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1 Intr oduction

Compressionis usedjust abouteverywhere.All the imagesyou geton theweb arecompressed,
typically in theJPEGor GIF formats,mostmodemsusecompression,HDTV will becompressed
usingMPEG-2,andseveral file systemsautomaticallycompressfiles whenstored,andthe rest
of usdo it by hand. Theneatthing aboutcompression,aswith theothertopicswe will cover in
this course,is that the algorithmsusedin the real world makeheavy useof a wide setof algo-
rithmic tools,includingsorting,hashtables,tries,andFFTs.Furthermore,algorithmswith strong
theoreticalfoundationsplay acritical role in real-worldapplications.

In this chapterwe will usethe genericterm messagefor the objectswe want to compress,
which couldbeeitherfiles or messages.Thetaskof compressionconsistsof two components,an
encodingalgorithmthattakesa messageandgeneratesa “compressed”representation(hopefully
with fewerbits),anda decodingalgorithmthatreconstructstheoriginalmessageor someapprox-
imationof it from thecompressedrepresentation.Thesetwo componentsaretypically intricately
tied togethersincethey bothhave to understandthesharedcompressedrepresentation.

Wedistinguishbetweenlosslessalgorithms, whichcanreconstructtheoriginalmessageexactly
from thecompressedmessage,andlossyalgorithms, whichcanonly reconstructanapproximation
of theoriginal message.Losslessalgorithmsaretypically usedfor text, andlossyfor imagesand
soundwherea little bit of lossin resolutionis oftenundetectable,or at leastacceptable.Lossyis
usedin anabstractsense,however, anddoesnot meanrandomlost pixels,but insteadmeansloss
of a quantitysuchasa frequency component,or perhapslossof noise. For example,onemight
think that lossytext compressionwould be unacceptablebecausethey areimaginingmissingor
switchedcharacters.Considerinsteada systemthat rewordedsentencesinto a more standard
form, or replacedwordswith synonyms so that the file canbe bettercompressed.Technically
thecompressionwould be lossysincethe text haschanged,but the “meaning”andclarity of the
messagemight befully maintained,or evenimproved. In fact StrunkandWhite might arguethat
goodwriting is theartof lossytext compression.

Is therea losslessalgorithm that can compressall messages?Therehasbeenat leastone
patentapplicationthatclaimedto beableto compressall files(messages)—Patent5,533,051titled
“Methodsfor DataCompression”.Thepatentapplicationclaimedthatif it wasappliedrecursively,
a file couldbereducedto almostnothing.With a little thoughtyou shouldconvinceyourselfthat
this is not possible,at leastif thesourcemessagescancontainany bit-sequence.We canseethis
by a simplecountingargument. Lets considerall 1000bit messages,asan example. Thereare���������

differentmessageswe cansend,eachwhich needsto bedistinctly identifiedby thedecoder.
It shouldbeclearwecan’t representthatmany differentmessagesby sending999or fewerbits for
all themessages— 999bits wouldonly allow usto send

�
	�	�	
distinctmessages.Thetruth is that

if any onemessageis shortenedby analgorithm,thensomeothermessageneedsto belengthened.
You canverify this in practiceby runningGZIP on a GIF file. It is, in fact,possibleto go further
andshow that for a setof input messagesof fixedlength,if onemessageis compressed,thenthe
averagelengthof thecompressedmessagesover all possibleinputsis alwaysgoing to be longer
thantheoriginal input messages.Consider, for example,the8 possible3 bit messages.If oneis
compressedto two bits, it is not hardto convinceyourselfthat two messageswill have to expand
to 4 bits,giving anaverageof 3 1/8bits. Unfortunately, thepatentwasgranted.

Becauseonecan’t hopeto compresseverything,all compressionalgorithmsmustassumethat
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thereis somebiason theinput messagessothatsomeinputsaremorelikely thanothers,i.e. that
thereis someunbalancedprobabilitydistribution over thepossiblemessages.Most compression
algorithmsbasethis “bias” on the structureof the messages– i.e., an assumptionthat repeated
charactersaremorelikely thanrandomcharacters,or that largewhite patchesoccurin “typical”
images.Compressionis thereforeall aboutprobability.

Whendiscussingcompressionalgorithmsit is importantto makea distinctionbetweentwo
components:the modelandthecoder. Themodelcomponentsomehow capturestheprobability
distributionof themessagesby knowing or discoveringsomethingaboutthestructureof theinput.
The codercomponentthentakesadvantageof the probability biasesgeneratedin the model to
generatecodes.It doesthis by effectively lengtheninglow probability messagesandshortening
high-probabilitymessages.A model,for example,mighthaveageneric“understanding”of human
facesknowing that some“faces” aremorelikely thanothers(e.g., a teapotwould not be a very
likely face). The coderwould thenbe able to sendshortermessagesfor objectsthat look like
faces. This could work well for compressingteleconferencecalls. The modelsin mostcurrent
real-world compressionalgorithms,however, are not so sophisticated,and usemore mundane
measuressuchasrepeatedpatternsin text. Althoughtherearemany differentwaysto designthe
modelcomponentof compressionalgorithmsandahugerangeof levelsof sophistication,thecoder
componentstendto bequitegeneric—incurrentalgorithmsarealmostexclusively basedoneither
Huffmanor arithmeticcodes.Lestwetry to maketo fineof adistinctionhere,it shouldbepointed
out thattheline betweenmodelandcodercomponentsof algorithmsis notalwayswell defined.

It turnsout that informationtheoryis the glue that ties the modelandcodercomponentsto-
gether. In particularit givesa very nicetheoryabouthow probabilitiesarerelatedto information
contentandcodelength.As wewill see,this theorymatchespracticealmostperfectly, andwecan
achieve codelengthsalmostidenticalto whatthetheorypredicts.

Anotherquestionaboutcompressionalgorithmsis how doesonejudgethequalityof onever-
susanother. In thecaseof losslesscompressionthereareseveralcriteriaI canthink of, thetime to
compress,the time to reconstruct,thesizeof thecompressedmessages,andthegenerality—i.e.,
doesit only work on Shakespeareor doesit do Byron too. In thecaseof lossycompressionthe
judgementis furthercomplicatedsincewe alsohave to worry abouthow goodthe lossyapprox-
imation is. Therearetypically tradeoffs betweenthe amountof compression,the runtime,and
the quality of the reconstruction.Dependingon your applicationonemight be moreimportant
thananotherandonewould want to pick your algorithmappropriately. Perhapsthebestattempt
to systematicallycomparelosslesscompressionalgorithmsis theArchiveComparisonTest(ACT)
by Jeff Gilchrist. It reportstimesandcompressionratiosfor 100sof compressionalgorithmsover
many databases.It alsogivesascorebasedonaweightedaverageof runtimeandthecompression
ratio.

This chapterwill beorganizedby first coveringsomebasicsof informationtheory. Section3
thendiscussesthecodingcomponentof compressingalgorithmsandshows how codingis related
to the information theory. Section4 discussesvariousmodelsfor generatingthe probabilities
neededby thecodingcomponent.Section5 describestheLempel-Ziv algorithms,andSection6
coversotherlosslessalgorithms(currentlyjustBurrows-Wheeler).
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2 Information Theory

2.1 Entr opy

Shannonborrowedthedefinitionof entropy from statisticalphysicsto capturethenotionof how
much information is containedin a and their probabilities. For a set of possiblemessages� ,
Shannondefinedentropy

�
as, ��
 �������������� 
�� �����! #" $� 
�� �

where � 
�� � is the probability of message

�
. The definition of Entropyis very similar to that in

statisticalphysics—inphysics � is the setof possiblestatesa systemcanbe in and � 
�� � is the
probability thesystemis in state

�
. We might rememberthat thesecondlaw of thermodynamics

basicallysaysthattheentropyof a systemandits surroundingscanonly increase.
Gettingbackto messages,if we considertheindividual messages

�&% � , Shannondefinedthe
notionof theself informationof a messageas' 
(� �)�*�+�, " $� 
�� �.-
This self informationrepresentsthe numberof bits of informationcontainedin it and, roughly
speaking,thenumberof bitsweshoulduseto sendthatmessage.Theequationsaysthatmessages
with higherprobabilitywill containlessinformation(e.g., a messagesayingthat it will besunny
out in LA tomorrow is lessinformativethanonesayingthatit is goingto snow).

Theentropyis simply a weightedaverageof the informationof eachmessage,andtherefore
theaveragenumberof bits of informationin thesetof messages.Largerentropiesrepresentmore
information,andperhapscounter-intuitively, the morerandoma setof messages(themoreeven
theprobabilities)themoreinformationthey containonaverage.

Herearesomeexamplesof entropiesfor differentprobabilitydistributionsoverfivemessages.

� 
 ���/� 0,1 - �!243 1 - �!253 1 - �,253 1 - $ �!253 1 - $ �!256� � 798:1 - �!2 8:�+�, 4"<;.= � 8>1 - $ �!2 8:�+�! 4"�?� $ - 2 =@1 -BA 2� � - �!2� 
�� �/� 0,1 - 253 1 - $ �!253 1 - $ �!243 1 - $ �!243 1 - $ �!2�6� � 1 - 2 8C�+�, 4" � =D;98>1 - $ �!2 8:�+�! 4"�?� 1 - 2 = $ - 2� �
� 
�� �/� 0,1 -BA 243 1 - 1!E �,253 1 - 1,E �!243 1 - 1,E �,2F3 1 - 1!E ��2�6� �G1 -HA 2 8:�+�, 4" 
 ; 7 �I=D;98>1 - 1!E �!2 8:�+�! 4" $ EJ

Technicallythis definitionis for first-orderEntropy. We will getbackto thegeneralnotionof Entropy.
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bits/char

bits KL�+�, 
�M E���N 7
entropy 4.5
HuffmanCode(avg.) 4.7
Entropy(Groupsof 8) 2.4
Asymptoticallyapproaches: 1.3

Compress 3.7
Gzip 2.7
BOA 2.0

Table1: InformationContentof theEnglishLanguage

� 1 - 7O= $� $ - 7
Notethatthemoreuneventhedistribution,thelower theEntropy.

Why is thelogarithmof theinverseprobabilitytheright measurefor self informationof ames-
sage?Althoughwewill relatetheself informationandentropyto messagelengthmoreformally in
Section3 letstry togetsomeintuitionhere.First,for asetof PQ� �
R

equalprobabilitymessages,the
probabilityof eachis $
S P . Wealsoknow thatif all arethesamelength,then�+�, 4"�P bitsarerequired
to encodeeachmessage.Well this is exactly theself informationsince

' 
 � R �T�U�+�, 4" �VXW �U���! 4"�P .
Anotherpropertyof informationwe would like, is thatthe informationgivenby two independent
messagesshouldbethesumof the informationgivenby each.In particularif messagesY and Z
areindependent,the probability of sendingoneafter the other is � 
 Y[� � 
 Z\� andthe information
containedis themis' 
 Y[Z\�]�^�� $� 
 Y[� � 
 Z\� �_�+ $� 
 Y[� =`�+ $� 
 Y[� � ' 
 Y.�a= ' 
 Z\� -
Thelogarithmis the“simplest” functionthathasthis property.

2.2 The Entr opy of the English Language

We might be interestedin how muchinformationthe EnglishLanguagecontains.This couldbe
usedasa boundon how muchwe cancompressEnglish,andcouldalsoallow usto comparethe
density(informationcontent)of differentlanguages.

One way to measurethe informationcontentis in termsof the averagenumberof bits per
character. Table1 shows a few waysto measurethe informationof Englishin termsof bits-per-
character. If we assumeequalprobabilitiesfor all characters,a separatecodefor eachcharacter,
andthatthereare96printablecharacters(thenumberonastandardkeyboard)theneachcharacter
would take KL�+�, M E!N9� A bits. Theentropyassumingevenprobabilitiesis �+�, M EQ�bE - E bits/char.
If we give thecharactersa probabilitydistribution (basedon a corpusof Englishtext) theentropy
is reducedto about4.5 bits/char. If we assumea separatecodefor eachcharacter(for which the
Huffmancodeis optimal)thenumberis slightly larger4.7bits/char.
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Date bpc scheme authors

May 1977 3.94 LZ77 Ziv, Lempel
1984 3.32 LZMW Miller andWegman
1987 3.30 LZH Brent
1987 3.24 MTF Moffat
1987 3.18 LZB Bell
. 2.71 GZIP .
1988 2.48 PPMC Moffat
. 2.47 SAKDC Williams
Oct1994 2.34 PPMc Cleary, Teahan,Witten
1995 2.29 BW Burrows,Wheeler
1997 1.99 BOA Sutton
1999 1.89 RK Taylor

Table2: Losslesscompressionratiosfor text compressiononCalgaryCorpus

Note thatso far we have not takenany advantageof relationshipsamongadjacentor nearby
characters.If youbreaktext into blocksof 8 characters,measuretheentropyof thoseblocks(based
onmeasuringtheir frequency in anEnglishcorpus)you getanentropyof about19bits. Whenwe
divide this by thefact we arecoding8 charactersat a time, theentropy(bits)percharacteris 2.4.
If wegrouplargerandlargerblockspeoplehaveestimatedthattheentropywouldapproach1.3(or
lower). It is impossibleto actuallymeasurethis becausetherearetoomany possiblestringsto run
statisticson,andnocorpuslargeenough.

