandthe top half to fill the region. Similarly if the sequencenterval
falls completelywithin the bottomhalf we canoutputa 0 andexpandthebottomhalf of theregion
tofill thefull region.

Thethird caseas whentheinterval falls within themiddlehalf of theregion(from £/4 to 3 R/4).
In this casethealgorithmcannotoutputabit sinceit doesnotknow whetherthebit will beaOor 1.
It, however, canexpandthe middleregion andkeeptrackthatis hasexpandedoy incrementinga
countm. Now whenthealgorithmdoesexpandaroundhetop (bottom),it outputsa 1 (0) followed
by m Os (1s). To seewhy this is the right thing to do, considerexpandingaroundthe middle m
timesandthenaroundthetop. Thefirst expansionaroundthe middlelocatesheinterval between
1/4 and3/4 of theinitial region, andthe secondbetweers3/8 and5/8. After m expansionghe
interval is narrovedto theregion (1/2 — 1/2™+* 1/2 + 1/2™*!). Now whenwe expandaround
the top we narrav theintenval to (1/2,1/2 + 1/2™*1). All intervalscontainedn this rangewill
startwith a1 followedby m 0s.

Anotherinterestingaspectof the algorithmis how it finishes. As in the caseof real-number
arithmeticcoding,to makeit possibleto decodewe wantto makesurethatthe code(bit pattern)
for any onemessagsequences nota prefix of thecodefor anothemessagsequenceAs before,
the way we do this is to makesurethe codeinterval is fully containedn the sequencenterval.
Whentheintegerarithmeticcodingalgorithm(Figure4) exits thef or loop,weknow thesequence
interval [/, u] completelycoverseitherthe secondquarter(from R/4 to R/2) or thethird quarter
(from R/2 to 3R/4) sinceotherwiseone of the expansionruleswould have beenapplied. The
algorithmthereforesimply determineswhich of thesetwo regionsthe sequencenterval covers
and outputscodebits that narrov the codeinterval to one of thesetwo quarters—a)1 for the
secondjuarter sinceall completionf 01 arein thesecondjuarteranda 10 for thethird quarter

19



function IntArithCode(file,k, n)
R=2*
[=0
u=R-—1
m=20
fori=1ton
s=u—1[+1
u=I1+s-filvi+1)/T] -1
I=1+[s- fi(vs)/T)
while true
if (I > R/2) /l'interval in top half
WriteBit(1)
u=2u—R+1 [=2—-R
for ;7 = 1 to m WriteBit(0)
m =0
elseif (u < R/2) Il interval in bottomhalf
WriteBit(0)
u=2u+1 [=2]
for j = 1 to m WriteBit(1)
m =0
elseif (I > R/4 andu < 3R/4) //intervalin middlehalf
u=2u—R/2+1 [=2]-R/2
m=m-+1
elsecontinue // exit while loop
endwhile
endfor
if ({ > R/4) [l outputfinal bits
WriteBit(1)
for 5 = 1 to m WriteBit(0)
WriteBit(0)
else
WriteBit(0)
for j = 1 to m WriteBit(1)
WriteBit(1)

Figure4: IntegerArithmetic Coding.
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After outputtingthefirst of thesetwo bits the algorithmmustalsooutputr bits correspondingo
previousexpansionsaroundthe middle.

Thereasorthat R needgo beatleast47 is thatthe sequencénterval canbecomeassmallas
R/4 4+ 1 withoutfalling completelywithin ary of thethreehalves.To beableto resolhe thecounts
C(1), T hasto beatleastaslarge asthisinterval.

An example: Herewe consideranexampleof encodinga sequencef messagesachfrom the
sameprobabilitydistribution, givenby thefollowing counts.

c(l)=1, ¢(2) =10, ¢(3) =20

Thecumulatve countsare

f)=0, f2)=1, fB3)=11
and7T = 31. Wewill chosek = 8, sothat R = 256. This satisfiegherequirementhat R > 4T'.
Now considercodingthemessagsequencs, 1, 2, 3. Figure5 illustratesthe stepgakenin coding
this messagesequenceThefull codethatis outputis 01011111101 whichis of length11. The
sumof the self-informationof themessages

—(log,(20/31) + log,(10/31) + log,(1/31) + log,(10/31)) = 8.85

Note that this is not within the boundgiven by Theorem3.3.1. This is becauseve are not
generatinganexactarithmeticcodeandwe areloosingsomecodingefficiengy.

We now considetow to decodea messagsentusingtheintegerarithmeticcodingalgorithm.
Thecodeis givenin Figure6. Theideais to keepseparatéower andupperboundsfor the code
internval (/, andu,) andthe sequencéntenal (I andw). The algorithmreadsonebit atatime and
reduceghecodeinterval by half for eachbit thatis read(thebottomhalf whenthebit is a0 andthe
top half whenit is a 1). Wheneer the codeinterval falls within aninterval for the next message,
themessagés outputandthe sequencanterval is reducedoy the messag@nterval. Thisreduction
is followedby the samesetof expansionaroundthetop, bottomandmiddle halvesasfollowedby
theencoderThesequencetervalsthereforefollow theexactsamesetof lowerandupperbounds
aswhenthey werecoded.This propertyguaranteethatall roundinghappensn the sameway for
boththe coderanddecoderandis critical for the correctnessf thealgorithm. It shouldbe noted
that reductionandexpansionof the codeinterval is alwaysexact sincetheseare alwayschanged
by powersof 2.

4 Applications of Probability Coding

To usea codingalgorithmwe needa modelfrom which to generateprobabilities. Somesimple
modelsareto countcharacter$or text or pixel valuesfor imagesandusethesecountsasprobabil-
ities. Suchcounts however, would only give acompressiomatio of about4.7/8 = .59 for English
text ascomparedo the bestcompressioralgorithmsthat give ratios of closeto .2. In this sec-
tion we give someexamplesof moresophisticateanodelsthatareusedin real-worldapplications.
All thesetechniquedake adwvantageof the “context” in someway. This can eitherbe doneby
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i v flu) flui+1) | 1 u s | m | expandrule | output
start 0 255 256

1 |3 11 31 90 255 166| 0

2 |2 1 11 95 147 53 |0

+ 62 167 106| 1 | (middlehalf)

3 |1 0 1 62 64 3 |1

+ 124 129 6 | 0 | (bottomhalf) | 01

+ 120 131 12 | 1 | (middlehalf)

+ 112 135 24 | 2 | (middlehalf)

+ 96 143 48 | 4 | (middlehalf)

+ 64 159 96 | 5 | (middlehalf)

+ 0 191 192| 6 | (middlehalf)

4 |2 1 11 6 67 626

+ 12 135 124| 0 | (bottomhalf) | 0111111
end 0| (finalout) |01

Figure5: Exampleof integer arithmeticcoding. The rows representhe stepsof the algorithm.
Eachrow startingwith a numberrepresentshe applicationof a contractionbasedon the next
messageandeachrow with a + representthe applicationof oneof the expansiorrules.

transformingthe databeforecoding(e.g., run-lengthcoding, move-to-frontcoding,andresidual
coding),or directly usingconditionalprobabilitiesbasedn a contet (JBIG andPPM).

An issueto considerabouta modelis whetherit is staticor dynamic. A modelcanbe static
over all messagsequenced-or exampleonecouldpredeterminghefrequeny of characterand
text and“hardcodethoseprobabilitiesinto theencodermanddecoderAlternatively, themodelcan
be static over a single messageequence.The encoderexecutesone passover the sequenceo
determinethe probabilities,andthena secondpassto usethoseprobabilitiesin the code. In this
casetheencodemneeddo sendthe probabilitiesto thedecoderThisis theapproachakenby most
vectorquantizersFinally, the modelcanbe dynamicover the messagesequenceln this casethe
encoderupdatedts probabilitiesasit encodesnessagesTo makeit possiblefor the decoderto
determinethe probability basedon previous messagest is importantthatfor eachmessagethe
encodercodest usingthe old probabilityandthenupdateghe probability basedon the message.
Theadwantage®f thisapproacharethatthe coderneednot sendadditionalprobabilities andthat
it canadaptto the sequencasit changesThis approachs takenby PPM.

Figure7 illustratesseveral aspect®f our generalframework. It shawvs, for example,theinter-
actionof themodelandthecoder In particular the modelgeneratethe probabilitiesfor eachpos-
siblemessageandthe coderusesheseprobabilitiesalongwith the particularmessagéo generate
thecodeavord. It is importantto notethatthe modelhasto beidenticalon bothsides.Furthermore
themodelcanonly usepreviousmessage® determinehe probabilities.It cannotusethe current
messagesincethe decoderdoesnot have this messagandthereforecould not generatéhe same
probabilitydistribution. Thetransformhasto beinvertible.
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function IntArithDecode(filek, n)
R=2*
[=0 u=R-1 /I sequencéenterval
Ib=0 w,=R-—1 [/lcodeinterval
j=1 /I messag@aumber
while j < n do
s=u—1[+1
1=10
do Il find if thecodeinterval is within oneof themessagatervals
1=1+4+1
W=l s fi(i+1)/T5) — 1
=1+ s £0)/T))
while : < m; andnot((/, > I') and(u; < u'))
if 2 > m; then /I halve thesizeof the codeinterval by readingabit
b = ReadBit(file)
sp=1up —lp +1
lb = lb + b(Sb/Z)
Up = lb —I-Sb/2 —1

else
Output¢) /I outputthe messag@ whichthe codeinterval fits
u=u" [=1 [l adjustthesequenceterval
J=J+1
while true

if (1 >R/2) /I sequencenterval in top half
u=2u—R+1 [=2-R
ub=2ub—R+1 lb=2lb—R

elseif (u < R/2) Il sequencénterval in bottomhalf
u=2u+1 [=2]
Up = 2ub + 1 lb = 2[5

elseif (I > R/4 andu < 3R/4) /I sequencétervalin middle half
u=2u—R/24+1 [=2]—-R/2
ub:2ub—R/2—|—1 lb::Zlb—R/:Z

elsecontinue // exit innerwhile loop

end if
endwhile

Figure6: IntegerArithmetic Decoding
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4.1 Run-length Coding

Probablythe simplestcoding schemethat takesadwantageof the contet is run-lengthcoding.
Although thereare mary variants,the basicideais to identify stringsof adjacentmessagesf
equalvalue and replacethem with a single occurrencealongwith a count. For example,the
messagesequencacccbbaaabb couldbetransformedo (a,1), (c,3), (b,2),(a,3),(b,2). Once
transformedaprobabilitycoder(e.g., Huffmancoder)canbeusedo codeboththemessagealues
andthecounts.It is typically importantto probabilitycodetherun-lengthsinceshortlengths(e.g.,
1 and?2) arelikely to bemuchmorecommonthanlonglengths(e.g., 1356).