This value1.3bits/charis anestimateof theinformationcontentof theEnglishlanguage.As-
sumingit is approximatelycorrect,thisboundshow muchwecanexpectto compressEnglishtext
if wewantlosslesscompression.Table1 alsoshows thecompressionrateof variouscompressors.
All these,however, aregeneralpurposeandnot designedspecificallyfor the English language.
The last one,BOA, is the currentstate-of-the-artfor general-purposecompressors.To reachthe
1.3 bits/charthe compressorwould surelyhave to “know” aboutEnglishgrammar, standardid-
ioms,etc..

A morecompletesetof compressionratiosfor theCalgarycorpusfor avarietyof compressors
is shown in Table2. TheCalgarycorpusis astandardbenchmarkfor measuringcompressionratios
andmostlyconsistsof Englishtext. In particularit consistsof 2 books,5 papers,1 bibliography, 1
collectionof news articles,3 programs,1 terminalsession,2 objectfiles, 1 geophysicaldata,and
1 bit-mapb/w image.Thetableshowshow thestateof thearthasimprovedover theyears.

2.3 Conditional Entr opy and Mark ov Chains

Often probabilitiesof events(messages)aredependenton the context in which they occur, and
by usingthe context it is oftenpossibleto improve our probabilities,andaswe will see,reduce
theentropy. Thecontext might bethepreviouscharactersin text (seePPMin Section4.5),or the
neighboringpixelsin animage(seeJBIG in Section4.3).

Theconditionalprobabilityof anevent d basedona context e is writtenas � 
 d4fgeh� . Theoverall
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Figure1: A two statefirst-orderMarkov Model

(unconditional)probabilityof anevent d is relatedby � 
 d��j�Uk>l ��m � 
 eh� � 
 d4fgeh� , where n is theset
of all possiblecontexts. Basedonconditionalprobabilitieswecandefinethenotionof conditional
self-informationas

' 
 d4fgeh���^�+�, " �Vporqts lLu of anevent d in thecontext e . This neednotbethesameas
theunconditionalself-information.For example,a messagestatingthat it is goingto rain in LA
with nootherinformationtellsusmorethanamessagestatingthatit is goingto rain in thecontext
thatit is currentlyJanuary.

As with the unconditionalcase,we candefinethe averageconditionalself-information,and
we call this the conditional-entropyof a sourceof messages.We have to derive this averageby
averagingbothover thecontexts andover themessages.For a messageset � andcontext set n ,
theconditionalentropy is ��
 �Tfvnw�x� �l ��mx� 
 eh� ��y�z�a� 
(� f ez�{�+�! 4" $� 
�� fgeh� -
It is not hardto show thatif theprobabilitydistributionof � is independentof thecontext n then�|
 �Tfvn}��� ��
 ��� , andotherwise

�|
 �Tf~n}��� �|
 ��� . In otherwords,knowing thecontext canonly
reducetheentropy.

Shannonactuallyoriginally definedEntropyin termsof informationsources.An information
sourcesgeneratesaninfinite sequenceof messages��� 3�� % 04�[� 3 -h-�- 3 � 6

from a fixedmessage
set � . If theprobabilityof eachmessageis independentof thepreviousmessagesthenthesystem
is calledan independentand identicallydistributed(iid) source.Theentropyof sucha sourceis
calledtheunconditionalor first order entropyandis asdefinedin Section2.1. In this chapterby
defaultwe will usethetermentropyto meanfirst-orderentropy.

Anotherkind of sourceof messagesis a Markov process,or morepreciselya discrete time
Markovchain. A sequencefollows anorder

�
Markov modelif theprobabilityof eachmessage

(or event)only dependson the
�

previousmessages,in particular

� 
�� � f � �
� � 3 -�-h- 3 � ��� � ��� � 
(� � f � ��� � 3 -h-h- 3 � ��� � 3 -h-�- �
where

� R is the
'����

messagegeneratedby thesource.Thevaluesthatcanbetakenonby 0 � ��� � 3 -h-h- 3 � ��� � 6arecalledthestatesof thesystem.Theentropyof a Markov processis definedby theconditional
entropy, which is basedon theconditionalprobabilities� 
(� � f � ��� � 3 -h-h- 3 � ��� � � .Figure1 shows an exampleof an first-orderMarkov Model. This Markov modelrepresents
the probabilitiesthat the sourcegeneratesa black ( � ) or white ( � ) pixel. Eacharc represents
a conditionalprobability of generatinga particularpixel. For example � 
 �&f �z� is the conditional
probabilityof generatingawhitepixel giventhatthepreviousonewasblack.Eachnoderepresents
oneof the states,which in a first-orderMarkov modelis just the previously generatedmessage.
Letsconsidertheparticularprobabilities� 
 ��f �O��� - 1 $ , � 
 �&f �O��� - M,M , � 
 ��fg�h�)� -HA , � 
 �\fg�h��� - 7 . It
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is nothardto solve for � 
 �h��� $
S 7 $ and� 
 �O���G7!1 S 7 $ (dothisasanexercise).Theseprobabilities
give theconditionalentropy7,1 S 7 $ 
 - 1 $ �+�, 
 $
S - 1 $ ��= - M,M �+�, 
 $
S - M,M ���]= $�S 7 $ 
 -BA �+�, 
 $�S -BA �]= - 7]�+�! 
 $
S - 7������ - $ 1 A
This givesthe expectednumberof bits of informationcontainedin eachpixel generatedby the
source.Notethatthefirst-orderentropyof thesourceis7!1 S 7 $ �+�, 
 7 $
S 7,1��x= $
S 7 $ ���! 
 $
S 7,1���� - � 1,E
which is almosttwice aslarge.

Shannonalsodefinedageneralnotionsourceentropyfor anarbitrarysource.Let Y � denotethe
setof all stringsof length P from analphabetY , thenthe P ��� order normalizedentropy is defined
as � � � $P �� �h�#�5� 
 ���{�+�! $� 
 ���w- (1)

Thisis normalizedsincewedivideit by P —it representstheper-characterinformation.Thesource
entropy is thendefinedas � �/�+����h�j� � � -
In generalit is extremelyhardto determinethesourceentropyof anarbitrarysourceprocessjust
by lookingat theoutputof theprocess.This is becauseto calculateaccurateprobabilitiesevenfor
a relatively simpleprocesscouldrequirelookingatextremelylongsequences.

3 Probability Coding

As mentionedin theintroduction,codingis the job of takingprobabilitiesfor messagesandgen-
eratingbit stringsbasedon theseprobabilities.How theprobabilitiesaregeneratedis partof the
modelcomponentof thealgorithm,which is discussedin Section4.

In practicewe typically useprobabilitiesfor partsof a largermessageratherthanfor thecom-
pletemessage,e.g., eachcharacteror word in a text. To beconsistentwith theterminologyin the
previoussection,we will considereachof thesecomponentsa messageon its own, andwe will
usethe termmessagesequencefor the largermessagemadeup of thesecomponents.In general
eachlittle messagecanbeof a differenttypeandcomefrom its own probabilitydistribution. For
example,whensendingan imagewe might senda messagespecifyinga color followedby mes-
sagesspecifyinga frequency componentof that color. Even the messagesspecifyingthe color
mightcomefrom differentprobabilitydistributionssincetheprobabilityof particularcolorsmight
dependon thecontext.

Wedistinguishbetweenalgorithmsthatassignauniquecode(bit-string)for eachmessage,and
onesthat “blend” thecodestogetherfrom morethanonemessagein a row. In thefirst classwe
will considerHuffmancodes,which area typeof prefix code. In the latercategory we consider
arithmeticcodes.Thearithmeticcodescanachievebettercompression,but canrequiretheencoder
to delaysendingmessagessincethemessagesneedto becombinedbeforethey canbesent.
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3.1 Prefix Codes

A code n for a messageset � is a mappingfrom eachmessageto a bit string. Eachbit string is
calledacodeword, andwewill denotecodesusingthesyntaxn���0 
(� � 3 � � � 3 
�� " 3 � " � 3h h � h3 
�� ¡ 3 � ¡ � 6 .
Typically in computersciencewedealwith fixed-lengthcodes,suchastheASCII codewhichmaps
every printablecharacterandsomecontrolcharactersinto 7 bits. For compression,however, we
would like codewordsthatcanvary in lengthbasedon theprobabilityof themessage.Suchvari-
able lengthcodeshave thepotentialproblemthat if we aresendingonecodeword after theother
it canbe hardor impossibleto tell whereonecodeword finishesandthe next starts. For exam-
ple, given the code 0 
�¢ 3 1 � 3 
 � 3 01 � 3 
 e 3 101 � 3 
�£ 3 011 � 6 , the bit-sequence1011 could eitherbe
decodedasaba, ca, or ad. To avoid this ambiguitywe couldadda specialstopsymbolto the
endof eachcodeword (e.g., a 2 in a 3-valuedalphabet),or senda lengthbeforeeachsymbol.
Thesesolutions,however, requiresendingextra data.A moreefficientsolutionis to designcodes
in which we canalwaysuniquelydeciphera bit sequenceinto its codewords. We will call such
codesuniquelydecodablecodes.

A prefix codeis a specialkind of uniquelydecodablecodein which no bit-string is a prefix
of anotherone, for example 0 
�¢ 3 1 � 3 
 � 3 01 � 3 
 e 3 000 � 3 
�£ 3 001 � 6 . All prefix codesareuniquely
decodablesinceoncewegetamatch,thereis no longercodethatcanalsomatch.

Exercise3.1.1 Comeupwith anexampleof a uniquelydecodablecodethat is nota prefixcode.

Prefix codesactuallyhave an advantageover otheruniquelydecodablecodesin that we can
deciphereachmessagewithouthaving to seethestartof thenext message.This is importantwhen
sendingmessagesof differenttypes(e.g., from differentprobabilitydistributions).In factin certain
applicationsonemessagecanspecifythetypeof thenext message,soit mightbenecessaryto fully
decodethecurrentmessagebeforethenext onecanbeinterpreted.

A prefixcodecanbeviewedasabinarytreeasfollows¤ Eachmessageis a leaf in thetree¤ Thecodefor eachmessageis givenby following a pathfrom the root to the leaf, andap-
pendinga0 eachtimea left branchis taken,anda 1 eachtimea right branchis taken.

Wewill call this treeaprefix-codetree. Sucha treecanalsobeusefulin decodingprefixcodes.As
thebitscomein, thedecodercanfollow apathdown to thetreeuntil it reachesaleaf,atwhichpoint
it outputsthemessageandreturnsto theroot for thenext bit (or possiblytherootof adifferenttree
for adifferentmessagetype).

In generalprefixcodesdonothave to berestrictedto binaryalphabets.Wecouldhave aprefix
codein which the bits have 3 possiblevalues,in which casethe correspondingtree would be
ternary. In thischapterwe only considerbinarycodes.

Givenaprobabilitydistributiononasetof messagesandassociatedvariablelengthcode n , we
definetheaveragelengthof thecodeas¥L¦ 
 nw�x� �or�y§ ¨ u �zm � 
�� � ¥ 
 �O�
where

¥ 
 �©� is thelengthof thecodeword � . We saythata prefixcode n is anoptimalprefixcode
if
¥L¦ 
 nw� is minimized(i.e., thereis no otherprefix codefor thegivenprobabilitydistribution that

hasa loweraveragelength).

10



3.1.1 Relationship to Entr opy

It turnsout thatwecanrelatetheaveragelengthof prefixcodesto theentropyof asetof messages,
aswewill now show. We will makeuseof theKraft-McMillan inequality

Lemma 3.1.1 Kraft-McMillan Inequality . For anyuniquelydecodablecode n ,�oB��§ ¨ u ��m � �4ªro«¨ ux¬ $ 3
where

¥ 
 �©� it thelengthof thecodeword � . Also,for anysetof lengths­ such that� ªr��® � �4ª ¬ $ 3
there is a prefixcode n of thesamesizesuch that

¥ 
 � R �x� ¥ R 
 ' � $ 3 -h-h- fv­Tfv� .
Theproofof this is left asa homework assignment.Usingthis weshow thefollowing

Lemma 3.1.2 For anymessageset � with a probability distribution andassociateduniquelyde-
codablecode n , �|
 �)� ¬ ¥ ¦ 
 nw�
Proof: In thefollowing equationsfor a message

�}% � ,
¥ 
�� � refersto thelengthof theassociated

codein n . �|
 ���]� ¥L¦ 
 n}�/� ������a� 
�� ���+�, " $� 
�� � � ��y�z�¯�

�� � ¥ 
�� �

� ������ � 
�� � ° �+�, " $� 
�� � � ¥

(� �(±

� ������ � 
�� � ° �+�, 4" $� 
�� � �D�+�! 4" � ªror� u ±� ������ � 
�� ���+�, F" � �4ªror� u� 
(� �¬ �+�, 4" 
 ������ � �4ª²oB� u �¬ 1
Thesecondto lastline isbasedonJensen’s inequalitywhichstatesthatif afunction ³ 
�� � is concave
then k R � R ³ 
�� R � ¬ ³ 
 k R � R � R � , wherethe � R arepositive probabilities.The logarithmfunction is
concave. Thelastline usestheKraft-McMillan inequality. ´

This theoremsaysthatentropyis alowerboundontheaveragecodelength.Wenow alsoshow
anupperboundbasedonentropyfor optimalprefixcodes.