An exampleof areal-worlduseof run-lengthcodingis for the ITU-T T4 (Group3) standard
for Facsimile(fax) machines. At thetime of writing (1999),this wasthe standardor all home
andbusinesgax machinesisedover regularphonelines. Fax machinegransmitblack-and-white
images. Eachpixel is called a pel andthe horizontalresolutionis fixed at 8.05 pels/mm. The
vertical resolutionvariesdependingon the mode. The T4 standardusesrun-lengthencodingto
codeeachsequencef blackandwhite pixels. Sincethereareonly two messag&aluesblackand
white, only the run-lengthsneedto be transmitted. The T4 standardspecifiesthe startcolor by
placinga dummywhite pixel at the front of eachrow so thatthe first run is alwaysassumedo
be a white run. For example,the sequenc&bbbwwbbbbb would be transmittedas1,4,2,5.The
T4 standardusesstatic Huffman codesto encodethe run-lengths,andusesa separateodesfor
the blackandwhite pixels. To accountfor runsof morethan64, it hasseparateodesto specify
multiplesof 64. For example,a lengthof 150, would consistof the codefor 128 followedby the
codefor 22. A smallsubsebf the codesaregivenin Table4.1. TheseHuffmancodesarebased

2ITU-T is partof theInternationalTelecommunicationslnion (ITU, ht t p: / / www. i t u. ch/).
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run-length white codevord blackcodevord

0 00110101 0000110111

1 000111 010

2 0111 11

3 1000 10

4 1011 011

20 0001000 00001101000
64+ 11011 0000001111
128+ 10010 000011001000

Table3: ITU-T T4 Group3 Run-lengthHuffmancodes.

on the probability of eachrun-lengthmeasuredver a large numberof documents.The full T4
standardalsoallowsfor codingbasednthe previousline.

4.2 Move-To-Front Coding

Anothersimplecodingschemeshattakesadvantageof thecontext is move-to-frontcoding. Thisis
usedasa sub-stepn severalotheralgorithmsincludingthe Burrows-Wheelealgorithmdiscussed
later Theideaof move-to-frontcodingis to preprocesthe messagsequencéy cornvertingit into
a sequencef integers,which hopefullyis biasesowardintegerswith low values.Thealgorithm
thenusessomeform of probability codingto codethesevalues. In practicethe conversionand
coding are interleared, but we will describethem as separatgpasses. The algorithm assumes
that eachmessageomesfrom the samealphabet,and startswith a total orderon the alphabet
(eg, [a,b, ¢, d,...]). For eachmessagethe first passof the algorithmoutputsthe positionof the
charactein the currentorderof thealphabetandthenupdateghe ordersothatthe characters at
the head. For example,codingthe charactewr with anorder|a, b, ¢, d, . ..] would outputa 3 and
changeheorderto [¢, a, b, d, . . .]. Thisis repeatedor thefull messagsequenceThesecondass
convertsthe sequencef integersinto a bit sequencesingHuffmanor Arithmetic coding.

Thehopeis thatequalcharactereftenappearloseto eachotherin the messagsequencso
thattheintegerswill bebiasedo have low values.Thiswill give askavedprobabilitydistribution
andgoodcompression.

4.3 ResidualCoding: JPEG-LS

Residuatompressiolis anothelgeneratompressiotechniquausedasa sub-stepn severalalgo-
rithms. As with move-to-frontcoding, it preprocessethe datasothatthe messagealueshave a
betterskew in their probabilitydistribution,andthencodeghis distributionusinga standargroba-
bility coder Theapproacltanbeappliedto messag&aluesthathave somemeaningfuttotal order
(i.e., in which beingclosein the orderimpliessimilarity), andis mostcommonlyusedfor integers
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values.Theideaof residualcodingis thatthe encodetriesto guesghe next messagealuebased
onthepreviouscontet andthenoutputsthedifferencebetweertheactualandguessedalue. This
is calledtheresidual The hopeis thatthis residualis biasedtoward low valuesso thatit canbe
effectively compressed Assumingthe decodethasalreadydecodedhe previous contet, it can
makethe sameguessasthe coderandthenusetheresidualit recevesto correctthe guess By not
specifyingtheresidualto its full accurayg, residualcodingcanalsobe usedfor lossycompression

Residualcodingis usedin JPEGIlossles{JPEGLS), which is usedto compresdoth grey-
scaleandcolorimages’ Herewe discusshow it is usedon gray scaleimages.Color imagescan
simply be compressedby compressingeachof the threecolor planesseparately The algorithm
compressesmagesin rasterorder—the pixels are processedtartingat the top-mostrow of an
imagefrom left to right andthenthe next row, continuingdown to the bottom. Whenguessinga
pixel theencodermanddecodethereforehave astheir disposalthe pixelsto the left in the current
row andall thepixelsaboreit in thepreviousrows. TheJPEGLS algorithmjustusest otherpixels
asa contet for the guess—theixel to the left (W), above andto theleft (NW), above (N), and
abore andto theright (NE). The guessworksin two stages.Thefirst stagemakesthe following
guesdor eachpixel value.

min(W, N) max(N, W) < NW
G = max(W, N) min(N, W) < NW (8)
N+ W —-NW  otherwise

This mightlook like a magicalequationput it is basedn theideaof takinganaverageof nearby
pixelswhile takingaccountof edges.Thefirst andsecondclausescapturehorizontalandvertical
edges.For exampleif N > W andN < NW thisindicatesa horizontaledgeandW is usedas
theguess.Thelastclausecapturesiiagonaledges.

Given an initial guessG a secondpassadjuststhat guessbasedon local gradients. It uses
the threegradientsbetweerthe pairsof pixels(NW, W), (NW, N), and(N, NE). Basedonthe
valueof thegradientgthedifferencebetweerthetwo adjacenpixels)eachis classifiednto oneof
9 groups.This givesa total of 729 contexts, of which only 365areneededecausef symmetry
Eachcontet storesits own adjustmentaluewhich is usedto adjustthe guess Eachcontet also
storegnformationaboutthequality of previousguesses thatcontect. This canbeusedto predict
varianceandcanhelpthe probabilitycoder Oncethe algorithmhasthefinal guesdor thepixel, it
determinesheresidualandcodest.

4.4 Context Coding: JBIG

Thenext two techniquesve discussothuseconditionalprobabilitiesdirectly for compressionin
this sectionwe discusausingcontet-basecconditionalprobabilitiesfor Bilevel (black-and-white)
images,andin particularthe JBIG1 standard.In the next sectionwe discussusinga context in
text compressiondBIG standdor the JointBilevel ImageProcessingsroup. It is partof thesame
standardizatiorffort thatis responsibldor the JPEGstandard.The algorithmwe describehere
is JBIG1,whichis alosslessompressofor bilevel images.JBIG1typically compresse20-80%
betterthanITU Groupslll andlV fax encodingoutlinedin Sectior4.1.

3Thisalgorithmis basednthe LOCO-I (LOw COmpleity LOsslessCOmpressiofior Images)lgorithmandthe
official standarcdhumberis ISO-14495-1/ITU-T87.
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Figure8: JBIG contets: (a) three-linetemplate and(b) two-line template.? is the currentpixel
andA is the“roamingpixel”.
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Figure9: JBIG contets for progressie transmission. The dark circles are the low resolution
pixels, the Os arethe high-resolutiorpixels, the A is a roamingpixel, andthe ? is the pixel we
wantto code/decodeThe four context configurationsarefor the four possibleconfigurationsof
thehigh-resolutiompixel relative to thelow resolutionpixel.

JBIG is similar to JPEGLS in thatit usesa local context of pixelsto codethe currentpixel.
Unlike JPEGLS, however, JBIG usesconditionalprobabilitiesdirectly. JBIG alsoallows for pro-
gressve compression—armmagecanbe sentasa setof layersof increasingesolution.Eachlayer
canusethepreviouslayerto aid compressionWe first outlinehow theinitial layeris compressed,
andthenhow eachfollowing layeris compressed.

Thefirst layeris transmittedn rasterorder, andthe compressionusesa context of 10 pixels
abore andto theright of the currentpixel. The standardallows for two differenttemplatedor
the context asshawn in Figure 8. Furthermorethe pixel markedA is a roamingpixel andcan
be choseno be ary fixed distanceto the right of whereit is markedin the figure. This roaming
pixel is usefulfor gettinggoodcompressiomn imageswith repeatedrerticallines. Theencoder
decideson which of the two templatego useandon whereto place A basedon how well they
compress.This informationis specifiedat the headof the compressedhessagsequenceSince
eachpixel canonly have two values thereare2!? possiblecontets. The algorithmdynamically
generateghe conditionalprobabilitiesfor a blackor white pixel for eachof the contets, anduses
theseprobabilitiesin a modifiedarithmeticcoder—the coderis optimizedto avoid multiplications
anddivisions. The decodercandecodethe pixels sinceit canbuild the probability tablein the
sameway astheencoder

The higherresolutionlayersarealsotransmittedn rasterorder but now in additionto using
a context of previous pixelsin the currentlayer, the compressioralgorithmcanusepixels from
the previouslayer Figure9 shaws the context templates.The context consistsof 6 pixels from
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the currentlayer, and4 pixelsfrom the lower resolutionlayer Furthermore? additionalbits are
neededo specifywhich of the four configurationghe codedpixel is in relative to the previous
layer This givesatotal of 12 bitsand4096contects. Thealgorithmgenerateprobabilitiesin the
sameway asfor thefirst layer, but now with somemorecontets. The JBIG standardalsospecifies
how to generatdower resolutionlayersfrom higherresolutionlayers,but thiswon't be discussed
here.