Lemma 3.1.3 For anymessageset � with a probabilitydistributionandassociatedoptimalprefix
code n , ¥L¦ 
 nw� ¬ �|
 ���I= $ -

11



Proof: Takeeachmessage

�}% � andassignit a length
¥ 
�� ���µKL�+�, �V¶oB� u N . We have

��y�z� � �4ª²oB� u � ������ � �I·~¸g¹�º¼»½�¾²¿BÀÂÁ¬ ������ � �x¸g¹�º »½�¾²¿BÀ
� ������ � 
�� �� $

Thereforeby the Kraft-McMillan inequality thereis a prefix code n©Ã with codewordsof length¥ 
�� � . Now ¥L¦ 
 n Ã �/� �oB��§ ¨ u ��m#Ä � 
�� � ¥ 
 �O�� �oB��§ ¨ u ��m Ä � 
�� �,KL�+�, $� 
�� � N¬ �oB��§ ¨ u ��m Ä � 
�� � 
 $ =D���! $� 
�� � �� $ = �oB��§ ¨ u ��m#Ä � 
(� ���+�, $� 
(� �� $ = �|
 ���
By thedefinitionof optimalprefixcodes,

¥ ¦ 
 nw� ¬ ¥ ¦ 
 n Ã � . ´
Anotherpropertyof optimalprefix codesis that largerprobabilitiescannever leadto longer

codes,asshown by thefollowing theorem.This theoremwill beusefullater.

Theorem3.1.1 If n is an optimalprefix codefor theprobabilities 0 � � 3 � " 3 -h-h- 3 � � 6 then � RTÅ ��Æimpliesthat
¥ 
 e R � ¬ ¥ 
 e Æ � .

Proof: Assume
¥ 
 e R � Å ¥ 
 e Æ � . Now considerthecodegottenby switching e R and e Æ . If

¥L¦
is the

averagelengthof ouroriginal code,thisnew codewill have length¥ Ã¦ � ¥ ¦ = � Æ 
 ¥ 
 e R �]� ¥ 
 e Æ ���I= � R 
 ¥ 
 e Æ �]� ¥ 
 e R ��� (2)� ¥L¦ = 
 ��Æ � � R � 
 ¥ 
 e R �]� ¥ 
 e Æ ��� (3)

Given our assumptionsthe


 � Æ � � R � 
 ¥ 
 e R ��� ¥ 
 e Æ ��� is negative which contradictsthe assumption
that

¥ ¦
is anoptimalprefixcode. ´

3.2 Huffman Codes

Huffmancodesareoptimalprefixcodesgeneratedfrom a setof probabilitiesby a particularalgo-
rithm, theHuffmanCodingAlgorithm. David Huffmandevelopedthealgorithmasa studentin a
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classon informationtheoryat MIT in 1950.Thealgorithmis now probablythemostprevalently
usedcomponentof compressionalgorithms,usedasthebackendof GZIP, JPEGandmany other
utilities.

TheHuffmanalgorithmis verysimpleandis mosteasilydescribedin termsof how it generates
theprefix-codetree.¤ Startwith a forestof trees,onefor eachmessage.Eachtreecontainsa singlevertex with

weight � R � � R¤ Repeatuntil only asingletreeremains

– Selecttwo treeswith thelowestweightroots( � � and � " ).
– Combinetheminto asingletreeby addinganew rootwith weight � � =C� " , andmaking

the two treesits children. It doesnot matterwhich is the left or right child, but our
conventionwill beto put thelowerweightrooton theleft if � �.Ç�_� " .

For acodeof size P thisalgorithmwill requireP�� $ stepssinceeverycompletebinarytreewithP leaveshasP�� $ internalnodes,andeachstepcreatesoneinternalnode.If weuseapriority queue
with È 
 �+�! ÉPÊ� timeinsertionsandfind-mins(e.g., aheap)thealgorithmwill runin È 
 PË�+�, TPÊ� time.

Thekey propertyof Huffmancodesis thatthey generateoptimalprefixcodes.Weshow this in
thefollowing theorem,originally givenby Huffman.

Lemma 3.2.1 TheHuffmanalgorithmgeneratesanoptimalprefixcode.

Proof: Theproof will beon inductionof thenumberof messagesin thecode. In particularwe
will show thatif theHuffmancodegeneratesanoptimalprefixcodefor all probabilitydistributions
of P messages,thenit generatesan optimal prefix codefor all distributionsof PQ= $ messages.
Thebasecaseis trivial sincetheprefix codefor 1 messageis unique(i.e., thenull message)and
thereforeoptimal.

We first arguethatfor any setof messages� thereis anoptimalcodefor which thetwo mini-
mumprobabilitymessagesaresiblings(have thesameparentin theirprefixtree).By lemma3.1.1
we know thatthetwo minimumprobabilitiesareon thelowestlevel of thetree(any completebi-
narytreehasat leasttwo leaveson its lowestlevel). Also, we canswitchany leaveson thelowest
level without affectingtheaveragelengthof thecodesinceall thesecodeshave thesamelength.
We thereforecanjust switchthetwo lowestprobabilitiessothey aresiblings.

Now for inductionwe considera setof messageprobabilities � of size PQ= $ andthecorre-
spondingtree Ì built by theHuffmanalgorithm.Call thetwo lowestprobabilitynodesin thetree�

and Í , which mustbe siblingsin Ì becauseof the designof the algorithm. Considerthe treeÌjÃ gottenby replacing

�
and Í with their parent,call it Î , with probability �4Ï � �4Ð = �5Ñ (this is

effectively whattheHuffmanalgorithmdoes).Letssaythedepthof Î is

£
, then¥L¦ 
 Ì©�Ò� ¥L¦ 
 Ì Ã �I= �5Ð 
�£ = $ �I= �5Ñ 
�£ = $ �]� �4Ï £ (4)� ¥ ¦ 
 Ì Ã �I= � Ð = � Ñ - (5)

To seethat Ì is optimal,notethat thereis anoptimaltreein which

�
and Í aresiblings,andthat

whereverwe placethesesiblingsthey aregoingto addaconstant�5Ð = �4Ñ to theaveragelengthof
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any prefixtreeon � with thepair

�
and Í replacedwith theirparentÎ . By theinductionhypothesis¥L¦ 
 ÌjÃB� is minimized,since ÌjÃ is of size P andbuilt by theHuffmanalgorithm,andtherefore

¥L¦ 
 ÌO�
is minimizedand Ì is optimal. ´

SinceHuffmancodingisoptimalweknow thatfor any probabilitydistribution � andassociated
Huffmancode n ��
 ��� ¬ ¥L¦ 
 n}� ¬ ��
 ���I= $ -
3.2.1 Combining Messages

Even thoughHuffmancodesareoptimal relative to otherprefix codes,prefix codescanbequite
inefficient relative to theentropy. In particular

��
 ��� couldbemuchlessthan1 andsotheextra $in

�|
 ���I= $ couldbeverysignificant.
Oneway to reducetheper-messageoverheadis to groupmessages.This is particularlyeasy

if a sequenceof messagesareall from thesameprobabilitydistribution. Considera distribution
of six possiblemessages.We could generateprobabilitiesfor all 36 pairs by multiplying the
probabilitiesof eachmessage(therewill be at most21 uniqueprobabilities). A Huffman code
cannow be generatedfor this new probability distribution andusedto codetwo messagesat a
time. Notethatthis techniqueis not takingadvantageof conditionalprobabilitiessinceit directly
multiplies theprobabilities.In generalby grouping

�
messagestheoverheadof Huffmancoding

canbereducedfrom 1 bit permessageto $�S � bits permessage.Theproblemwith this technique
is that in practicemessagesareoftennot from thesamedistribution andmerging messagesfrom
differentdistributionscanbeexpensive becauseof all thepossibleprobabilitycombinationsthat
mighthave to begenerated.

3.2.2 Minimum Variance Huffman Codes

TheHuffmancodingalgorithmhassomeflexibility whentwo equalfrequenciesarefound. The
choicemadein suchsituationswill changethe final codeincluding possiblythe codelengthof
eachmessage.Sinceall Huffmancodesareoptimal,however, it cannotchangetheaveragelength.
For example,considerthefollowing messageprobabilities,andcodes.

symbol probability code1 code2

a 0.2 01 10
b 0.4 1 00
c 0.2 000 11
d 0.1 0010 010
e 0.1 0011 011

Bothcodingsproduceanaverageof 2.2bitspersymbol,eventhoughthelengthsarequitedifferent
in thetwo codes.Giventhischoice,is thereany reasonto pick onecodeover theother?

For someapplicationsit canbehelpful to reducethevariancein thecodelength.Thevariance
is definedas �l �zmx� 
 ez� 
 ¥ 
 eh�]� ¥L¦ 
 n}��� "
With lower varianceit canbeeasierto maintaina constantcharactertransmissionrate,or reduce
thesizeof buffers.In theaboveexample,code1 clearlyhasamuchhighervariancethancode2. It
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Figure2: Binary treefor Huffmancode2

turnsout thata simplemodificationto theHuffmanalgorithmcanbeusedto generatea codethat
hasminimumvariance.In particularwhenchoosingthetwo nodesto mergeandthereis a choice
basedon weight,alwayspick thenodethatwascreatedearliestin thealgorithm. Leaf nodesare
assumedto becreatedbeforeall internalnodes.In theexampleabove,afterd ande arejoined,the
pairwill have thesameprobabilityasc anda (.2), but it wascreatedafterwards,sowe join c and
a. Similarly we selectb insteadof ac to join with de sinceit wascreatedearlier. This will give
code2 above,andthecorrespondingHuffmantreein Figure2.

3.3 Arithmetic Coding

Arithmetic coding is a techniquefor codingthat allows the informationfrom the messagesin a
messagesequenceto becombinedto sharethesamebits. Thetechniqueallows thetotal number
of bits sentto asymptoticallyapproachthesumof theself informationof theindividualmessages
(recallthattheself informationof a messageis definedas �+�! 4" �VXW ).

To seethesignificanceof this, considersendinga thousandmessageseachhaving probability- M,M!M . UsingaHuffmancode,eachmessagehasto takeat least1 bit, requiring1000bits to besent.
On theotherhandtheself informationof eachmessageis �+�, " �VXW � - 1,1 $ ;!; bits,sothesumof this
self-informationover 1000messagesis only 1.4bits. It turnsout thatarithmeticcodingwill send
all the messagesusingonly 3 bits, a factor of hundredsfewer thana Huffmancoder. Of course
this is anextremecase,andwhenall theprobabilitiesaresmall, thegainwill be lesssignificant.
Arithmetic codersarethereforemostusefulwhentherearelarge probabilitiesin the probability
distribution.

Themainideaof arithmeticcodingis to representeachpossiblesequenceof P messagesby a
separateinterval onthenumberline between0 and1, e.g. theinterval from .2 to .5. For asequence
of messageswith probabilities� � 3 -h-h- 3 � � , thealgorithmwill assignthesequenceto aninterval of
size Ó �RBÔ¯� � R , by startingwith an interval of size1 (from 0 to 1) andnarrowing the interval by a
factorof � R on eachmessage

'
. We canboundthenumberof bits requiredto uniquelyidentify an

interval of size

�
, andusethis to relatethe lengthof the representationto theself informationof

themessages.
In the following discussionwe assumethedecoderknows whena messagesequenceis com-

pleteeitherby knowing the lengthof themessagesequenceor by includinga specialend-of-file
message.This wasalsoimplicitly assumedwhensendinga sequenceof messageswith Huffman
codessincethedecoderstill needsto know whenamessagesequenceis over.

We will denotethe probability distributionsof a messageset as 0 � 
 $ � 3 -h-h- 3 � 
(Õ � 6 , and we
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Figure3: An exampleof generatinganarithmeticcodeassumingall messagesarefrom thesame
probabilitydistribution

¢ � - � , �Ö� - 2 and eÖ� - 7 . The interval given by themessagesequence� ¢ �¶e is × - �,2!243 - � A � .
definetheaccumulatedprobability for theprobabilitydistributionas

³ 
+Ø ��� Æ � �� RBÔ¯� � 
 ' � 
�Ø � $ 3 -h-�- 3 Õ � - (6)

So,for example,theprobabilities0 - �53 - 253 - 7 6 correspondto theaccumulatedprobabilities0,1 3 - �53 -BA 6 .Sincewewill oftenbetalkingaboutsequencesof messages,eachpossiblyfrom adifferentproba-
bility distribution,wewill denotetheprobabilitydistributionof the

' ���
messageas 0 � R 
 $ � 3 -�-h- 3 � R 
�Õ R � 6 ,andthe accumulatedprobabilitiesas 0,³ R 
 $ � 3 -h-h- 3 ³ R 
(Õ R � 6 . For a particularsequenceof message

values,we denotetheindex of the
' �+�

messagevalueas Ù R . We will usetheshorthand� R for � R 
 Ù R �and ³ R for ³ R 
 Ù R � .
Arithmetic codingassignsan interval to a sequenceof messagesusing the following recur-

rences ¥ R � Ú ³ R ' � $¥ R � � =Û³ RFÜ � R � � $ � ' ¬ P� R � Ú � R ' � $� R � ��Ü � R $ � ' ¬ P (7)

where
¥ � is thelowerboundof theinterval and

� � is thesizeof theinterval, i.e. theinterval is given
by × ¥ � 3 ¥ � = � � � . We assumetheinterval is inclusive of thelowerbound,but exclusiveof theupper
bound.Therecurrencenarrowstheintervaloneachstepto somepartof thepreviousinterval. Since
the interval startsin the range[0,1), it alwaysstayswithin this range.An exampleof generating
aninterval for a shortmessagesequencesis illustratedin Figure3. An importantpropertyof the
intervalsgeneratedby Equation7 is thatall uniquemessagesequencesof length P will have non
overlappingintervals.Specifyinganinterval thereforeuniquelydeterminesthemessagesequence.
In fact, any numberwithin an interval uniquelydeterminesthe messagesequence.The job of
decodingis basicallythesameasencodingbut insteadof usingthemessagevalueto narrow the
interval, we usethe interval to selectthe messagevalue,and thennarrow it. We can therefore
“send”a messagesequenceby specifyinga numberwithin thecorrespondinginterval.