The approachusedby JBIG is not well suitedfor codinggrey-scaleimagesdirectly sincethe
numberof possiblecontects go up asm?, wherem is the numberof grey-scalepixel values,and
p is the numberof pixels. For 8-bit grey-scaleimagesanda context of size 10, the numberof
possiblecontets is 2°°, which is far too mary. The algorithmcan,however, be appliedto grey-
scaleimagesindirectly by compressingeachbit-positionin the grey scaleseparately This still
doesnotwork well for grey-scalelevelswith morethan2 or 3 bits.

4.5 Context Coding: PPM

Over the pastdecadeyariantsof this algorithmhave consistentlygiven eitherthe bestor closeto
the bestcompressiomatios (PPMC,PPM*, BOA andRK from Table?2 all useideasfrom PPM).
They are,however, arenotvery fast.

Themainideaof PPM(Predictionby Partial Matching)is to takeadvantageof the previousK
characterso generatea conditionalprobability of the currentcharacter The simplestway to do
this would beto keepa dictionaryfor every possiblestring s of £ charactersandfor eachstring
have countsfor every character: thatfollows s. The conditionalprobability of = in the context
sisthenC(z|s)/C(s), whereC(z|s) is the numberof timesz follows s andC'(s) is thenumber
of times s appears.The probability distributions canthenbe usedby a Huffman or Arithmetic
coderto generate bit sequencelor example,we might have adictionarywith qu appearingL00
timesande appearingd5timesafterqu. The conditionalprobabilityof thee is then.45andthe
codershoulduseaboutl bit to encodet. Notethatthe probability distribution will changerom
characteto charactesinceeachcontext hasits own distribution. In termsof decodingaslong as
the contet precedeshe charactetbeingcoded,the decodemill know the context andtherefore
know which probability distribution to use. Becausehe probabilitiestendto be high, arithmetic
codeswork muchbetterthanHuffmancodedor thisapproach.

Therearetwo problemswith the basicdictionarymethoddescribedn the previousparagraph.
First, the dictionariescanbecomevery large. Thereis no solutionto this problemotherthanto
keepk small,typically 3 or 4. A secondoroblemis whathappensf the countis zero. We cannot
usezero probabilitiesin ary of the coding methods(they would imply infinitely long strings).
Oneway to getaroundthis is to assumea probability of not having seena sequencéeforeand
evenly distributethis probabilityamongthe possiblefollowing charactershathave not beenseen.
Unfortunatelythis givesa completelyeven distribution, whenin reality we might know thata is
morelikely thanb, evenwithoutknowing its context.

The PPMalgorithmhasa clever way to dealwith the casewhena context hasnot beenseen
before,andis basedon theideaof partial matching. The algorithmbuilds the dictionaryon the
fly startingwith anemptydictionary andevery time thealgorithmcomesacrossa stringit hasnot
seenbeforeit triesto matcha string of oneshorterength. Thisis repeatedor shorterandshorter
lengthsuntil amatchis found. For eachlengtho, 1, .. ., & thealgorithmkeepsstatisticsof patterns
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Order0 Orderl Order2
Context Counts| Context Counts| Context Counts
empty a=4 a c=3 ac b=1
b=2 c=2

c=5 b a=2
ba c=1
C a=1
b=2 ca a=1
c=2
cb a=2
cc a=1
b=1

Figurel0: An exampleof thePPMtablefor £ = 2 onthestringaccbaccacba.

it hasseerbeforeandcountsof thefollowing charactersln practicethis canall beimplementedn
asingletrie. In the caseof thelength0 contexts the countsarejust countsof eachcharacteseen
assumingno context.

An exampletableis givenin Figure10 for astringaccbaccacba. Now considerfollowing
this stringwith ac. Sincethealgorithmhasthe context ba followedby c in its dictionary it can
outputthec basednits probabilityin thiscontet. Althoughwe mightthink theprobabilityshould
bel, sincec istheonly charactethathaseverfollowedba, we needo give someprobabilityof no
match,whichwewill call the“escape”probability We will getbackto how this probabilityis set
shortly. If insteadof ¢ thenext characteto codeis ana, thenthealgorithmdoesnotfind amatch
for alength2 context soit looksfor a matchof lengthl, in this casethe context is the previousa.
Sincea hasnever followed by anothera, the algorithmstill doesnot find a match,andlooksfor
amatchwith a zerolengthcontet. In this caseit findsthe a andusesthe appropriatgrobability
for a (4/11). Whatif the algorithmneedsio codea d? In this casethe algorithmdoesnot even
find the charactein the zero-lengthcontext, soit assignghe charactela probabilityassumingll
unseercharactersiave evenlikelinood.

Althoughit is easyfor theencodeto know whento go to ashortercontext, how is thedecoder
supposedo know in which sizedcontet to interpretthebitsit is receving. To makethispossible,
the encodemustnotify the decoderof the size of the context. The PPMalgorithmdoesthis by
assuminghecontet is of sizek andthensendingan “escape’charactewhen&er moving down
asize.In theexampleof codingana givenabove, theencodemwould sendtwo escapesollowed
by thea sincethe context wasreducedrom 2 to 0. Thedecodethenknows to usethe probability
distributionfor zerolengthcontexts to decodehe following bits.

Theescape&anjustbeviewedasaspeciakharacteandgivenaprobabilitywithin eachcontext
asif it wasary otherkind of character The questionis how to assignthis probability Different
variantsof PPM have differentrules. PPMC usesthe following scheme. It setsthe countfor
the escapecharacterto be the numberof differentcharacterseenfollowing the given context.

29



Order0 Orderl Order2
Context Counts| Context Counts| Context Counts
empty a=4 a c=3 ac b=1

b=2 $=1 c=2
c=5 $=2
$=3 b a=2
$=1 ba c=1
$=1
C a=1
b=2 ca a=1
c=2 $=1
$=3
cb a=2
$=1
cc a=1
b=1
$=2

Figure11: An exampleof the PPMCtablefor £ = 2 onthe stringaccbaccacba. This as-
sumeghe“virtual” countof eachescapesymbol($) is thenumberof differentcharactershathave
appearedh the context.
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Figure11 showvs an exampleof the countsusingthis scheme.In this example,the probability of
no matchfor a contet of ac is2/(1 + 2 + 2) = .4 while the probabilityfor ab in thatcontet is
.2. Thereseemdo beno theoreticajustificationfor this choice but empiricallyit workswell.

Thereis onemoretrick thatPPMuses.This is thatwhenswitchingdown a contet, the algo-
rithm canusethe fact thatit switcheddown to excludethe possibility of certaincharactergrom
theshortercontext. This effectively increaseshe probabilityof the othercharactersanddecreases
the codelength. For example,if the algorithmwereto codeana, it would sendtwo escapeshut
thencould excludethe ¢ from the countsin the zerolengthcontet. Thisis becausehereis no
way thattwo escapesvould befollowedby a ¢ sincethe ¢ would have beencodedin alength2
context. Thealgorithmcouldthengive thea a probabilityof 4/6 insteadof 4/11 (.58 bitsinstead
of 1.46bits!).

5 The Lempel-Ziv Algorithms

The Lempel-Zv algorithmscompresshy building a dictionary of previously seenstrings. Un-
like PPMwhich usesthe dictionaryto predictthe probability of eachcharacterandcodeseach
characteseparatelypasednthecontet, theLempel-Zv algorithmscodegroupsof characteref
varyinglengths.The original algorithmsalsodid not useprobabilities—stringsvereeitherin the
dictionaryor not andall stringsin the dictionaryweregive equalprobability. Someof the never
variantssuchasgzi p, dotakesomeadwantageof probabilities.

At the highestlevel the algorithmscan be describedas follows. Given a positionin a file,
look throughthe preceedingpart of the file to find the longestmatchto the string startingat the
currentposition,and outputsomecodethat refersto that match. Now move the finger pastthe
match.Thetwo mainvariantsof thealgorithmweredescribedy Ziv andLempelin two separate
papersn 1977and1978,andareoftenreferedto asLZ77 andLZ78. Thealgorithmsdifferin how
far backthey searchandhow they find matches.The LZ77 algorithmis basedon theideaof a
slidingwindow. Thealgorithmonly looksfor matchesn awindow afixeddistancebackfrom the
currentposition. Gzip, ZIP, andV.42bis(a standardnodemprotocal)areall basedon LZ77. The
LZ78 algorithmis basedn a moreconserative approacho addingstringsto thedictionary Unix
compressandthe Gif formatarebothbasedn LZ78.

In thefollowing discussiorof thealgorithmswe will usetheterm cursorto meanthe position
analgorithmis currentlytrying to encoddrom.

5.1 Lempel-Ziv 77 (Sliding Windows)

TheLZ77 algorithmandits variantsusea sliding window that movesalongwith the cursor The
window canbedividedinto two parts,the partbeforethe cursor calledthedictionary andthepart
startingatthe cursor calledthelookaheaduffer. Thesizeof thesetwo partsareparametersf the
programandarefixed during executionof the algorithm. The basicalgorithmis very simple,and
loopsexecutingthefollowing steps

1. Find the longestmatchof a string startingat the cursorand completelycontainedin the
lookaheaduffer to a stringstartingin thedictionary
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Step Input String OutputCode

1 @@ a ¢c a a ¢c a b c¢c a b a a a c (0,0,a)
2 a [agc a a c¢c a b c a b a a a c (1,1,0)
3 a a c¢c [ a ¢c a b c a b a a a c (3,4,b)
4 a a ¢ a a ¢ a b a b a a a ¢ (3,3,a)
5 a a c¢c a a ¢ a b c¢c a b a [a a c (1,2,0)

Figure12: An exampleof LZ77 with a dictionaryof size6 andalookaheaduffer of size4. The
cursorpositionis boxed, the dictionaryis bold faced,andthe lookahedbuffer is underlined.The
laststepdoesnotfind thelongermatch(10,3,1)sinceit is outsideof thewindow.

2. Outputatriple (p, n, ¢) containingthe positionp of theoccurencen thewindow, thelength
n of thematchandthe next character: pastthe match.

3. Movethecursorn + 1 charactergorward.

The positionp canbe givenrelative to the cursorwith 0 meaningno match,1 meaninga match
startingat the previous characteretc.. Figure12 shavs anexampleof thealgorithmon the string
aacaacabcababac.

To decodehe messageve considera singlestep.Inductively we assumehatthe decodehas
correctlyconstructedhe string up to the currentcursor andwe wantto shav thatgiventhetriple
(p, n, ¢) it canreconstructhestringup to thenext cursorposition. To do thisthedecodercanlook
the stringup by going backp positionsandtaking the next » charactersandthenfollowing this
with thecharactee. Theonetricky caseis whenn > p, asin step3 of theexamplein Figure12.
The problemis thatthe stringto copy overlapsthe lookaheaduffer, which the decodethasnot
filled yet. In this casethe decodercanreconstructhe messagéy taking p characterbeforethe
cursorandrepeatinghemenoughtimesafterthe cursorto fill in » positions.If, for example,the
codewas( 2, 7, d) andthetwo characterdeforethecursorwereab, thealgorithmwould place
abababa andthenthed afterthecursor

Therehave beenmary improvementson the basicalgorithm. Herewe will describeseveral
improvementghatareusedby gzi p.

Two formats: Thisimprovementoftencalledthe LZSSVariant, doesnotincludethe next char

acterin thetriple. Insteadit usestwo formats,eithera pair with a positionandlength,or justa
character An extra bit is typically usedto distinguishthe formats. The algorithmtriesto find a
matchandif it findsa matchthatis atleastof length3, it usesthe offset,lengthformat,otherwise
it usesthe singlecharacteformat. It turnsout thatthis improvementmakesa hugedifferencefor

filesthatdo notcompressvell sincewe nolongerhave to wastethe positionandlengthfields.

Huffman codingthe components: Gzip usesseparatduffmancodesfor the offset,the length
andthe characterEachusesaddaptve Huffmancodes.

Nongreedy: ThelLZ77 algorithmis greedyin thesenseahatit alwaystriesto find a matchstart-
ing atthefirst charactein the lookaheaduffer without caringhow thiswill affectlatermatches.
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For somestringsit cansave spaceo sendout a singlecharacteat the currentcursorpositionand
thenmatchon the next position,evenif thereis a matchat the currentposition. For example,
considercodingthe string

d b c¢c a b c¢c d [a b

In thiscase.ZCC wouldcodeit as(1,3,3),(0,a),(0,b). Thelasttwo lettersarecodedassingletons
sincethe matchis not at leastthreecharactersong. This samebuffer could insteadbe codedas
(0,a),(1,6,4)if thecoderwasnotgreedy In theoryonecouldimaginetrying to optimizecodingby
trying all possiblecombination®f matchesn thelookaheaduffer, but this couldbecostly As a
tradeof thatseemdo work well in practice,Gzip only looksaheadl characterandonly chooses
to codestartingatthe next characteif the matchis longerthanthe matchat the currentcharacter

a b

1o

Hash Table: To quickly accesshedictionaryGzip usesa hashtablewith every string of length
3 usedasthehashkeys. Thesekeysindex into theposition(s)n whichthey occurin thefile. When
trying to find a matchthe algorithmgoesthroughall of the hashentrieswhich matchon thefirst

threecharacterandlooksfor thelongesttotal match.To avoid long searchesvhenthedictionary
window hasmary stringswith the samethreecharactersthe algorithm only searches bucket
to a fixed length. Within eachbucket,the positionsare storedin an orderbasedon the position.
This makest easyto selectthe morerecentmatchwhenthetwo longestmatchesreequallength.
Usingthe morerecentmatchbetterskens the probability distribution for the offsetsandtherefore
decreasethe averagdengthof the Huffmancodes.

5.2 Lempel-Ziv-Welch

In this sectionwe will describethe LZW (Lempel-Ziv-Welch)variantof LZ78 sinceit is theone
thatis mostcommonlyusedin practice.In thefollowing discussiorwe will assumehealgorithm
is usedto encoddbyte streamgi.e., eachmessagés a byte). Thealgorithmmaintainsadictionary
of strings(sequencesf bytes). The dictionaryis initialized with oneentry for eachof the 256
possiblebyte values—thesarestringsof lengthone. As thealgorithmprogresseg will addnew
stringsto thedictionarysuchthateachstringis only addedf aprefixonebyteshorteris alreadyin
thedictionary For example,John is only addedif Joh hadpreviously appearedn the message
sequence.

We will usethefollowing interfaceto thedictionary We assumehateachentry of thedictio-
nary is given anindex, wheretheseindicesaretypically given out incrementallystartingat 256
(thefirst 256 areresenedfor the bytevalues).

C’ = AddDict(C, z) Createsa new dictionaryentry by extendinganexisting dic-
tionaryentrygivenby index C' with the byte x. Returnsthe
new index.

C'" = Getindex(C, z) Returntheindex of the stringgottenby extendingthe string

correspondingo index C' with thebytex. If theentrydoes
notexist, return-1.

W = GetString(C) Returnsthestring W correspondingo index C.
Flag= IndexInDict?(C') Returnstrue if the index C is in the dictionary and false
otherwise.
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function LZW _DecodekFile)

function LZW _EncodeFile) C' = ReadIndexFile)
C' = ReadBytgFile) W = GetString(C)
while C' # EOFdo Output(W)
x = ReadBytgFile) while C' # EOFdo
C'" = Getlndex(C, x) C'" = ReadIndexFile)
while ¢’ # —1 do if IndexInDict?(C’) then
Cc=c W = GetString(C")
r = ReadBytgFile) AddDict(C, W{0])
C'" = Getlndex(C, z) else
Output(C) C’ = AddDict(C, W10])
AddDict(C, x) W = GetString(C")
C=x Output(W)
c=C

Figurel3: Codefor LZW encodinganddecoding.

The encoderis describedn Figure 13, and Tables4 and 5 give two examplesof encoding
anddecoding.Eachiterationof the outerloop works by first finding the longestmatchWW in the
dictionaryfor astringstartingatthecurrentposition—thannerloopfindsthismatch.Theiteration
thenoutputstheindex for W andaddsthestring W « to thedictionary wherez is thenext character
afterthe match. The useof a “dictionary” is similar to LZ77 exceptthatthe dictionaryis stored
explicitly ratherthanasindicesinto a window. Sincethe dictionaryis explicit, i.e., eachindex
correspond$o a precisestring,LZW neednot specifythelength.

Thedecodemworkssinceit buildsthedictionaryin thesameway asthe encodeiandin general
canjustlook up theindicesit recevesin its copyof thedictionary Oneproblem,however, is that
the dictionaryat the decodeiis alwaysone stepbehindthe encoder This is becaus¢he encoder
canadd W x to its dictionaryat a giveniteration, but the decodemill not know = until the next
messaget receves. The only casein which this might be a problemis if the encodersendsan
index of an entry addedto the dictionaryin the previous step. This happensvhenthe encoder
sendsanindex for astring W andthestringis followedby WIV[0], whereW[0] refersto thefirst
characteof W (i.e, the inputis of theform WWW/[0]). On theiterationthe encodersendsthe
index for W it addsW W 0] toits dictionary Onthenext iterationit sendgheindex for WW0]. If
thishappensthedecodewill recevetheindex for W W 0], whichit doesnothavein its dictionary
yet. Sincetheit is ableto decodeheprevious W, however, it caneasilyreconstructV W0]. This
cases handledby the elseclausen LZW_decodeandshavn by the secondexample.

A problemwith thealgorithmis thatthedictionarycangettoolarge. Thereareseveralchoices
of whatto do. Herearesomeof them.

1. Throw dictionaryaway whenreachinga certainsize(GIF)

2. Throw dictionaryaway whennot effective (Unix Compress)

3. Throw LeastRecentlyUsedentryavaywhenreaches certainsize(BTLZ - British Telecom
Standard)
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| | C | x | Getindex(C,x) | AddDict(C,x) | Output(C) |
init | a
a b -1 256(a,b) a
b C -1 257(b,c) b
C a -1 258(c,a) C
+ a b 256
256| c -1 259(256,¢) 256
+ c a 258
258 | EO -1 - 258
(a) Encoding
| | C | C | W] IndexInDict?(C’) | AddDict(C,W[Q]) | Output(W) |
Init | a a a
a b | b true 256(a,b) b
b c | c true 257(b,c) C
c | 256| ab true 258(c,a) ab
256 | 258 | ca true 259(256,¢) ca
(b) Decoding

Table4: LZW EncodingandDecodingabcabca. Therows with a + for encodingareiterations

of theinnerwhile loop.

| C | x | Getindex(C,x) | AddDict(C,x) | Output(C) |
init | a
a a -1 256(a,a) a
+ a a 256
256| a -1 257(256,a) 256
+ a a 256
+ | 256| a 257
257 | EOF -1 - 257
(a) Encoding
| C | C | W | IndexInDict?(C’) | AddDict(C,W[0]) | Output(W) |
Init | a a a
a | 256| aa false 256(a,a) aa
256 | 257 | aaa false 257(256,a) aaa

Table5: LZW EncodingandDecodingaaaaaa. Thisis anexamplein which the decoderdoes

(b) Decoding

nothave theindex in its dictionary




Implementing the Dictionary:  Oneof thebiggestadwantagesfthelLZ78 algorithmsandreason
for its successs thatthe dictionaryoperationsanrun very quickly. Our goalis to implementthe
3 dictionaryoperationsThebasicideais to storethedictionaryasa partiallyfilled k-ary treesuch
thattheroot is the emptystring,andary pathdown thetreeto a nodefrom the root specifieshe
match.Thepathneednotgoto aleafsincebecausef theprefixpropertyof theLZ78 dictionary all
pathgo internalnodegnustbelongto stringsin thedictionary We canusetheindicesaspointerso
nodesof thetree(possiblyindirectly throughanarray). To implementthe GetString(C') function
we startatthenodepointedto by ' andfollow a pathfrom thatnodeto theroot. Thisrequireghat
every child hasapointerto its parent.To implementthe Getindex(C, «) operationwe go from the
nodepointedto by C' andsearcho seeif thereis achild byte-valuex andreturnthecorresponding
index. For theAddDict (C, =) operatiorwe adda child with byte-valuex to thenodepointedto by
C'. If weassume is constantthe Getindex andAddDict operationsvill takeconstantime since
they only requiregoingdown onelevel of thetree. The GetString operationrequireg V| timeto
follow thetreeupto theroot, but this operationis only usedby the decoderandalwaysoutputsiV’
afterdecodingt. Thewholealgorithmfor bothcodinganddecodinghereforerequiretime thatis
linearin themessagsaize.