Thequestionremainsof how to efficiently senda sequenceof bits thatrepresentstheinterval,
or a numberwithin the interval. Real numbersbetween0 and 1 can be representedin binary
fractionalnotationas - � � � " ��Ý -h-h- . For example -HA 2 � - $!$ 3 M S{$ EQ� - $ 1,1 $ and $
S 7�� - 1 $ 1 $ , where
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� meansthat the sequence� is repeatedinfinitely. We might thereforethink that it is adequate
to representeachinterval by selectingthenumberwithin theinterval which hasthefewestbits in
binary fractionalnotation,andusethatasthecode.For example,if we hadthe intervals ×v1 3 - 7!7�� ,× - 7!7 3 E A � , and × - E A 3 $ � wewouldrepresentthesewith - 1 $ 
 $
S ;5� , - $ 
 $�S � � , and - $!$ 
 7 S ;5� . It is nothard
to show that for an interval of size

�
we needat most �ÞKß�+�! " � N bits to representsucha number.

Theproblemis thatthesecodesarenotasetof prefixcodes.If yousentme1 in theaboveexample,
I wouldnotknow whetherto wait for another1 or interpretit immediatelyastheinterval × - 7!7 3 E A � .To avoid this problemwe interpretevery binary fractionalcodeword asan interval itself. In
particularastheinterval of all possiblecompletions.For example,thecodeword - 1 $ 1 would rep-
resenttheinterval × $
S ; 3 7 S ?�� sincethesmallestpossiblecompletionis - 1 $ 1 1&� $
S ; andthelargest
possiblecompletionis - 1 $ 1 $ �à7 S ?���á . Sincewe now have several kinds of intervals running
around,wewill usethefollowing termsto distinguishthem.Wewill call thecurrentinterval of the
messagesequence(i.e × ¥ R 3 ¥ R = � R � ) thesequenceinterval, the interval correspondingto theproba-
bility of the

' ���
message(i.e., ×~³ R 3 ³ R = � R � ) themessageinterval, andtheinterval of acodewordthe

codeinterval.
An importantpropertyof codeintervalsis thatthereisadirectcorrespondencebetweenwhether

intervalsoverlapandwhetherthey form prefixcodes,asthefollowing Lemmashows.

Lemma 3.3.1 For a code n , if no two intervals representedby its binary codewords � % n
overlapthenthecodeis a prefixcode.

Proof: Assumecodeword

¢
is a prefix of codeword � , then � is a possiblecompletionof

¢
and

thereforeits interval mustbefully includedin theinterval of

¢
. This is acontradiction. ´

To find a prefix code,therefore,insteadof usingany numberin the interval to be coded,we
selecta codeword who’s interval is fully includedwithin the interval. Returningto the previous
exampleof the intervals ×v1 3 - 7!7�� , × - 7!7 3 E A � , and × - E A 3 $ � , the codewords - 1!1#×v1 3 - �!2 � , - $ 1!1#× - 253 - E �!2 � ,and - $,$ × -HA 243 $ � areadequate.In generalfor aninterval of size

�
we canalwaysfind a codewordof

length �:KL�+�, 4" � N�= $ , asshown by thefollowing lemma.

Lemma 3.3.2 For any
¥

andan

�
such that

¥ 3 �|â 1 and
¥ = � � $ , the interval representedby

taking the binary fractional representationof
¥ = � S � and truncatingit to K��>�+�! 4" � N©= $ bits is

containedin theinterval × ¥ 3 ¥ = � � .
Proof: A binaryfractionalrepresentationwith

¥
digits representsaninterval of sizelessthan

� ��ª
sincethe differencebetweenthe minimum andmaximumcompletionsareall 1s startingat the¥ = $ ��� location.This hasa value

� �4ª �ãá . The interval sizeof a �:KL�+�, �" � NË= $ bit representation
is thereforelessthan

� S � . Sincewe truncate
¥ = � S � downwardstheupperboundof the interval

representedby thebits is lessthan
¥ = � . Truncatingtherepresentationof anumberto �:KL�+�, " � NF= $bits canhave the effect of reducingit by at most

� S � . Thereforethe lower boundof truncating¥ = � S � is at least
¥
. Theinterval is thereforecontainedin × ¥ 3 ¥ = � � . ´

We will call thealgorithmmadeupof generatinganinterval by Equation7 andthenusingthe
truncationmethodof Lemma3.3.2,theRealArithCodealgorithm.

Theorem3.3.1 For a sequenceof P messages,with self informations

� � 3 -h-h- 3 � � the lengthof the
arithmeticcodegeneratedby RealArithCodeis boundedby

� = k �RBÔ¯� � R , andthecodewill not be
a prefixof anyothersequenceof P messages.
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Proof: Equation7 will generatea sequenceinterval of size

� �äÓ �RBÔ¯� � R . Now by Lemma3.3.2
we know aninterval of size

�
canberepresentedby $ =åKy�Q�+�, � N bits,sowe have

$ =åKy�Q�+�, � N � $ =åK��Q���! " 
 �æRBÔ¯� � R ��N� $ =åK ��RBÔ¯� �Q���! " � R N� $ =åK ��RBÔ¯� � R N� � = ��RBÔ¯� � R
Theclaimthatthecodeis notaprefixof othermessagesis takendirectly from Lemma3.3.1. ´

Thedecoderfor RealArithCodeneedsto readtheinputbitsondemandsothatit candetermine
whentheinput stringis complete.In particularit loopsfor P iterations,where P is thenumberof
messagesin thesequence.Oneachiterationit readsenoughinputbitstonarrow thecodeinterval to
within oneof thepossiblemessageintervals,narrowsthesequenceinterval basedon thatmessage,
andoutputsthat message.Whencomplete,the decoderwill have readexactly all the characters
generatedby thecoder. We give a moredetaileddescriptionof decodingalongwith the integer
implementationdescribedbelow.

Froma practicalpoint of view therearea few problemswith thearithmeticcodingalgorithm
wedescribedsofar. First,thealgorithmneedsarbitraryprecisionarithmeticto manipulate

¥
and

�
.

Manipulatingthesenumberscanbecomeexpensive astheintervalsgetverysmallandthenumber
of significantbits get large. Anotherproblemis thatasdescribedtheencodercannotoutputany
bits until it hascodedthe full message.It is actually possibleto interleave the generationof
the interval with the generationof its bit representationby opportunisticallyoutputtinga 0 or 1
whenever the interval falls within the lower or upperhalf. This technique,however, still doesnot
guaranteethatbits areoutputregularly. In particularif theinterval keepsreducingin sizebut still
straddles.5, thenthealgorithmcannotoutputanything. In theworstcasethealgorithmmightstill
have to wait until thewholesequenceis receivedbeforeoutputtingany bits. To avoid thisproblem
many implementationsof arithmeticcodingbreakmessagesequencesinto fixed sizeblocksand
usearithmeticcodingon eachblock separately. This approachalsohastheadvantagethat since
thegroupsizeis fixed,theencoderneednotsendthenumberof messages,exceptperhapsfor the
lastgroupwhich couldbesmallerthantheblocksize.

3.3.1 Integer Implementation

It turnsout that if we arewilling to give up a little bit in the efficiency of the coding,we can
usedfixed precisionintegersfor arithmeticcoding. This implementationdoesnot give precise
arithmeticcodes,becauseof roundoff errors,but if we makesurethatboththecoderanddecoder
arealwaysroundingin the sameway the decoderwill alwaysbe ableto preciselyinterpretthe
message.
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For thisalgorithmweassumetheprobabilitiesaregivenascountse 
 $ � 3 e 
 � � 3 -h-�- 3 e 
�Õ � 3
andthecumulativecountaredefinedasbefore( ³ 
 ' �x�Gk R � �Æ Ô�� e 
+Ø � ). Thetotalcountwill bedenoted
as Ìã� ¡�Æ Ô¯� e


�Ø � -
Usingcountsavoidstheneedfor fractionalor real representationsof theprobabilities.Insteadof
usingintervalsbetween0 and1, we will useintervalsbetween×v1 -+- 
�ç � $ �(è where

ç � � � (i.e.,
is a power of 2). Thereis the additionalrestrictionthat

ç Å ;�Ì . This will guaranteethat no
region will becometoo small to represent.Thelarger

ç
is, thecloserthealgorithmwill cometo

realarithmeticcoding. As in thenon-integerarithmeticcoding,eachmessagecancomefrom its
own probabilitydistribution (have its own countsandaccumulativecounts),andwe denotethe

' ���
messageusingsubscriptsasbefore.

The codingalgorithmis given in Figure4. The currentsequenceinterval is specifiedby the
integers

¥
(lower)and é (upper),andthecorrespondinginterval is × ¥ 3 éê= $ � . Thesizeof theinterval�

is thereforeé:� ¥ = $ . Themain ideaof this algorithmis to alwayskeepthe sizegreaterthanç S ; by expandingtheinterval whenever it getstoosmall. This is whattheinnerwhile loopdoes.
In this loopwhenever thesequenceinterval falls completelywithin thetophalf of theregion(fromç S � to

ç
) we know that the next bit is going to be a 1 sinceintervalscanonly shrink. We can

thereforeoutputa 1 andexpandthe top half to fill the region. Similarly if the sequenceinterval
falls completelywithin thebottomhalf wecanoutputa0 andexpandthebottomhalf of theregion
to fill thefull region.

Thethirdcaseis whentheinterval falls within themiddlehalf of theregion(from

ç S ; to 7 ç S ; ).In thiscasethealgorithmcannotoutputabit sinceit doesnotknow whetherthebit will bea0 or 1.
It, however, canexpandthemiddleregion andkeeptrackthat is hasexpandedby incrementinga
count

Õ
. Now whenthealgorithmdoesexpandaroundthetop(bottom),it outputsa1 (0) followed

by

Õ
0s (1s). To seewhy this is the right thing to do, considerexpandingaroundthemiddle

Õ
timesandthenaroundthetop. Thefirst expansionaroundthemiddlelocatestheinterval between$
S ; and 7 S ; of the initial region, andthe secondbetween7 S ? and

2 S ? . After

Õ
expansionsthe

interval is narrowedto theregion


 $
S � � $
S � ¡�ë �h3 $
S � = $�S � ¡�ë � � . Now whenwe expandaround
the top we narrow the interval to


 $
S �43 $
S � = $
S � ¡�ë � � . All intervalscontainedin this rangewill
startwith a $ followedby

Õ 1 � .
Anotherinterestingaspectof the algorithmis how it finishes.As in the caseof real-number

arithmeticcoding,to makeit possibleto decode,we wantto makesurethatthecode(bit pattern)
for any onemessagesequenceis notaprefixof thecodefor anothermessagesequence.As before,
the way we do this is to makesurethe codeinterval is fully containedin the sequenceinterval.
Whentheintegerarithmeticcodingalgorithm(Figure4) exits thefor loop,weknow thesequence
interval × ¥ 3 éFè completelycoverseitherthesecondquarter(from

ç S ; to

ç S � ) or the third quarter
(from

ç S � to 7 ç S ; ) sinceotherwiseoneof the expansionruleswould have beenapplied. The
algorithmthereforesimply determineswhich of thesetwo regions the sequenceinterval covers
and outputscodebits that narrow the codeinterval to oneof thesetwo quarters—a1 $ for the
secondquarter, sinceall completionsof 1 $ arein thesecondquarter, anda $ 1 for thethird quarter.
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function IntArithCode(file,
�a3 P )ç � � �¥ �ã1é9� ç � $Õ �G1

for
' � $ to P� �GéÖ� ¥ = $é9� ¥ =åì �   ³ R 
 Ù R = $ � S ÌTíj� $¥ � ¥ =åì �   ³ R 
 Ù R � S ÌTíwhile true
if


 ¥ â¼ç S � � // interval in tophalf
WriteBit(1)é:� � é�� ç = $ ¥ � � ¥ � ç
for

Ø � $ to

Õ
WriteBit(0)Õ �G1

elseif


 éQ� ç S � � // interval in bottomhalf
WriteBit(0)é:� � é\= $ ¥ � � ¥
for

Ø � $ to

Õ
WriteBit(1)Õ �G1

elseif (
¥ â�ç S ; and é>�î7 ç S ; ) // interval in middlehalfé:� � é�� ç S � = $ ¥ � � ¥ � ç S �Õ � Õ = $elsecontinue // exit while loop

endwhile
end for
if (
¥ âGç S ; ) // outputfinal bits
WriteBit(1)
for

Ø � $ to

Õ
WriteBit(0)

WriteBit(0)
else

WriteBit(0)
for

Ø � $ to

Õ
WriteBit(1)

WriteBit(1)

Figure4: IntegerArithmeticCoding.
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After outputtingthefirst of thesetwo bits thealgorithmmustalsooutput

Õ
bits correspondingto

previousexpansionsaroundthemiddle.
Thereasonthat

ç
needsto beat least;{Ì is thatthesequenceinterval canbecomeassmallasç S ;�= $ without falling completelywithin any of thethreehalves.To beableto resolvethecountsn 
 ' � , Ì hasto beat leastaslargeasthis interval.

An example: Herewe consideranexampleof encodinga sequenceof messageseachfrom the
sameprobabilitydistribution,givenby thefollowing counts.e 
 $ ��� $ 3 e 
 � ��� $ 1 3 e 
 7���� � 1
Thecumulativecountsare ³ 
 $ �)�ã1 3 ³ 
 � ��� $ 3 ³ 
 7���� $!$
and Ìï�ä7 $ . We will chose

� �U? , sothat

ç � �!2 E . This satisfiestherequirementthat

ç Å ;�Ì .
Now considercodingthemessagesequence7 3 $ 3X�53 7 . Figure5 illustratesthestepstakenin coding
this messagesequence.Thefull codethatis outputis 01011111101 which is of length11. The
sumof theself-informationof themessagesis� 
 �+�, " 
 � 1 S 7 $ �x=`�+�, " 
 $ 1 S 7 $ ��=D�+�, " 
 $�S 7 $ �x=D���! " 
 $ 1 S 7 $ ���j�ã? - ? 2
.

Note that this is not within the boundgiven by Theorem3.3.1. This is becausewe arenot
generatinganexactarithmeticcodeandwe areloosingsomecodingefficiency.

We now considerhow to decodeamessagesentusingtheintegerarithmeticcodingalgorithm.
Thecodeis givenin Figure6. The ideais to keepseparatelower andupperboundsfor thecode
interval (

¥Lð
and é ð ) andthesequenceinterval (

¥
and é ). Thealgorithmreadsonebit at a time and

reducesthecodeintervalby half for eachbit thatis read(thebottomhalf whenthebit is a0 andthe
top half whenit is a 1). Whenever thecodeinterval falls within an interval for thenext message,
themessageis outputandthesequenceinterval is reducedby themessageinterval. This reduction
is followedby thesamesetof expansionsaroundthetop,bottomandmiddlehalvesasfollowedby
theencoder. Thesequenceintervalsthereforefollow theexactsamesetof lowerandupperbounds
aswhenthey werecoded.Thispropertyguaranteesthatall roundinghappensin thesamewayfor
boththecoderanddecoder, andis critical for thecorrectnessof thealgorithm.It shouldbenoted
that reductionandexpansionof thecodeinterval is alwaysexactsincethesearealwayschanged
by powersof 2.

4 Applications of Probability Coding

To usea codingalgorithmwe needa modelfrom which to generateprobabilities.Somesimple
modelsareto countcharactersfor text or pixel valuesfor imagesandusethesecountsasprobabil-
ities. Suchcounts,however, wouldonly giveacompressionratioof about; -HA S ?&� - 2 M for English
text ascomparedto the bestcompressionalgorithmsthat give ratiosof closeto - � . In this sec-
tion wegivesomeexamplesof moresophisticatedmodelsthatareusedin real-worldapplications.
All thesetechniquestakeadvantageof the “context” in someway. This caneitherbe doneby
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i Ù R ³ 
 Ù R � ³ 
 Ù R = $ � ¥ é � Õ
expandrule output

start 0 255 256
1 3 11 31 90 255 166 0
2 2 1 11 95 147 53 0
+ 62 167 106 1 (middlehalf)
3 1 0 1 62 64 3 1
+ 124 129 6 0 (bottomhalf) 01
+ 120 131 12 1 (middlehalf)
+ 112 135 24 2 (middlehalf)
+ 96 143 48 4 (middlehalf)
+ 64 159 96 5 (middlehalf)
+ 0 191 192 6 (middlehalf)
4 2 1 11 6 67 62 6
+ 12 135 124 0 (bottomhalf) 0111111

end 0 (final out) 01

Figure5: Exampleof integer arithmeticcoding. The rows representthe stepsof the algorithm.
Eachrow startingwith a numberrepresentsthe applicationof a contractionbasedon the next
message,andeachrow with a + representstheapplicationof oneof theexpansionrules.

transformingthe databeforecoding(e.g., run-lengthcoding,move-to-frontcoding,andresidual
coding),or directlyusingconditionalprobabilitiesbasedona context (JBIGandPPM).

An issueto considerabouta modelis whetherit is staticor dynamic. A modelcanbestatic
over all messagesequences.For exampleonecouldpredeterminethefrequency of charactersand
text and“hardcode”thoseprobabilitiesinto theencoderanddecoder. Alternatively, themodelcan
be staticover a singlemessagesequence.The encoderexecutesonepassover the sequenceto
determinetheprobabilities,andthena secondpassto usethoseprobabilitiesin thecode. In this
casetheencoderneedsto sendtheprobabilitiesto thedecoder. This is theapproachtakenby most
vectorquantizers.Finally, themodelcanbedynamicover themessagesequence.In this casethe
encoderupdatesits probabilitiesasit encodesmessages.To makeit possiblefor the decoderto
determinetheprobabilitybasedon previousmessages,it is importantthat for eachmessage,the
encodercodesit usingtheold probabilityandthenupdatestheprobabilitybasedon themessage.
Theadvantagesof thisapproacharethatthecoderneednot sendadditionalprobabilities,andthat
it canadaptto thesequenceasit changes.Thisapproachis takenby PPM.

Figure7 illustratesseveralaspectsof our generalframework. It shows, for example,theinter-
actionof themodelandthecoder. In particular, themodelgeneratestheprobabilitiesfor eachpos-
siblemessage,andthecoderusestheseprobabilitiesalongwith theparticularmessageto generate
thecodeword. It is importantto notethatthemodelhasto beidenticalon bothsides.Furthermore
themodelcanonly usepreviousmessagesto determinetheprobabilities.It cannotusethecurrent
messagesincethedecoderdoesnot have this messageandthereforecouldnot generatethesame
probabilitydistribution. Thetransformhasto beinvertible.
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function IntArithDecode(file,
�a3 P )ç � � �¥ �ã1 éÞ� ç � $ // sequenceinterval¥Lð �G1 é ð � ç � $ // codeintervalØ � $ // messagenumber

while

Ø ¬ P do� �GéÖ� ¥ = $' �G1
do // find if thecodeinterval is within oneof themessageintervals' � ' = $éFÃ�� ¥ =åì �   ³ Æ 
 ' = $ � S Ì Æ íj� $¥ Ã � ¥ =äì �   ³ Æ 
 ' � S Ì Æ íwhile

' ¬ Õ Æ andnot(


 ¥ ð â ¥ Ã � and


 é ð ¬ é Ã � )
if
' Å Õ Æ then // halve thesizeof thecodeinterval by readingabit�Ë� ReadBit(file)� ð �Gé ð � ¥ ð = $¥Lð � ¥Lð =Û� 
�� ð S � �é ð � ¥Lð = � ð S � � $else
Output(

'
) // outputthemessagein which thecodeinterval fitsé:�GéFÃ ¥ � ¥ Ã // adjustthesequenceintervalØ � Ø = $while true

if


 ¥ â¼ç S � � // sequenceinterval in top halfé:� � é9� ç = $ ¥ � � ¥ � çé ð � � é ð � ç = $ ¥Lð � � ¥Lð � ç
elseif


 éQ� ç S � � // sequenceinterval in bottomhalfé:� � éÖ= $ ¥ � � ¥é ð � � é ð = $ ¥Lð � � ¥Lð
elseif (

¥ â�ç S ; and é:�^7 ç S ; ) // sequenceinterval in middlehalfé:� � é9� ç S � = $ ¥ � � ¥ � ç S �é ð � � é ð � ç S � = $ ¥Lð � � ¥Lð � ç S �elsecontinue // exit innerwhile loop
end if

endwhile

Figure6: IntegerArithmeticDecoding
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Figure7: Thegeneralframework of a modelandcoder.

4.1 Run-length Coding

Probablythe simplestcodingschemethat takesadvantageof the context is run-lengthcoding.
Although therearemany variants,the basicidea is to identify stringsof adjacentmessagesof
equalvalue and replacethem with a single occurrencealong with a count. For example, the
messagesequenceacccbbaaabb couldbetransformedto (a,1), (c,3), (b,2), (a,3), (b,2). Once
transformed,aprobabilitycoder(e.g., Huffmancoder)canbeusedto codeboththemessagevalues
andthecounts.It is typically importantto probabilitycodetherun-lengthssinceshortlengths(e.g.,
1 and2) arelikely to bemuchmorecommonthanlong lengths(e.g., 1356).

An exampleof a real-worlduseof run-lengthcodingis for the ITU-T T4 (Group3) standard
for Facsimile(fax) machines

"
. At the time of writing (1999),this wasthe standardfor all home

andbusinessfax machinesusedover regularphonelines. Fax machinestransmitblack-and-white
images. Eachpixel is calleda pel and the horizontalresolutionis fixed at 8.05 pels/mm. The
vertical resolutionvariesdependingon the mode. The T4 standardusesrun-lengthencodingto
codeeachsequenceof blackandwhitepixels. Sincethereareonly two messagevaluesblackand
white, only the run-lengthsneedto be transmitted.The T4 standardspecifiesthe startcolor by
placinga dummywhite pixel at the front of eachrow so that the first run is alwaysassumedto
bea white run. For example,thesequencebbbbwwbbbbb would betransmittedas1,4,2,5.The
T4 standardusesstaticHuffmancodesto encodethe run-lengths,andusesa separatecodesfor
theblackandwhite pixels. To accountfor runsof morethan64, it hasseparatecodesto specify
multiplesof 64. For example,a lengthof 150,would consistof thecodefor 128followedby the
codefor 22. A smallsubsetof thecodesaregivenin Table4.1. TheseHuffmancodesarebased�

ITU-T is partof theInternationalTelecommunicationsUnion(ITU, http://www.itu.ch/).
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run-length whitecodeword blackcodeword

0 00110101 0000110111
1 000111 010
2 0111 11
3 1000 10
4 1011 011
..

20 0001000 00001101000
..

64+ 11011 0000001111
128+ 10010 000011001000

Table3: ITU-T T4 Group3 Run-lengthHuffmancodes.

on the probability of eachrun-lengthmeasuredover a large numberof documents.The full T4
standardalsoallowsfor codingbasedon thepreviousline.

4.2 Move-To-Front Coding

Anothersimplecodingschemesthattakesadvantageof thecontext ismove-to-frontcoding.Thisis
usedasa sub-stepin severalotheralgorithmsincludingtheBurrows-Wheeleralgorithmdiscussed
later. Theideaof move-to-frontcodingis to preprocessthemessagesequenceby convertingit into
a sequenceof integers,which hopefully is biasestowardintegerswith low values.Thealgorithm
thenusessomeform of probability codingto codethesevalues. In practicethe conversionand
coding are interleaved, but we will describethem as separatepasses.The algorithm assumes
that eachmessagecomesfrom the samealphabet,andstartswith a total orderon the alphabet
(e.g., × ¢ 3 � 3 e 3 £ 3 -�-h- è ). For eachmessage,thefirst passof thealgorithmoutputsthepositionof the
characterin thecurrentorderof thealphabet,andthenupdatestheordersothatthecharacteris at
thehead.For example,codingthe charactere with an order × ¢ 3 � 3 e 3 £ 3 -h-h- è would outputa 3 and
changetheorderto ×ve 3 ¢ 3 � 3 £ 3 -h-h- è . This is repeatedfor thefull messagesequence.Thesecondpass
convertsthesequenceof integersinto a bit sequenceusingHuffmanor Arithmeticcoding.

Thehopeis thatequalcharactersoftenappearcloseto eachotherin themessagesequenceso
thattheintegerswill bebiasedto have low values.Thiswill giveaskewedprobabilitydistribution
andgoodcompression.

4.3 ResidualCoding: JPEG-LS

Residualcompressionis anothergeneralcompressiontechniqueusedasasub-stepin severalalgo-
rithms. As with move-to-frontcoding,it preprocessesthedataso that themessagevalueshave a
betterskew in theirprobabilitydistribution,andthencodesthisdistributionusingastandardproba-
bility coder. Theapproachcanbeappliedto messagevaluesthathavesomemeaningfultotalorder
(i.e., in whichbeingclosein theorderimpliessimilarity), andis mostcommonlyusedfor integers
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values.Theideaof residualcodingis thattheencodertriesto guessthenext messagevaluebased
onthepreviouscontext andthenoutputsthedifferencebetweentheactualandguessedvalue.This
is calledthe residual. Thehopeis that this residualis biasedtowardlow valuesso that it canbe
effectively compressed.Assumingthe decoderhasalreadydecodedthe previouscontext, it can
makethesameguessasthecoderandthenusetheresidualit receivesto correcttheguess.By not
specifyingtheresidualto its full accuracy, residualcodingcanalsobeusedfor lossycompression

Residualcoding is usedin JPEGlossless(JPEGLS), which is usedto compressboth grey-
scaleandcolor images.Ý Herewe discusshow it is usedon grayscaleimages.Color imagescan
simply be compressedby compressingeachof the threecolor planesseparately. The algorithm
compressesimagesin rasterorder—the pixels areprocessedstartingat the top-mostrow of an
imagefrom left to right andthenthenext row, continuingdown to thebottom. Whenguessinga
pixel theencoderanddecoderthereforehave astheir disposalthepixels to the left in thecurrent
row andall thepixelsaboveit in thepreviousrows. TheJPEGLS algorithmjustuses4 otherpixels
asa context for theguess—thepixel to the left (W), above andto the left (NW), above (N), and
above andto the right (NE). Theguessworks in two stages.Thefirst stagemakesthe following
guessfor eachpixel value.