To discusonemorelevel of detail,letsconsidehow to storethepointers.The parentpointers
aretrivial to keepsinceeachnodeonly needsa singlepointer Thechildrenpointersareabit more
difficult to do efficiently. Onechoiceis to storeanarrayof lengthk for eachnode. Eachentryis
initialized to emptyandthensearchesanbe donewith a singlearraryreferenceput we needk
pointerspernode(k is often256in practice)andthe memoryis prohibitive. Anotherchoiceis to
usea linked list (or possiblybalancedree)to storethe children. This hasmuchbetterspacebut
requiresmoretime to find a child (althoughtechnicallystill constantime sincek is “constant”).
A compromisghatcanbe madein practiceis to usea linked list until the numberof childrenin
anoderisesabore somethresholdk’ andthenswitchto anarray This would requirecopyingthe
linkedlist into thearraywhenswitching.

Yetanotheitechniquds to usea hashtableinsteadof child pointers.Thestringbeingsearched
for canbe hashedlirectly to the appropriatendex.

6 Other Lossless<Compression

6.1 BurrowsWheeler

The Burrows Wheeleralgorithmis a relatively recentalgorithm. An implementatiorof the algo-
rithm calledbzi p, is currentlyoneof the bestoverall compressioralgorithmsfor text. It gets
compressiomatiosthatarewithin 10% of the bestalgorithmssuchasPPM, but runssignificantly
faster

Ratherthandescribinghealgorithmimmediatelyletstry to go throughathoughtprocesghat
leadsto the algorithm. Recallthat the basicideaof PPMwasto try to find aslong a context as
possiblethat matchedhe currentcontext andusethatto effectively predictthe next character A
problemwith PPMis in selectingk. If we setk too large we will usuallynot find matchesand
endup sendingtoo mary escapecharactersOnthe otherhandif we setit too low, we would not
betakingadwantageof enoughcontext. We could have the systemautomaticallyselectt basedn
which doesthe bestencoding put this is expensve. Also within a singletext theremightbe some
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a ccbaccacba ccbaccacba, a; cbaccacbaa; c;

a c¢ cbhaccacha cbaccacbaa; c; ccbaccacba, a;

ac c¢ baccacha baccacbaac; c, cacbaaccba, c;

acc b accacba accachaacc, b, baaccbaccas; c;

accb a ccacba ccachaacch; a, accbaccach, a4

accba c¢ cacba cacbaaccba; c; ccachbaacch; a,

accbac c¢ acba acbaaccbacs; cy baccacbaac; c;

accbacc a cbha cbaaccbacc, a; acbaaccbacs; cy4

accbacca c¢ ba baaccbacca; cj aaccbaccacs b,

accbaccac b a aacchbaccacs b, accachaacc, b,

accbaccach a accbaccach, ay cbaaccbacc, as
(a) (b) (©

Figurel4: Sortingthecharacters,c,c,b,a,cs;c,ascsb,a, basedn contet: (a) eachcharacter
in its contet, (b) end context moved to front, and (c) charactersortedby their contect using
reverselexicographicordering. We usesubscriptdo distinguishdifferentoccurence®f the same
character

very long contets that could help predict,while mosthelpful contets areshort. Usingafixed &
we would probablyendupignoringthelong contexts.

Letsseef we cancomeupwith awayto takeadvantageof thecontext thatsomehav automati-
cally adaptsideally we wouldlike themethodalsoto be abit faster Considetakingthestringwe
wantto compressandlooking at the full context for eachcharacteri.e., all previous characters
from thestartof thestringup to thecharacterin fact,to makethe contexts thesamdength,which
will be corvenientlater, we addto the headof eachcontext the part of the string following the
charactemakingeachcontet » — 1 characters.Examplesof the contet for eachcharacterof
thestringaccbaccacba aregivenin Figure6.1. Now lets sortthesecontets basedon reverse
lexical order, suchthatthe lastcharacteiof the contet is the mostsignificant(seeFigure6.1c).
Notethatnow charactersvith the similar contexts (preceedingharactersareneareachother In
fact, thelongerthe match(the more preceedingharactershat matchidentically) the closerthey
will beto eachother Thisis similarto PPMin thatit preferslongermatchesvhen“grouping”,
but will groupthingswith shortermatchesvhenthe longermatchdoesnot exist. The difference
is thatthereis nofixedlimit £ onthelengthof a match—amatchof length100haspriority overa
matchof 99.

In practicethe sortingbasedon the context is executedin blocks,ratherthanfor thefull mes-
sagesequenceThisis becausghe full messagsequencandadditionaldatastructuresequired
for sortingit, might not fit in memory The processof sorting the characterdy their contet
is often referedto asa blok-sortingtransform In the dicussionbelon we will referto the se-
guenceof charactergieneratedy a block-sortingtransformasthe contet-sortedsequencée.g.,
C1a;C3Csa4a,C,C4b3b a3 in Figure6.1). Giventhe correlationbetweemearybycharactersn a
contet-sortedsequenceye shouldbeableto codethemquite efficiently by using,for example,a
move-to-frontcoder(Section4.2). For long stringswith someavhatlarger charactesetsthis tech-
niqueshouldcompresshestringsignificantlysincethesamecharacters likely to appeain similar
contexts. Experimentallyin fact, thetechniqguecompresseaboutaswell asPPM even thoughit
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hasno magicnumberk or magicway to selecttheescapgrobabilities.

The problemremains,however, of how to reconstructhe original sequencdrom context-
sortedsequenceTheway to do thisis the ingeniouscontribtution madeby Burrowvs andWheeler
You might try to recreateit beforereadingon. The orderof the most-significantharactersn
the sortedcontets playsanimportantrole in decoding.In the exampleof Figure6.1, theseare
a,a,a,ash,b;c,cscsc,c4. Thecharacteraresorted,but equalvaluedcharacterslo not neces-
sarily appeaiin the sameorderasin the input sequence.The following lemmais critical in the
algorithmfor efficiently reconstructhesequence.

Lemma 6.1.1 For theBlok-Sortingtransform aslongasthere are at leasttwodistinctcharacters
in theinput, equalvaluedcharactersappearin the sameorder in the most-significantharacters
of the sortedcontetsasin the output(the contet sortedsequence).

Proof: Sincethecontets aresortedin reverselexicographicorder, setsof contexts whosemost-
significantcharacterare equalwill be orderedby the remainingcontext—i.e., the string of all
previous characters.Now considerthe contets of the context-sortedsequence.lf we dropthe
least-significantharacteof thesecontexts, thenthey areexactlythesameastheremainingcontext
above, andthereforewill besortedinto the sameordering. The only time thatdroppingthe least-
significantcharacteicanmakea differenceis whenall othercharactersareequal. This canonly
happerwhenall charactersn theinputareequal. O

Basedon Lemma6.1.1,it is not hardto reconstructhe sequencérom the context-sortedse-
guenceaslong aswe arealsogiventheindex of thefirst characteto output(thefirst charactein
theoriginal input sequence)Thealgorithmis givenby thefollowing code.

function BW_Decode(In,Firstinden)
S = MoveToFrontDecode(In,n)
R = Rank(5)
j = Firstinde
fori=1ton—1
Outli] = S[j]
j = R[]

Foranorderedsequence, theRank(S) functionreturnsa sequencef integersspecifyingfor each
character € S how mary charactersreeitherlessthanc or equalto ¢ andappeabeforec in S.
Anotherway of sayingthisis thatit specifieghe positionof the characteif it wheresortedusing
astablesort.

To shav how this algorithmsworks, we consideran examplein which the MoveToFrontde-
coderreturnsS = ssnasmai sssaai , andin which Firstindex = 4 (thefirst a). Theexample
is shavn in Figure 15(a). We cangeneratdhe mostsignificantcharacter®f the contexts simply
by sortingS. Theresultof the sortis shavn in Figure15(b) alongwith therank k. Becauseof
Lemma6.1.1,we know that equalvaluedcharacterwill have the sameorderin this sortedse-
guenceandin S. Thisis indicatedby the subscriptsn thefigure. Now eachrow of Figure15(b)
tellsusfor eachcharactewhatthenext characters. We canthereforesimply rekuild theinitial se-
guenceoy startingatthefirst characteendaddingcharacter®neby one,asdoneby BW_Decode
andasillustratedin Figure15(c).
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S Sort(S) S Rank() Out
S a; s: 9 ay a,; <
S a, s, 10 a; < Si
n as n; 8 S / Sy
a < dy a; 1 « Sy / as
S i1 s; 11 as s n;
m i 9 m 7 n, s i1
a m a, 2 [ s S3
i ny i1, 5 Sj3 / Se
S Si Sy 12 Sg s ([
S S, ss 13 [ s m
S Ss s¢ 14 m < a,
a Sy asz 3 a, < Ss
a S; a, 4 Sy / S5
i Sg i 2 6 Sj / dy
(a) (b) (©)

Figure 15: Burrows-Wheeler Decoding Example. The decoded messagesequenceis
assani ssi nassa.

7 LossyCompressionTechniques

Lossycompressions compressionn which someof the informationfrom the original message
sequences lost. This meanshe original sequencesannotbe regeneratedrom the compressed
sequenceJustbecausénformationis lost doesnt meanthe quality of the outputis reduced.For
example randomnoisehasvery highinformationcontent but whenpresentn animageor asound
file, wewouldtypically be perfectlyhappyto dropit. Also certainlossesn imagesor soundmight
be completelyimperceptibleo a humanviewer (e.g. thelossof very high frequencies)For this
reasonossy compressioralgorithmson imagescanoften get a factor of 2 bettercompression
thanlosslessalgorithmswith animperceptibldossin quality. However, whenquality doesstart
degradingin a noticeablawvay, it is importantto makesureit degradesn away thatis leastobjec-
tionableto theviewer (e.g., droppingrandompixelsis probablymoreobjectionablehandropping
somecolor information). For thesereasonsthe way mostlossycompressionechniquesreused
are highly dependenbn the mediathatis beingcompressedLossy compressiorior sound,for
example,is very differentthanlossycompressioffior images.