� � ��� �� �9���

�� 3�� � ���! 
 �C3 � � ¬ � ����" 
#� 3�� � �9�$� 
 �93 � ��� � �� = � � � �

otherwise
(8)

Thismight look like a magicalequation,but it is basedon theideaof takinganaverageof nearby
pixelswhile takingaccountof edges.Thefirst andsecondclausescapturehorizontalandvertical
edges.For exampleif

� Å �
and

� ¬ � �
this indicatesa horizontaledgeand

�
is usedas

theguess.Thelastclausecapturesdiagonaledges.
Given an initial guess

�
a secondpassadjuststhat guessbasedon local gradients. It uses

thethreegradientsbetweenthepairsof pixels


 � � 3 � � , 
 � � 3�� � , and


 �93���% � . Basedon the
valueof thegradients(thedifferencebetweenthetwo adjacentpixels)eachis classifiedinto oneof
9 groups.This givesa total of 729contexts, of which only 365areneededbecauseof symmetry.
Eachcontext storesits own adjustmentvaluewhich is usedto adjusttheguess.Eachcontext also
storesinformationaboutthequalityof previousguessesin thatcontext. Thiscanbeusedto predict
varianceandcanhelptheprobabilitycoder. Oncethealgorithmhasthefinal guessfor thepixel, it
determinestheresidualandcodesit.

4.4 Context Coding: JBIG

Thenext two techniqueswediscussbothuseconditionalprobabilitiesdirectlyfor compression.In
thissectionwediscussusingcontext-basedconditionalprobabilitiesfor Bilevel (black-and-white)
images,andin particularthe JBIG1 standard.In the next sectionwe discussusinga context in
text compression.JBIGstandsfor theJointBilevel ImageProcessingGroup.It is partof thesame
standardizationeffort that is responsiblefor theJPEGstandard.Thealgorithmwe describehere
is JBIG1,which is a losslesscompressorfor bilevel images.JBIG1typically compresses20-80%
betterthanITU GroupsIII andIV fax encodingoutlinedin Section4.1.&

Thisalgorithmis basedontheLOCO-I (LOw COmplexity LOsslessCOmpressionfor Images)algorithmandthe
official standardnumberis ISO-14495-1/ITU-T.87.
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Figure8: JBIG contexts: (a) three-linetemplate,and(b) two-line template.? is thecurrentpixel
and Y is the“roamingpixel”.
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Figure 9: JBIG contexts for progressive transmission.The dark circles are the low resolution
pixels, the 0s arethe high-resolutionpixels, the A is a roamingpixel, andthe ? is the pixel we
want to code/decode.The four context configurationsarefor the four possibleconfigurationsof
thehigh-resolutionpixel relativeto thelow resolutionpixel.

JBIG is similar to JPEGLS in that it usesa local context of pixels to codethecurrentpixel.
Unlike JPEGLS, however, JBIG usesconditionalprobabilitiesdirectly. JBIGalsoallows for pro-
gressivecompression—animagecanbesentasasetof layersof increasingresolution.Eachlayer
canusethepreviouslayerto aidcompression.Wefirst outlinehow theinitial layeris compressed,
andthenhow eachfollowing layeris compressed.

Thefirst layer is transmittedin rasterorder, andthe compressionusesa context of 10 pixels
above andto the right of the currentpixel. The standardallows for two differenttemplatesfor
the context asshown in Figure8. Furthermore,the pixel marked Y is a roamingpixel andcan
bechosento beany fixeddistanceto the right of whereit is markedin thefigure. This roaming
pixel is usefulfor gettinggoodcompressionon imageswith repeatedvertical lines. Theencoder
decideson which of the two templatesto useandon whereto place Y basedon how well they
compress.This informationis specifiedat theheadof thecompressedmessagesequence.Since
eachpixel canonly have two values,thereare

�����
possiblecontexts. Thealgorithmdynamically

generatestheconditionalprobabilitiesfor a blackor whitepixel for eachof thecontexts,anduses
theseprobabilitiesin a modifiedarithmeticcoder—thecoderis optimizedto avoid multiplications
anddivisions. The decodercandecodethe pixels sinceit canbuild the probability table in the
samewayastheencoder.

Thehigher-resolutionlayersarealsotransmittedin rasterorder, but now in additionto using
a context of previous pixels in the currentlayer, the compressionalgorithmcanusepixels from
the previous layer. Figure9 shows the context templates.Thecontext consistsof 6 pixels from
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thecurrentlayer, and4 pixels from the lower resolutionlayer. Furthermore2 additionalbits are
neededto specifywhich of the four configurationsthe codedpixel is in relative to the previous
layer. Thisgivesa totalof 12 bits and4096contexts. Thealgorithmgeneratesprobabilitiesin the
samewayasfor thefirst layer, but now with somemorecontexts. TheJBIGstandardalsospecifies
how to generatelower resolutionlayersfrom higherresolutionlayers,but this won’t bediscussed
here.

Theapproachusedby JBIG is not well suitedfor codinggrey-scaleimagesdirectly sincethe
numberof possiblecontexts go up as

Õ V
, where

Õ
is thenumberof grey-scalepixel values,and� is the numberof pixels. For 8-bit grey-scaleimagesanda context of size10, the numberof

possiblecontexts is
� Ý � , which is far too many. Thealgorithmcan,however, beappliedto grey-

scaleimagesindirectly by compressingeachbit-positionin the grey scaleseparately. This still
doesnotwork well for grey-scalelevelswith morethan2 or 3 bits.

4.5 Context Coding: PPM

Over thepastdecade,variantsof this algorithmhave consistentlygiveneitherthebestor closeto
thebestcompressionratios(PPMC,PPMc , BOA andRK from Table2 all useideasfrom PPM).
They are,however, arenotvery fast.

Themainideaof PPM(Predictionby PartialMatching)is to takeadvantageof thepreviousK
charactersto generatea conditionalprobabilityof thecurrentcharacter. Thesimplestway to do
this would beto keepa dictionaryfor every possiblestring

�
of
�

characters,andfor eachstring
have countsfor every character

�
that follows

�
. Theconditionalprobabilityof

�
in thecontext�

is then n 
(� f � � S n 
�� � , where n 
�� f � � is thenumberof times

�
follows

�
and n 
�� � is thenumber

of times

�
appears.The probability distributionscanthenbe usedby a Huffman or Arithmetic

coderto generateabit sequence.For example,wemighthave a dictionarywith qu appearing100
timesande appearing45 timesafterqu. Theconditionalprobabilityof thee is then.45andthe
codershoulduseabout1 bit to encodeit. Notethat theprobabilitydistribution will changefrom
characterto charactersinceeachcontext hasits own distribution. In termsof decoding,aslong as
thecontext precedesthecharacterbeingcoded,thedecoderwill know thecontext andtherefore
know which probabilitydistribution to use. Becausetheprobabilitiestendto behigh, arithmetic
codeswork muchbetterthanHuffmancodesfor thisapproach.

Therearetwo problemswith thebasicdictionarymethoddescribedin thepreviousparagraph.
First, the dictionariescanbecomevery large. Thereis no solutionto this problemotherthanto
keep

�
small,typically 3 or 4. A secondproblemis whathappensif thecountis zero.We cannot

usezeroprobabilitiesin any of the coding methods(they would imply infinitely long strings).
Oneway to get aroundthis is to assumea probability of not having seena sequencebeforeand
evenlydistributethisprobabilityamongthepossiblefollowing charactersthathavenot beenseen.
Unfortunatelythis givesa completelyevendistribution, whenin reality we might know thata is
morelikely thanb, evenwithoutknowing its context.

ThePPMalgorithmhasa clever way to dealwith thecasewhena context hasnot beenseen
before,andis basedon the ideaof partialmatching. Thealgorithmbuilds thedictionaryon the
fly startingwith anemptydictionary, andevery time thealgorithmcomesacrossastringit hasnot
seenbeforeit triesto matcha stringof oneshorterlength.This is repeatedfor shorterandshorter
lengthsuntil amatchis found.For eachlength 1 3 $ 3 -h-h- 3�� thealgorithmkeepsstatisticsof patterns
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Order0 Order1 Order2
Context Counts Context Counts Context Counts
empty a= 4 a c = 3 ac b = 1

b = 2 c = 2
c = 5 b a = 2

ba c = 1
c a = 1

b = 2 ca a = 1
c = 2

cb a = 2

cc a = 1
b = 1

Figure10: An exampleof thePPMtablefor
� � �

on thestringaccbaccacba.

it hasseenbeforeandcountsof thefollowing characters.In practicethiscanall beimplementedin
a singletrie. In thecaseof thelength-1 contexts thecountsarejust countsof eachcharacterseen
assumingnocontext.

An exampletableis givenin Figure10 for a stringaccbaccacba. Now considerfollowing
this stringwith ac. Sincethealgorithmhasthecontext ba followedby c in its dictionary, it can
outputthec basedonitsprobabilityin thiscontext. Althoughwemightthink theprobabilityshould
be1,sincec is theonlycharacterthathaseverfollowedba, weneedto givesomeprobabilityof no
match,which wewill call the“escape”probability. We will getbackto how thisprobabilityis set
shortly. If insteadof c thenext characterto codeis ana, thenthealgorithmdoesnotfind amatch
for a length2 context soit looksfor a matchof length1, in this casethecontext is thepreviousa.
Sincea hasnever followedby anothera, thealgorithmstill doesnot find a match,andlooksfor
a matchwith a zerolengthcontext. In this caseit findsthea andusestheappropriateprobability
for a (4/11). What if the algorithmneedsto codea d? In this casethe algorithmdoesnot even
find thecharacterin thezero-lengthcontext, soit assignsthecharactera probabilityassumingall
unseencharactershave evenlikelihood.

Althoughit is easyfor theencoderto know whento go to ashortercontext, how is thedecoder
supposedto know in whichsizedcontext to interpretthebits it is receiving. To makethispossible,
theencodermustnotify the decoderof thesizeof the context. ThePPMalgorithmdoesthis by
assumingthecontext is of size

�
andthensendingan“escape”characterwhenever moving down

a size. In theexampleof codingana givenabove, theencoderwouldsendtwo escapesfollowed
by thea sincethecontext wasreducedfrom 2 to 0. Thedecoderthenknowsto usetheprobability
distributionfor zerolengthcontexts to decodethefollowing bits.

Theescapecanjustbeviewedasaspecialcharacterandgivenaprobabilitywithin eachcontext
asif it wasany otherkind of character. Thequestionis how to assignthis probability. Dif ferent
variantsof PPM have different rules. PPMC usesthe following scheme. It setsthe count for
the escapecharacterto be the numberof differentcharactersseenfollowing the given context.
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Order0 Order1 Order2
Context Counts Context Counts Context Counts
empty a= 4 a c = 3 ac b = 1

b = 2 $ = 1 c = 2
c = 5 $ = 2
$ = 3 b a = 2

$ = 1 ba c = 1
$ = 1

c a = 1
b = 2 ca a = 1
c = 2 $ = 1
$ = 3

cb a = 2
$ = 1

cc a = 1
b = 1
$ = 2

Figure11: An exampleof the PPMCtablefor
� � �

on the stringaccbaccacba. This as-
sumesthe“virtual” countof eachescapesymbol($) is thenumberof differentcharactersthathave
appearedin thecontext.
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Figure11 shows anexampleof thecountsusingthis scheme.In this example,theprobabilityof
no matchfor a context of ac is

� S 
 $ = � = � �j� - ; while theprobabilityfor ab in thatcontext is- � . Thereseemsto beno theoreticaljustificationfor thischoice,but empiricallyit workswell.
Thereis onemoretrick thatPPMuses.This is thatwhenswitchingdown a context, thealgo-

rithm canusethe fact that it switcheddown to excludethepossibilityof certaincharactersfrom
theshortercontext. Thiseffectively increasestheprobabilityof theothercharactersanddecreases
thecodelength.For example,if thealgorithmwereto codeana, it would sendtwo escapes,but
thencould excludethec from thecountsin thezerolengthcontext. This is becausethereis no
way that two escapeswould befollowedby a c sincethec would have beencodedin a length2
context. Thealgorithmcouldthengive thea a probabilityof ; S E insteadof ; S�$!$ (.58bits instead
of 1.46bits!).

5 The Lempel-Ziv Algorithms

The Lempel-Ziv algorithmscompressby building a dictionary of previously seenstrings. Un-
like PPM which usesthe dictionaryto predictthe probability of eachcharacter, andcodeseach
characterseparatelybasedon thecontext, theLempel-Ziv algorithmscodegroupsof charactersof
varyinglengths.Theoriginalalgorithmsalsodid not useprobabilities—stringswereeitherin the
dictionaryor not andall stringsin thedictionaryweregive equalprobability. Someof thenewer
variants,suchasgzip, do takesomeadvantageof probabilities.