In this sectionwe go over somegeneratechniqueshatcanbeappliedin variouscontexts, and
in the next two sectionsve go over morespecificexamplesandtechniques.

7.1 ScalarQuantization

A simplewayto implementiossycompressiofs to takethe setof possiblenessages andreduce
it to asmallersetS’ by mappingeachelemenbf S to anelemenin S’. For examplewe couldtake
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Figure16: Examplef (a) uniform and(b) non-uniformscalarquantization.

8-bit integersanddivide by 4 (i.e., dropthelower two bits), or takea charactesetin which upper
andlowercaseharacteraredistinguishedndreplaceall theuppercaseneswith lowercasenes.
This generakechniquds calledquantization Sincethe mappingusedin quantizatioris mary-to-
one,it isirreversibleandtherefordossy

In the casethatthe set.S comesfrom a total orderandthe total orderis brokenup into re-
gionsthatmaponto the elementf S’, the mappingis calledscalar quantization The example
of droppingthe lower two bits givenin the previous paragraphs an exampleof scalarquantiza-
tion. Applicationsof scalarquantizationncludereducingthe numberof color bits or gray-scale
levelsin images(usedto savze memoryon mary computemonitors),andclassifyingtheintensity
of frequeny componentsn imagesor soundinto groups(usedin JPEGcompression)in factwe
mentionedanexampleof quantizatiorwhentalking aboutJPEG-LSTherequantizations usedto
reducethe numberof contexts insteadof the numberof messagealues.In particularwe cateyo-
rizedeachof 3 gradientdnto oneof 9 levelssothatthe contet tableneedsonly 9% entries(actually
only (9% + 1)/2 dueto symmetry).

The term uniform scalar quantizationis typically usedwhenthe mappingis linear Again,
the exampleof dividing 8-bit integersby 4 is a linear mapping. In practiceit is often betterto
usea nonuniformscalar quantization For example,it turnsout thatthe eye is more sensitve to
low valuesof redthanto high values.Thereforewe cangetbetterquality compresse@nagesby
makingthe regionsin the low valuessmallerthanthe regionsin the high values.Anotherchoice
is to basethe nonlinearmappingon the probability of differentinput values.In fact, this ideacan
be formalized—fora givenerrormetricanda given probability distribution over theinput values,
we wanta mappingthatwill minimize the expectederror. For certainerrormetrics,finding this
mappingmight be hard. For the root-mean-squaredrror metric thereis an iterative algorithm
known astheLloyd-Max algorithmthatwill find theoptimalmapping.An interestingpointis that
finding this optimalmappingwill have theeffectof decreasinghe effectivenes®f ary probability
coderthatis usedon the output. This is becausehe mappingwill tendto moreevenly spreadhe
probabilitiesin 5.
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Figurel7: Exampleof vectorquantizatiorfor a height-weightchart.

7.2 Vector Quantization

Scalarquantizatiorallows oneto separatelynapeachcolor of a colorimageinto a smallersetof
outputvalues.In practice however, it canbemuchmoreeffectiveto mapregionsof 3-dcolorspace
into outputvalues. By more effective we meanthat a bettercompressiomatio canbe achieved
basedn anequvalentlossof quality.

The generalidea of mappinga multidimensionalspaceinto a smallersetof messages’ is
called vector quantization Vector quantizationis typically implementedby selectinga set of
representatesfrom theinput spaceandthenmappingall otherpointsin the spaceto the closest
representate. Therepresentatescouldbefixedfor all time andpartof thecompressiomprotocol,
or they couldbedeterminedor eachfile (messagsequenceandsentaspartof thesequenceThe
mostinterestingaspecbf vectorquantizations how oneselectsherepresentates. Typically it is
implementedisinga clusteringalgorithmthatfindssomenumberof clustersof pointsin the data.
A representate is thenchoserfor eachclusterby eitherselectingoneof the pointsin the cluster
or usingsomeform of centroidfor the cluster Findinggoodclustersis a whole interestingtopic
onits own.

Vectorquantizationis mosteffective whenthevariablesalongthe dimensionf the spaceare
correlated Figurel7 givesanexampleof possiblerepresentatesfor a height-weighthart. There
is clearlyastrongcorrelationbetweerpeoples heightandweightandthereforeherepresentaties
canbe concentratedh areasf the spacehatmakephysicalsensewith higherdensitiesn more
commonregions. Using suchrepresentatesis very muchmore effective than separatelyusing
scalarquantizatioron the heightandweight.

We shouldnotethatvectorquantizationaswell asscalarquantizationcanbe usedaspart of
alosslessompressioiechniqueln particularif in additionto sendingthe closestrepresentate,
the codersendsthe distancefrom the point to the representae, thenthe original point canbe
reconstructedT hedistancas oftenreferredto astheresidual.In generathiswouldnotleadto ary
compressionbut if the pointsaretightly clusteredaroundthe representates,thenthe technique
canbe very effective for losslesscompressiorsincethe residualswill be small and probability
codingwill work well in reducingthe numberof bits.
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7.3 Transform Coding

Theideaof transformcodingis to transfornmtheinputinto adifferentform which cantheneitherbe
compressedbetter or for whichwe canmoreeasilydropcertaintermswithoutasmuchqualitatve
lossin theoutput. Oneform of transformis to selectalinearsetof basisfunctions(¢;) thatspanthe
spaceto be transformed.Somecommonsetsincludesin, cos, polynomials,sphericaharmonics,
Besselfunctions,andwavelets. Figure 18 shavs someexamplesof thefirst threebasisfunctions
for discretecosine polynomial,andwavelettransformationskor a setof . values transformscan
beexpressedsann x n matrix T'. Multiplying theinput by this matrix 7" gives,thetransformed
coeficients. Multiplying the coeficientsby 7-* will corvertthe databackto the original form.
For example thecoeficientsfor thediscretecosinetransform(DCT) are

T. — \/1/7"ccos£2j——|2'iM 1=0,0<7<n
v \/Z/ncosM 0<i<n,0<j<n

2n

The DCT is one of the mostcommonlyusedtransformsin practicefor imagecompression,
moresothanthediscreteFouriertransform(DFT). This is becaus¢he DFT assumegeriodicity,
which is not necessarilyrue in images.In particularto represent linearfunction over a region
requiresmary large amplitudehigh-frequeng componentsn a DFT. This is becausehe period-
icity assumptiorwill view the functionasa savtooth, which is highly discontinuousat the teeth
requiringthe high-frequeng componentsThe DCT doesnotassumeperiodicityandwill only re-
quiremuchlower amplitudehigh-frequeng componentsThe DCT alsodoesnot requirea phase,
whichis typically representedsingcomple« numbersn the DFT.

For the purposeof compressionthe propertiesve would like of a transformare (1) to decor
relatethedata,(2) have mary of thetransformeaoeficientsbesmall,and(3) have it sothatfrom
thepointof view of perceptionsomeof thetermsaremoreimportantthanothers.

8 A CaseStudy: JPEG and MPEG

TheJPEGandtherelatedMPEGformatmakegoodreal-worldexamplesof compressiotbecause
(a) they areusedvery widely in practice,and(b) they usemary of the compressiontechniques
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Figurel9: Stepsan JPEGcompression.

we have beentalking about,including Huffman codes,arithmeticcodes,residualcoding, run-

lengthcoding,scalarquantizationandtransformcoding. JPEGis usedfor still imagesandis the
standardisedonthewebfor photographiémageqthe GIF formatis oftenusedfor textualimages).
MPEG is usedfor video andafter mary yearsof debatedMPEG-2hasbecomethe standardor

the transmissiorof high-definitiontelevision (HDTV). This meansn a few yearswe will all be
receving MPEGathome.As we will see MPEGis basedn avariantof JPEG(i.e. eachframeis

codedusinga JPEGvariant).Both JPEGandMPEGarelossyformats.

8.1 JPEG

JPEGis alossycompressioschemdor colorandgray-scalemages.It worksonfull 24-bitcolor,
andwasdesignedo beusedwith photographienaterialandnaturalisticartwork. It is nottheideal
formatfor line-dravings,textual images.or otherimageswith large areasof solid color or a very
limited numberof distinct colors. The losslessechniquessuchas JBIG, work betterfor such
images.

JPEGis designedso that the lossfactor canbe tunedby the userto tradeof imagesizeand
imagequality, andis designedothatthelosshasthe leasteffecton humanperceptionlt however
doeshave someanomaliesvhenthe compressionmatio getshigh, suchasodd effectsacrossthe
boundarie®f 8x8 blocks.For highcompressiomatios,othertechniguesuchaswaveletcompres-
sionappeato give moresatisfactoryresults.

An overview of the JPEGcompressiomprocesss givenin Figure19. We will cover eachof the
stepsin this process.

Theinputto JPEGarethreecolor planesof 8-bits perpixel eachrepresentindgRed,Blue and
Green(RGB). Thesearethe colorsusedby hardwareto generatemages.The first stepof JPEG
compressionyhichis optional,is to converttheseanto YIQ colorplanes.TheYIQ colorplanesare
designedo betterrepresenhumanperceptiorandarewhatareusedonanalogTVs in theUS (the
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NTSCstandard)TheY planeis designedo representhebrightnesgluminance)f theimage.lt
is a weightedaverageof red, blue andgreen(0.59 Green+ 0.30Red+ 0.11Blue). The weights
arenotbalanceaincethehumaneye is moreresponsie to greenthanto red,andmoreto redthan
to blue. Thel (interphaseandQ (quadraturexomponentsepresenthe color hue(chrominance).
If you have an old black-and-whiteelevision, it usesonly theY signalanddropsthe | andQ
componentswhich arecarriedon a sub-carriessignal. Thereasorfor corvertingto YIQ is thatit
is moreimportantin termsof perceptiorto getthe intensityright thanthe hue. ThereforeJPEG
keepsall pixelsfor the intensity but typically down sampleghe two color planesby a factorof 2
in eachdimension(atotal factorof 4). Thisis thefirstlossycomponenbf JPEGandgivesafactor
of 2 compression{l + 2 .25)/3 = .5.