At the highestlevel the algorithmscan be describedas follows. Given a position in a file,
look throughthepreceedingpart of thefile to find the longestmatchto thestringstartingat the
currentposition,andoutputsomecodethat refersto that match. Now move the finger pastthe
match.Thetwo mainvariantsof thealgorithmweredescribedby Ziv andLempelin two separate
papersin 1977and1978,andareoftenreferedto asLZ77 andLZ78. Thealgorithmsdiffer in how
far backthey searchandhow they find matches.The LZ77 algorithmis basedon the ideaof a
slidingwindow. Thealgorithmonly looksfor matchesin a window a fixeddistancebackfrom the
currentposition.Gzip,ZIP, andV.42bis(a standardmodemprotocal)areall basedon LZ77. The
LZ78 algorithmis basedonamoreconservativeapproachto addingstringsto thedictionary. Unix
compress,andtheGif formatarebothbasedonLZ78.

In thefollowing discussionof thealgorithmswe will usethetermcursorto meantheposition
analgorithmis currentlytrying to encodefrom.

5.1 Lempel-Ziv 77(Sliding Windows)

TheLZ77 algorithmandits variantsusea sliding window thatmovesalongwith thecursor. The
window canbedividedinto two parts,thepartbeforethecursor, calledthedictionary, andthepart
startingat thecursor, calledthelookaheadbuffer. Thesizeof thesetwo partsareparametersof the
programandarefixedduringexecutionof thealgorithm.Thebasicalgorithmis very simple,and
loopsexecutingthefollowing steps

1. Find the longestmatchof a string startingat the cursorandcompletelycontainedin the
lookaheadbuffer to a stringstartingin thedictionary.
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Step InputString OutputCode
1 a a c a a c a b c a b a a a c (0, 0, a)
2 a a c a a c a b c a b a a a c (1, 1, c)
3 a a c a a c a b c a b a a a c (3, 4, b)
4 a a c a a c a b c a b a a a c (3, 3, a)
5 a a c a a c a b c a b a a a c (1, 2, c)

Figure12: An exampleof LZ77 with a dictionaryof size6 anda lookaheadbuffer of size4. The
cursorpositionis boxed, thedictionaryis bold faced,andthe lookahedbuffer is underlined.The
laststepdoesnotfind thelongermatch(10,3,1)sinceit is outsideof thewindow.

2. Outputa triple


 � 3 P 3 eh� containingtheposition� of theoccurencein thewindow, thelengthP of thematchandthenext charactere pastthematch.

3. Move thecursorP9= $ charactersforward.

Theposition � canbe givenrelative to the cursorwith 0 meaningno match,1 meaninga match
startingat thepreviouscharacter, etc..Figure12 shows anexampleof thealgorithmon thestring
aacaacabcababac.

To decodethemessagewe considera singlestep.Inductively we assumethatthedecoderhas
correctlyconstructedthestringup to thecurrentcursor, andwe wantto show thatgiventhetriple
 � 3 P 3 ez� it canreconstructthestringup to thenext cursorposition.To do this thedecodercanlook
thestringup by goingback � positionsandtaking thenext P characters,andthenfollowing this
with thecharactere . Theonetricky caseis when P Å � , asin step3 of theexamplein Figure12.
Theproblemis that the string to copyoverlapsthe lookaheadbuffer, which thedecoderhasnot
filled yet. In this casethedecodercanreconstructthemessageby taking � charactersbeforethe
cursorandrepeatingthemenoughtimesafterthecursorto fill in P positions.If, for example,the
codewas(2,7,d) andthetwo charactersbeforethecursorwereab, thealgorithmwouldplace
abababa andthenthed afterthecursor.

Therehave beenmany improvementson the basicalgorithm. Herewe will describeseveral
improvementsthatareusedby gzip.

Two formats: This improvement,oftencalledtheLZSSVariant, doesnot includethenext char-
acterin the triple. Insteadit usestwo formats,eithera pair with a positionandlength,or just a
character. An extra bit is typically usedto distinguishthe formats. Thealgorithmtries to find a
matchandif it findsa matchthatis at leastof length3, it usestheoffset,lengthformat,otherwise
it usesthesinglecharacterformat. It turnsout thatthis improvementmakesa hugedifferencefor
files thatdonotcompresswell sinceweno longerhave to wastethepositionandlengthfields.

Huffman coding the components: Gzip usesseparatehuffmancodesfor theoffset,the length
andthecharacter. EachusesaddaptiveHuffmancodes.

Non greedy: TheLZ77 algorithmis greedyin thesensethatit alwaystriesto find amatchstart-
ing at thefirst characterin the lookaheadbuffer without caringhow this will affect latermatches.
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For somestringsit cansave spaceto sendout a singlecharacterat thecurrentcursorpositionand
thenmatchon the next position,even if thereis a matchat the currentposition. For example,
considercodingthestring

d b c a b c d a b c a b

In thiscaseLZCC wouldcodeit as(1,3,3),(0,a),(0,b).Thelasttwo lettersarecodedassingletons
sincethematchis not at leastthreecharacterslong. This samebuffer could insteadbecodedas
(0,a),(1,6,4)if thecoderwasnotgreedy. In theoryonecouldimaginetrying to optimizecodingby
trying all possiblecombinationsof matchesin thelookaheadbuffer, but this couldbecostly. As a
tradeoff thatseemsto work well in practice,Gzip only looksahead1 character, andonly chooses
to codestartingat thenext characterif thematchis longerthanthematchat thecurrentcharacter.

Hash Table: To quickly accessthedictionaryGzip usesa hashtablewith everystringof length
3 usedasthehashkeys. Thesekeysindex into theposition(s)in whichthey occurin thefile. When
trying to find a matchthealgorithmgoesthroughall of thehashentrieswhich matchon thefirst
threecharactersandlooksfor thelongesttotal match.To avoid longsearcheswhenthedictionary
window hasmany stringswith the samethreecharacters,the algorithmonly searchesa bucket
to a fixed length. Within eachbucket,thepositionsarestoredin anorderbasedon theposition.
Thismakesit easyto selectthemorerecentmatchwhenthetwo longestmatchesareequallength.
Usingthemorerecentmatchbetterskews theprobabilitydistributionfor theoffsetsandtherefore
decreasestheaveragelengthof theHuffmancodes.

5.2 Lempel-Ziv-Welch

In this sectionwe will describetheLZW (Lempel-Ziv-Welch)variantof LZ78 sinceit is theone
thatis mostcommonlyusedin practice.In thefollowing discussionwewill assumethealgorithm
is usedto encodebytestreams(i.e., eachmessageis a byte).Thealgorithmmaintainsadictionary
of strings(sequencesof bytes). The dictionaryis initialized with oneentry for eachof the 256
possiblebytevalues—thesearestringsof lengthone.As thealgorithmprogressesit will addnew
stringsto thedictionarysuchthateachstringis only addedif aprefixonebyteshorteris alreadyin
thedictionary. For example,John is only addedif Joh hadpreviously appearedin themessage
sequence.

We will usethefollowing interfaceto thedictionary. We assumethateachentryof thedictio-
nary is given an index, wheretheseindicesaretypically given out incrementallystartingat 256
(thefirst 256arereservedfor thebytevalues).n ÃF� AddDict


 n 3 � � Createsa new dictionaryentryby extendinganexisting dic-
tionaryentrygivenby index n with thebyte

�
. Returnsthe

new index.n ÃF� GetIndex


 n 3 � � Returntheindex of thestringgottenby extendingthestring
correspondingto index n with thebyte

�
. If theentrydoes

notexist, return-1.� � GetString


 n}� Returnsthestring

�
correspondingto index n .

Flag � IndexInDict?


 n}� Returnstrue if the index n is in the dictionary and false
otherwise.
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function LZW Encode(File)n�� ReadByte(File)
while n Ç� EOFdo� � ReadByte(File)n©ÃF� GetIndex( n 3 � )

while n©Ã Ç��� $ donU��n Ã� � ReadByte(File)n Ã � GetIndex( n 3 � )
Output( n )
AddDict( n 3 � )
C = x

function LZW Decode(File)n�� ReadIndex(File)� � GetString( n )
Output(

�
)

while n Ç� EOFdon ÃF� ReadIndex(File)
if IndexInDict?( n©Ã ) then� � GetString( n©Ã )

AddDict( n 3 � ×v1
è )
else

C’ = AddDict( n 3 � ×~1
è )� � GetString( n Ã )
Output(

�
)

C = C’

Figure13: Codefor LZW encodinganddecoding.

The encoderis describedin Figure13, andTables4 and5 give two examplesof encoding
anddecoding.Eachiterationof theouterloop worksby first finding the longestmatch

�
in the

dictionaryfor astringstartingat thecurrentposition—theinnerloopfindsthismatch.Theiteration
thenoutputstheindex for

�
andaddsthestring

���
to thedictionary, where

�
is thenext character

after the match. Theuseof a “dictionary” is similar to LZ77 exceptthat thedictionaryis stored
explicitly ratherthanas indicesinto a window. Sincethe dictionaryis explicit, i.e., eachindex
correspondsto a precisestring,LZW neednotspecifythelength.

Thedecoderworkssinceit builds thedictionaryin thesamewayastheencoderandin general
canjust look up theindicesit receivesin its copyof thedictionary. Oneproblem,however, is that
thedictionaryat thedecoderis alwaysonestepbehindtheencoder. This is becausetheencoder
canadd

���
to its dictionaryat a given iteration,but thedecoderwill not know

�
until the next

messageit receives. The only casein which this might be a problemis if the encodersendsan
index of an entry addedto the dictionaryin the previous step. This happenswhenthe encoder
sendsanindex for a string

�
andthestringis followedby

�'� ×v1�è , where

� ×~1
è refersto thefirst
characterof

�
(i.e., the input is of the form

�(�'� ×v1�è ). On the iterationtheencodersendsthe
index for

�
it adds

�'� ×v1�è to its dictionary. Onthenext iterationit sendstheindex for

�'� ×v1�è . If
thishappens,thedecoderwill receivetheindex for

�'� ×v1
è , whichit doesnothavein its dictionary
yet. Sincetheit is ableto decodetheprevious

�
, however, it caneasilyreconstruct

�(� ×~1
è . This
caseis handledby theelseclausein LZW decode,andshown by thesecondexample.

A problemwith thealgorithmis thatthedictionarycangettoo large.Thereareseveralchoices
of whatto do. Herearesomeof them.

1. Throw dictionaryaway whenreachinga certainsize(GIF)

2. Throw dictionaryaway whennoteffective (Unix Compress)

3. Throw LeastRecentlyUsedentryawaywhenreachesacertainsize(BTLZ - British Telecom
Standard)
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C x GetIndex(C,x) AddDict(C,x) Output(C)

init a
a b -1 256(a,b) a
b c -1 257(b,c) b
c a -1 258(c,a) c

+ a b 256
256 c -1 259(256,c) 256

+ c a 258
258 EOF -1 - 258

(a)Encoding

C C’ W IndexInDict? (C’) AddDict(C,W[0]) Output(W)

Init a a a
a b b true 256(a,b) b
b c c true 257(b,c) c
c 256 ab true 258(c,a) ab

256 258 ca true 259(256,c) ca

(b) Decoding

Table4: LZW EncodingandDecodingabcabca. Therows with a + for encodingareiterations
of theinnerwhile loop.

C x GetIndex(C,x) AddDict(C,x) Output(C)

init a
a a -1 256(a,a) a

+ a a 256
256 a -1 257(256,a) 256

+ a a 256
+ 256 a 257

257 EOF -1 - 257

(a)Encoding

C C’ W IndexInDict?(C’) AddDict(C,W[0]) Output(W)

Init a a a
a 256 aa false 256(a,a) aa

256 257 aaa false 257(256,a) aaa

(b) Decoding

Table5: LZW EncodingandDecodingaaaaaa. This is anexamplein which thedecoderdoes
nothave theindex in its dictionary.
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Implementing theDictionary: Oneof thebiggestadvantagesof theLZ78algorithmsandreason
for its successis thatthedictionaryoperationscanrun very quickly. Ourgoalis to implementthe
3 dictionaryoperations.Thebasicideais to storethedictionaryasapartiallyfilled k-ary treesuch
that theroot is theemptystring,andany pathdown thetreeto a nodefrom theroot specifiesthe
match.Thepathneednotgotoaleafsincebecauseof theprefixpropertyof theLZ78dictionary, all
pathsto internalnodesmustbelongtostringsin thedictionary. Wecanusetheindicesaspointersto
nodesof thetree(possiblyindirectly throughanarray).To implementtheGetString


 nw� function
westartat thenodepointedto by n andfollow apathfrom thatnodeto theroot. Thisrequiresthat
everychild hasapointerto its parent.To implementtheGetIndex


 n 3 � � operationwego from the
nodepointedto by n andsearchto seeif thereis achild byte-value

�
andreturnthecorresponding

index. For theAddDict


 n 3 � � operationweaddachild with byte-value

�
to thenodepointedto byn . If weassume

�
is constant,theGetIndex andAddDict operationswill takeconstanttimesince

they only requiregoingdown onelevel of thetree.TheGetString operationrequiresf � f time to
follow thetreeupto theroot,but thisoperationis only usedby thedecoder, andalwaysoutputs

�
afterdecodingit. Thewholealgorithmfor bothcodinganddecodingthereforerequiretime thatis
linearin themessagesize.