The next stepof the JPEGalgorithmis to partition eachof the color planesinto 8x8 blocks.
Eachof theseblocksis thencodedseparatelyThefirst stepin codingablock is to applya cosine
transformacrosshothdimensions.This returnsan 8x8 block of 8-bit frequeng terms.Sofar this
doesnotintroduceary loss,or compressionTheblock-sizeis motivatedby wantingit to belarge
enoughto capturesomefrequeny componentdut notsolargethatit causesfrequeng spilling”.
In particulanf we cosine-transformetthewholeimage a sharpboundaryarywherein aline would
causehigh valuesacrossall frequeng componentn thatline.

After the cosinetransform the next stepappliedto the blocksis to useuniform scalarquanti-
zationon eachof thefrequeng terms. This quantizations controllablebasedon userparameters
andis the main sourceof informationlossin JPEGcompression.Sincethe humaneye is more
percepte to certainfrequeny componentshanto others,JPEGallows the quantizationscaling
factor to be differentfor eachfrequeny component.The scalingfactorsare specifiedusingan
8x8tablethatsimplyis usedto element-wisealivide the 8x8 tableof frequeny componentsJPEG
definesstandardjuantizatiortablesfor boththeY andl-Q componentsThetablefor Y is shavn
in Table6. In this tablethelargestcomponentsrein thelowerright corner Thisis becausehese
arethehighestirequengy componentsvhichhumansarelesssensitve to thanthelowerfrequeny
componentsn the upperleft corner The selectionof the particularnumbersin the table seems
magic,for examplethetableis notevensymmetric butit is basedn studiesof humanperception.
If desired,the codercanusea differentquantizationtable andsendthe tablein the headof the
messageTo furthercompresghe image,the whole resultingtablecanbe divided by a constant,
whichis a scalar‘quality control” givento the user Theresultof the quantizatiorwill oftendrop
mostof thetermsin thelower left to zero.

JPEGcompressiorthencompressethe DC componen{upperleftmost)separatelyfrom the
othercomponentsin particularit usesa differencecodingby subtractinghe valuegivenby the
DC componenbf the previous block from the DC componenbf this block. It thenHuffmanor
arithmeticcodeshis difference . The motivationfor this methodis thatthe DC components often
similar from block-to-blocksothatdifferencecodingit will give bettercompression.

Theothercomponentgthe AC componentsarenow compressedThey arefirst corvertedinto
a linear orderby traversingthe frequeng tablein a zig-zagorder(seeFigure 20). The motiva-
tion for this orderis thatit keepsfrequenciesf approximatelyequallength closeto eachother
in the linearorder In particularmostof the zeroswill appearasonelarge contiguousblock at
the end of the order A form of run-lengthcodingis usedto compresshe linearorder It is
codedasa sequencef (skip,\value)pairs,whereskip is the numberof zerosbeforea value,and
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16
12
14
14
18
24
49
72

11
12
13
17
22
35
64
92

10
14
16
22
37
55
78
95

16
19
24
29
56
64
87
98

24
26
40
51
68
81
103
112

40
58
57
87
109
104
121
100

51 61
60 55
69 56
80 62
103 77
113 92
120 101
103 99

Table6: JPEGdefaultquantizatiortable,luminanceplane.
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Figure20: Zig-zagscanningf JPEGDblocks.
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Playbackorder: 0 1 2 3 4 5 6 7 8 9
Frametype: | B B P B B P B B |
Datastreanorder: 0 2 3 1 5 6 4 8 9 7

Figure21: MPEG B-framespostponedn datastream.

valueis the value. The specialpair (0,0) specifiesthe end of block. For example,the sequence
[4,3,0,0,1,0,0,0,1,0,0,..] is represente@s((0,4),(0,3),(2,1),(3,1),(0,0)].This sequences then
compressedsingeitherarithmeticor Huffmancoding. Which of thetwo codingschemesisedis
specifiedon a perimagebasisin theheader

8.2 MPEG

CorrelationmprovescompressionThisis arecurringthemein all of theapproachewe have seen;
the moreeffectively a techniquas ableto exploit correlationsn the data,the moreeffectively it
will beableto compresshatdata.

This principleis mostevidentin MPEG encoding.MPEG compressesideo streams.In the-
ory, a video streamis a sequencef discreteimages. In practice,successe imagesare highly
interrelated.Barring cut shotsor scenechangesary givenvideo frameis likely to beara close
resemblancéo neighboringframes. MPEG exploits this strongcorrelationto achieve far better
compressiomatesthanwould be possiblewith isolatedimages.

Eachframein anMPEGimagestreams encodedisingoneof threeschemes:

I-frame , orintra-frame arecodedasisolatedimages.
P-frame , or predictve codedframe,arebasednthepreviousl- or P-frame.

B-frame , or bidirectionallypredictve codedframe,arebasedon eitheror boththe previousand
next I- or P-frame.

Figure 21 shavs an MPEG streamcontainingall threetypesof frames. I-framesand P-frames
appeain an MPEG streamin simple,chronologicalorder However, B-framesaremoved sothat
they appeaiafter their neighboring- andP-framesThis guaranteethateachframeappearsafter
ary frameuponwhichit maydepend. An MPEG encodercandecodeary frameby bufferingthe
two mostrecentl- or P-framesencountereth thedatastream Figure21 shovs how B-framesare
postponedn thedatastreamso asto simplify decodetbuffering. MPEG encodersarefreeto mix
theframetypesin ary order Whenthe scenes relatively static, P- andB-framescould be used,
while majorscenechangegouldbe encodedisingl-frames.In practice mostencodersisesome
fixedpattern.

Sincel-framesareindependenimagesthey canbe encodedasif they werestill images.The
particulartechniqueusedby MPEG s a variantof the JPEGtechnique(the color transformation
andquantizatiorstepsareslightly different).-framesarevery importantfor useasanchorpoints
so that the framesin the video can be accesseadandomlywithout requiring one to decodeall
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Figure22: P-frameencoding.

previousframes.To decodeary framewe needonly find its closestprevious|-frameandgo from
there.Thisis importantfor allowing reverseplayback skip-aheador errorrecovery.

Theintuition behindencodingP-framess to find matchesj.e., groupsof pixelswith similar
patternsjn the previousreferencdrameandthencodingthe differencebetweerthe P-frameand
its match.To find thesé'matches’the MPEG algorithmpatrtitionsthe P-frameinto 16x16blocks.
The procesdy which eachof theseblocksis encodeds illustratedin Figure22. For eachtarget
block in the P-framethe encoderfinds a refeenceblock in the previous P- or I-frame that most
closely matchesit. The referenceblock neednot be alignedon a 16-pixel boundaryand can
potentiallybe anywherein theimage. In practice however, the x-y offsetis typically small. The
offsetis calledthe motionvector Oncethe matchis found,the pixels of thereferenceblock are
subtractedrom thecorrespondingixelsin thetargetblock. This givesaresidualwhichideally is
closeto zeroeverywhere Thisresiduals codedusingaschemesimilarto JPEGencoding put will
ideally geta muchbettercompressiomatio becausef the low intensities.In additionto sending
the codedresidual the coderalsoneedgo sendthe motionvector This vectoris Huffmancoded.
Themotivationfor searchingtherlocationsin the referencamagefor a matchis to allow for the
efficient encodingof motion. In particularif thereis a moving objectin the sequencef images
(e.g, acaroraball), or if thewholevideois panningthenthe bestmatchwill notbein thesame
locationin theimage.It shouldbe notedthatif no goodmatchis found,thentheblockis codedas
if it werefrom anl-frame.

In practice,the searchfor good matchesfor eachtarget block is the most computationally
expensve partof MPEG encoding. With currenttechnology real-timeMPEG encodingis only
possiblewith the help of customhardware.Note, however, that while the search for a matchis
expensve, regeneratinghe imageas part of the decodetlis cheapsincethe decoderis giventhe
motionvectorandonly needgo look up the block from the previousimage.
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B-frameswerenot presentn MPEG's predecesspH.261. They wereaddedin an effort to
addresghe following situation: portionsof an intermediateP-framemay be completelyabsent
from all previousframes but maybepresentn futureframes.For example,considera carentering
ashotfrom theside.Supposenl-frameencodeshe shotbeforethe carhasstartedo appearand
anotherl-frame appearsvhenthe caris completelyvisible. We would like to useP-framesfor
the intermediatescenes.However, sinceno portion of the caris visible in the first I-frame, the
P-frameswill not be ableto “reuse” thatinformation. The fact thatthe car is visible in a later
I-framedoesnot helpus,asP-framescanonly look bad in time, notforward.

B-framesdlook for reusabledatain bothdirections.The overalltechniquas very similarto that
usedin P-framesbut insteadof just searchingn the previous |- or P-framefor a match,it also
searchesn the next I- or P-frame. Assuminga good matchis foundin each,the two reference
framesareaveragedandsubtractedrom thetargetframe.If only onegoodmatchis found,thenit
is usedasthereference The coderneedgso sendsomeinformationon which reference(sjs (are)
used,andpotentiallyneedg€o sendtwo motionvectors.

How effective is MPEG compressionMe can examinetypical compressiomatiosfor each
frametype, andform an averageweightedby the ratiosin which the framesaretypically inter-
leaved.

Startingwith a356 x 260 pixel, 24-bitcolorimage typicalcompressiomatiosfor MPEG-lare:

Type Size Ratio
I 18Kb 7:1
P 6Kb 20:1
B 25Kb 50:1
Avg 48Kb 27:1

If one356 x 260 framerequires4.8 Kb, how muchbandwidthdoesMPEG requirein orderto
provide areasonableideofeedat thirty framespersecond?

30frames/sec-4.8Kb/ frame - 8b/bit = 1.2Mbits/sec

Thusfar, we have beenconcentratingnthevisualcomponenof MPEG. Addingasterecaudio
streamwill requireroughlyanother0.25Mbits/sec for a grandtotal bandwidthof 1.45Mbits/sec.

This fits nicely within the 1.5 Mbit/seccapacityof a T1 line. In fact, this specificlimit wasa
designgoalin theformationof MPEG. Real-lifeMPEGencodersrackbit rateasthey encodeand
will dynamicallyadjustcompressiomjualitiesto keepthebit ratewithin someuserselectedound.
This bit-ratecontrolcanalsobeimportantin othercontexts. For example,videoon a multimedia
CD-ROM mustfit within therelatively poorbandwidthof a typical CD-ROM drive.

MPEG in the Real World

MPEG hasfounda numberof applicationsn therealworld, including:

1. Direct BroadcasSatellite. MPEG video streamsarereceved by a dish/decodemhich un-
packsthedataandsynthesizea standardNTSCtelevision signal.
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2. CableTelevision. Trial systemsare sendingMPEG-II programmingover cabletelevision
lines.

3. MediaVaults. Silicon Graphics Storagelech,andothervendorsare producingon-demand
videosystemswith twentyfile thousandMPEG-encodedilms on a singleinstallation.

4. Real-Time Encoding. This is still the exclusive province of professionals.Incorporating
special-purposparallelhardwarereal-timeencodergancosttwentyto fifty thousandiol-
lars.

9 Other LossyTransform Codes

9.1 WaveletCompression

JPEGand MPEG decomposemagesinto setsof cosinewaveforms. Unfortunately cosineis a
periodic function; this can createproblemswhen an image containsstrong aperiodicfeatures.
Suchlocal high-frequeng spikeswould requirean infinite numberof cosinewavesto encode
properly JPEGand MPEG solwe this problemby breakingup imagesinto fixed-sizeblocksand
transformingeachblockin isolation. This effectively clipstheinfinitely-repeatingcosinefunction,
makingit possibleto encoddocal features.

An alternatve approachwould beto choosea setof basisfunctionsthatexhibit goodlocality
without artificial clipping. Suchbasisfunctions,called“wavelets”, could be appliedto the entire
image,without requiringblocking andwithout degeneratingvhenpresentedvith high-frequenyg
localfeatures.

How do we derive a suitablesetof basisfunctions?We startwith a singlefunction, calleda
“motherfunction”. Whereascosinerepeatsndefinitely, we wantthe wavelet motherfunction, ¢,
to be containedvithin somelocal region, andapproactzeroaswe strayfurtheraway:

lim ¢(z) =0

z—too

The family of basisfunctionsare scaledandtranslatedversionsof this motherfunction. For
somescalingfactors andtranslationfactor/,

bsi(x) = $(2°x — 1)

A well know family of waveletsarethe Haarwavelets,which arederived from the following
motherfunction:

I+ 0<z<1/2
plz)=¢ —1 : 1/2<a<1
0 : 2<0orz>1

Figure 23 shawvs a family of seven Haar basisfunctions. Of the mary potentialwavelets,
Haarwaveletsare probablythe mostdescribedout the leastused. Their regular form makesthe
underlyingmathematicsimpleandeasyto illustrate,but tendsto createbadblockingartifactsif
actuallyusedfor compression.
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Figure23: A smallHaarwaveletfamily of sizeseven.
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Figure 25: Self-similarityin the Daubechies
Figure24: A samplingof popularwavelets. wavelet.

Mary otherwaveletmotherfunctionshave alsobeenproposedThe Morret waveletconvolves
a Gaussiamwith acosine resultingin a periodicbut smoothlydecayingfunction. This functionis
equivalentto a wave packetfrom quantumphysics.andthe mathematicef Morret functionshave
beenstudiedextensvely. Figure24 shavs a samplingof otherpopularwavelets.Figure25 showvs
thatthe Daubechiesvaveletis actuallya self-similarfractal.

Waveletsin the Real World

Summud.td. is thepremiervendorof waveletcompressiotechnology Summusclaimsto achiare
betterquality thanJPEGfor the samecompressiomatios,but hasbeenloatheto divulge detailsof
how theirwaveletcompressiomactuallyworks. Summusvavelettechnologyhasbeenincorporated
into suchitemsas:

¢ Wavelets-on-a-chifor missileguidanceandcommunicationsystems.
¢ Imageviewing pluginsfor NetscapeéNavigatorandMicrosoft InternetExplorer
e Desktopimageandmovie compressiofn CorelDraw andCorelVideo.

¢ Digital camerasinderdevelopmenty Fuiji.

In asensewaveletcompressionvorksby characterizing signalin termsof someunderlying
generatar Thus, wavelet transformations also of interestoutsideof the realmof compression.
Wavelettransformatiorcanbe usedto cleanup noisydataor to detectself-similarity over widely
varyingtime scaleslt hasfoundusesn medicalimaging,computewision,andanalysisof cosmic
X-ray sources.

9.2 Fractal Compression

A function f(x) is saidto have afixedpointx; if 2 = f(xy). For example:
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flzg) = ax+b

=Ty =

This wasa simplecase.Many functionsmay be too comple to solve directly. Or a function
may be a black box, whoseformal definitionis not known. In thatcasewe mighttry aniterative
approach.Keepfeedingnumbersbackthroughthe functionin hopesthatwe will cornvergeon a
solution:

To = guess

Tr; = f(fﬁi—l)

For example,supposehatwe have f(x) asablackbox. We mightguesszeroasz, anditerate
fromthere:

g = 0

r1 = f(xg) =1

ry = f(z1)=15

rs = flxa) =175

ry = f(xs)=1.875

rs = f(xq) =1.9375

re = fl(xs)=1.96875
x7 = f(xs) = 1.984375
rs = f(xr) =1.9921875

In thisexample, f () wasactuallydefinedaslz+ 1. Theexactfixedpointis 2, andtheiterative
solutionwasconverging uponthis value.

Iterationis by no meangguaranteedo find a fixed point. Not all functionshave a singlefixed
point. Functionsmay have no fixed point, mary fixed points,or aninfinite numberof fixed points.
Evenif afunctionhasafixed point,iterationmaynot necessarilyonverge uponit.

In theabove example we wereableto associatafixed pointvaluewith afunction. If wewere
givenonly the function, we would be ableto recomputehe fixed point value. Put differently; if
we wish to transmita value,we couldinsteadransmita functionthatiteratively corvergeson that
value.

This is the ideabehindfractal compression.However, we are not interestedn transmitting
simple numbers like “2”. Rather we wish to transmitentireimages. Our fixed pointswill be
images.Ourfunctions,then,will bemappingdfrom imagedo images.

Ourencodemill operataoughlyasfollows:

1. Givenanimage,:, from thesetof all possiblemages,/mage.
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Figure26: Identifying self-similarity Rangeblocksappearion theleft; onedomainblock appears
ontheleft. Thearrow identifiesone of several collagefunctionthatwould be compositednto a
completeamage.

2. Computeafunctionf : Image — Image suchthat f(:) = 1.

3. Transmitthe coeficientsthatuniquelyidentify f.
Ourdecodemill usethecoeficientsto reassembl¢ andreconstrucits fixedpoint,theimage:

1. Receve coeficientsthatuniquelyidentify somefunction f : Image — I'mage.
2. Iteratef repeatedlyuntil its valuecornvergeson afixedimage,:.

3. Presenthedecompressedage,:.

Clearlywe will not be usingentirely arbitraryfunctionshere. We wantto choosefunctions
from somefamily thattheencodeanddecodehave agreeduponin advance. Themember®f this
family shouldbe identifiablesimply by specifyingthe valuesfor a small numberof coeficients.
Thefunctionsshouldhave fixed pointsthatmay be found via iteration,andmustnot takeunduly
longto conveme.

Thefunctionfamily wechoosés asetof “collagefunctions”,whichmapregionsof animageto
similarregionselsavherein theimage modifiedby scaling,rotation,translationandothersimple
transformsThisis vaguelysimilarto thesearchor similar macroblocksn MPEGP-andB-frame
encoding but with a muchmoreflexible definitionof similarity. Also, whereadVIPEG searches
for temporalself-similarity acrossmultiple images fractal compressiorsearchesor spatialself-
similarity within a singleimage.

Figure 26 shaws a simplified exampleof decomposin@nimageinfo collagesof itself. Note
thattheencodesstartswith the subdvidedimageontheright. For each‘range” block,theencoder
searcheror asimilar“domain” block elsavherein theimage.We generallywantdomainblocks
to belargerthanrangeblocksto ensuregoodconvergenceat decodingime.
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Fractal Compressionin the Real World

Fractalcompressiomsingiteratedfunction systemswasfirst describedoy Dr. Michael Barnsle
andDr. Alan Sloanin 1987. Althoughthey claimedextraordinarycompressiomates,the compu-
tationalcostof encodingwasprohibitive. The majorvendorof fractalcompressioniechnologyis
IteratedSystemscofoundeddy Barnsley andSloan.

Today fractal compressiorappeardo achiare compressiomnratios that are competitve with
JPEGatreasonablencodingspeeds.

Fractalcompressiomescribesanimagein termsof itself, ratherthanin termsof a pixel grid.
This meanghat fractal imagescanbe somevhat resolution-independentndeed,one caneasily
rendera fractalimageinto a finer or coarsergrid thanthatof the sourceimage. This resolution
independencmayhave usein presentingjualityimagesacrossavarietyof screerandprint media.

9.3 Model-BasedCompression

We briefly presenbnelasttransformcodingschememodel-basedompressionTheideahereis
to characterizehe sourcedatain termsof somestrongunderlyingmodel. The popularexample
hereis faces. We might devise a generalmodel of humanfaces,describingthemin termsof
anatomicalparametersike noseshape eye separationskin color, cheekbonengle,andso on.
Insteadof transmittingtheimageof a face,we couldtransmitthe parametershatdefinethatface
within our generalmodel. Assumingthatwe have a suitablemodelfor the dataat hand,we may
beableto describehe entiresystemusingonly afew bytesof parametedata.

Bothsendemandrecever sharealargebodyof a priori knowledgecontainedn themodelitself
(e.g.,thefactthatfaceshave two eyesandonenose).Themoreinformationis sharedn themodel,
the lessneedbe transmittedwith ary given dataset. Like wavelet compressionmodel-based
compressiomorksby characterizinglatain termsof adeepeunderlyinggeneratarModel-based
encodinghasfoundapplicabilityin suchareasascomputerizedecognitionof four-leggedanimals
or facial expressions.
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