To discussonemorelevel of detail,letsconsiderhow to storethepointers.Theparentpointers
aretrivial to keepsinceeachnodeonly needsasinglepointer. Thechildrenpointersareabit more
difficult to do efficiently. Onechoiceis to storeanarrayof length

�
for eachnode.Eachentry is

initialized to emptyandthensearchescanbedonewith a singlearraryreference,but we need
�

pointerspernode(
�

is often256in practice)andthememoryis prohibitive. Anotherchoiceis to
usea linked list (or possiblybalancedtree)to storethechildren. This hasmuchbetterspacebut
requiresmoretime to find a child (althoughtechnicallystill constanttime since

�
is “constant”).

A compromisethatcanbemadein practiceis to usea linked list until thenumberof childrenin
a noderisesabove somethresholdk’ andthenswitchto anarray. This would requirecopyingthe
linkedlist into thearraywhenswitching.

Yetanothertechniqueis to useahashtableinsteadof child pointers.Thestringbeingsearched
for canbehasheddirectly to theappropriateindex.

6 Other LosslessCompression

6.1 Burr owsWheeler

TheBurrowsWheeleralgorithmis a relatively recentalgorithm. An implementationof thealgo-
rithm calledbzip, is currentlyoneof the bestoverall compressionalgorithmsfor text. It gets
compressionratiosthatarewithin 10%of thebestalgorithmssuchasPPM,but runssignificantly
faster.

Ratherthandescribingthealgorithmimmediately, letstry to go throughathoughtprocessthat
leadsto thealgorithm. Recallthat thebasicideaof PPM wasto try to find aslong a context as
possiblethatmatchedthecurrentcontext andusethat to effectively predictthenext character. A
problemwith PPMis in selecting

�
. If we set

�
too large we will usuallynot find matchesand

endup sendingtoo many escapecharacters.On theotherhandif we setit too low, we wouldnot
betakingadvantageof enoughcontext. We couldhave thesystemautomaticallyselect

�
basedon

whichdoesthebestencoding,but this is expensive. Also within a singletext theremightbesome
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a ccbaccacba
a c cbaccacba

ac c baccacba
acc b accacba
accb a ccacba

accba c cacba
accbac c acba
accbacc a cba
accbacca c ba

accbaccac b a
accbaccacb a

(a)

ccbaccacba ) a �
cbaccacbaa � c �
baccacbaac � c "
accacbaacc " b �
ccacbaaccb � a "
cacbaaccba " c Ý
acbaaccbac Ý c )
cbaaccbacc ) a Ý
baaccbacca Ý c *
aaccbaccac * b "
accbaccacb " a )

(b)

cbaccacbaa � c �
ccbaccacba ) a �
cacbaaccba " c Ý
baaccbacca Ý c *
accbaccacb " a )
ccacbaaccb � a "
baccacbaac � c "
acbaaccbac Ý c )
aaccbaccac * b "
accacbaacc " b �
cbaaccbacc ) a Ý

(c)

Figure14: Sortingthecharactersa � c � c " b � a " c Ý c ) a Ý c * b " a ) basedon context: (a)eachcharacter
in its context, (b) endcontext moved to front, and (c) characterssortedby their context using
reverselexicographicordering.We usesubscriptsto distinguishdifferentoccurencesof thesame
character.

very long contexts thatcouldhelppredict,while mosthelpful contexts areshort. Usinga fixed
�

we wouldprobablyendup ignoringthelongcontexts.
Letsseeif wecancomeupwith awayto takeadvantageof thecontext thatsomehow automati-

cally adapts.Ideallywewouldlike themethodalsoto beabit faster. Considertakingthestringwe
want to compressandlooking at the full context for eachcharacter—i.e., all previouscharacters
from thestartof thestringupto thecharacter. In fact,to makethecontexts thesamelength,which
will be convenientlater, we addto the headof eachcontext the part of the string following the
charactermakingeachcontext P � $ characters.Examplesof the context for eachcharacterof
thestringaccbaccacba aregivenin Figure6.1. Now letssort thesecontexts basedon reverse
lexical order, suchthat the last characterof thecontext is the mostsignificant(seeFigure6.1c).
Notethatnow characterswith thesimilar contexts (preceedingcharacters)areneareachother. In
fact, the longerthematch(themorepreceedingcharactersthatmatchidentically)thecloserthey
will be to eachother. This is similar to PPMin that it preferslongermatcheswhen“grouping”,
but will groupthingswith shortermatcheswhenthe longermatchdoesnot exist. Thedifference
is thatthereis nofixedlimit

�
on thelengthof amatch—amatchof length100haspriority overa

matchof 99.
In practicethesortingbasedon thecontext is executedin blocks,ratherthanfor thefull mes-

sagesequence.This is becausethefull messagesequenceandadditionaldatastructuresrequired
for sorting it, might not fit in memory. The processof sorting the charactersby their context
is often referedto asa block-sortingtransform. In the dicussionbelow we will refer to the se-
quenceof charactersgeneratedby a block-sortingtransformasthecontext-sortedsequence(e.g.,
c � a � c Ý c * a ) a " c " c ) b " b � a Ý in Figure6.1). Giventhecorrelationbetweennearybycharactersin a
context-sortedsequence,we shouldbeableto codethemquiteefficiently by using,for example,a
move-to-frontcoder(Section4.2). For long stringswith somewhatlargercharactersetsthis tech-
niqueshouldcompressthestringsignificantlysincethesamecharacteris likely to appearin similar
contexts. Experimentally, in fact, thetechniquecompressesaboutaswell asPPMeven thoughit
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hasnomagicnumber
�

or magicwayto selecttheescapeprobabilities.
The problemremains,however, of how to reconstructthe original sequencefrom context-

sortedsequence.Theway to do this is the ingeniouscontributionmadeby BurrowsandWheeler.
You might try to recreateit beforereadingon. The orderof the most-significantcharactersin
the sortedcontexts playsan importantrole in decoding.In the exampleof Figure6.1, theseare
a � a ) a " a Ý b " b � c � c Ý c * c " c ) . Thecharactersaresorted,but equalvaluedcharactersdo not neces-
sarily appearin the sameorderasin the input sequence.The following lemmais critical in the
algorithmfor efficiently reconstructthesequence.

Lemma 6.1.1 For theBlock-Sortingtransform,aslongasthereareat leasttwodistinctcharacters
in the input, equalvaluedcharactersappearin thesameorder in themost-significantcharacters
of thesortedcontextsasin theoutput(thecontext sortedsequence).

Proof: Sincethecontexts aresortedin reverselexicographicorder, setsof contextswhosemost-
significantcharacterare equalwill be orderedby the remainingcontext—i.e., the string of all
previous characters.Now considerthe contexts of the context-sortedsequence.If we drop the
least-significantcharacterof thesecontexts,thenthey areexactlythesameastheremainingcontext
above, andthereforewill besortedinto thesameordering.Theonly time thatdroppingtheleast-
significantcharactercanmakea differenceis whenall othercharactersareequal. This canonly
happenwhenall charactersin theinputareequal. ´

Basedon Lemma6.1.1,it is not hardto reconstructthesequencefrom thecontext-sortedse-
quenceaslong aswe arealsogiventheindex of thefirst characterto output(thefirst characterin
theoriginal inputsequence).Thealgorithmis givenby thefollowing code.

function BW Decode(In,FirstIndex,P )� � MoveToFrontDecode(In,n)ç � Rank(� )Ø � FirstIndex
for

' � $ to P9� $È é,+�× ' è����É× Ø èØ � ç × Ø è
For anorderedsequence� , theRank(� ) functionreturnsasequenceof integersspecifyingfor each
charactere % � how many charactersareeitherlessthan e or equalto e andappearbeforee in � .
Anotherway of sayingthis is that it specifiesthepositionof thecharacterif it wheresortedusing
a stablesort.

To show how this algorithmsworks,we consideran examplein which theMoveToFrontde-
coderreturns �G� ssnasmaisssaai, andin which FirstIndex �ä; (thefirst a). Theexample
is shown in Figure15(a). We cangeneratethemostsignificantcharactersof thecontexts simply
by sorting � . Theresultof thesort is shown in Figure15(b)alongwith the rank

ç
. Becauseof

Lemma6.1.1,we know that equalvaluedcharacterswill have the sameorder in this sortedse-
quenceandin � . This is indicatedby thesubscriptsin thefigure. Now eachrow of Figure15(b)
tellsusfor eachcharacterwhatthenext characteris. Wecanthereforesimplyrebuild theinitial se-
quenceby startingat thefirst characterandaddingcharactersoneby one,asdoneby BW Decode
andasillustratedin Figure15(c).
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�
s
s
n
a -
s
m
a
i
s
s
s
a
a
i

(a)

Sort(� ) � Rank(� )
a � s � 9
a " s " 10
a Ý n � 8
a ) a � 1 -
i � s Ý 11
i " m � 7
m � a " 2
n � i � 5
s � s ) 12
s " s * 13
s Ý s . 14
s ) a Ý 3
s * a ) 4
s . i " 6

(b)

Out
a ) a � -
a �0/ s �
s �0/ s )
s ) / a Ý
a Ý / n �
n � / i �
i � / s Ý
s Ý / s .
s . / i "
i " / m �
m �0/ a "
a " / s "
s " / s *
s * / a )

(c)

Figure 15: Burrows-Wheeler Decoding Example. The decoded messagesequenceis
assanissimassa.

7 LossyCompressionTechniques

Lossycompressionis compressionin which someof the informationfrom the original message
sequenceis lost. This meansthe original sequencescannotbe regeneratedfrom the compressed
sequence.Justbecauseinformationis lost doesn’t meanthequality of theoutputis reduced.For
example,randomnoisehasveryhighinformationcontent,but whenpresentin animageor asound
file, wewouldtypically beperfectlyhappyto dropit. Also certainlossesin imagesor soundmight
becompletelyimperceptibleto a humanviewer (e.g. the lossof very high frequencies).For this
reason,lossycompressionalgorithmson imagescanoften get a factor of 2 bettercompression
thanlosslessalgorithmswith an imperceptiblelossin quality. However, whenquality doesstart
degradingin a noticeableway, it is importantto makesureit degradesin awaythatis leastobjec-
tionableto theviewer(e.g., droppingrandompixelsis probablymoreobjectionablethandropping
somecolor information).For thesereasons,theway mostlossycompressiontechniquesareused
arehighly dependenton the mediathat is beingcompressed.Lossycompressionfor sound,for
example,is verydifferentthanlossycompressionfor images.

In thissectionwegooversomegeneraltechniquesthatcanbeappliedin variouscontexts,and
in thenext two sectionswegoover morespecificexamplesandtechniques.

7.1 ScalarQuantization

A simplewayto implementlossycompressionis to takethesetof possiblemessages� andreduce
it to asmallerset � Ã by mappingeachelementof � to anelementin � Ã . For examplewecouldtake
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Figure16: Examplesof (a)uniformand(b) non-uniformscalarquantization.

8-bit integersanddivideby 4 (i.e., dropthelower two bits),or takea charactersetin which upper
andlowercasecharactersaredistinguishedandreplaceall theuppercaseoneswith lowercaseones.
Thisgeneraltechniqueis calledquantization. Sincethemappingusedin quantizationis many-to-
one,it is irreversibleandthereforelossy.

In the casethat the set � comesfrom a total orderandthe total order is brokenup into re-
gionsthatmaponto theelementsof �]Ã , themappingis calledscalarquantization. Theexample
of droppingthe lower two bits givenin thepreviousparagraphis anexampleof scalarquantiza-
tion. Applicationsof scalarquantizationincludereducingthenumberof color bits or gray-scale
levelsin images(usedto save memoryonmany computermonitors),andclassifyingtheintensity
of frequency componentsin imagesor soundinto groups(usedin JPEGcompression).In factwe
mentionedanexampleof quantizationwhentalkingaboutJPEG-LS.Therequantizationis usedto
reducethenumberof contexts insteadof thenumberof messagevalues.In particularwe catego-
rizedeachof 3 gradientsinto oneof 9 levelssothatthecontext tableneedsonly

M Ý entries(actually
only


�M Ý = $ � S � dueto symmetry).
The term uniform scalar quantizationis typically usedwhen the mappingis linear. Again,

the exampleof dividing 8-bit integersby 4 is a linear mapping. In practiceit is often betterto
usea nonuniformscalarquantization. For example,it turnsout that theeye is moresensitive to
low valuesof redthanto high values.Thereforewe cangetbetterquality compressedimagesby
makingtheregionsin the low valuessmallerthanthe regionsin thehigh values.Anotherchoice
is to basethenonlinearmappingon theprobabilityof differentinput values.In fact, this ideacan
beformalized—fora givenerrormetricanda givenprobabilitydistributionover theinput values,
we wanta mappingthatwill minimize theexpectederror. For certainerror-metrics,finding this
mappingmight be hard. For the root-mean-squarederror metric thereis an iterative algorithm
known astheLloyd-Max algorithmthatwill find theoptimalmapping.An interestingpoint is that
findingthisoptimalmappingwill have theeffectof decreasingtheeffectivenessof any probability
coderthatis usedon theoutput.This is becausethemappingwill tendto moreevenly spreadthe
probabilitiesin �]Ã .
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Figure17: Exampleof vector-quantizationfor a height-weightchart.

7.2 Vector Quantization

Scalarquantizationallowsoneto separatelymapeachcolor of a color imageinto a smallersetof
outputvalues.In practice,however, it canbemuchmoreeffectiveto mapregionsof 3-dcolorspace
into outputvalues. By moreeffective we meanthat a bettercompressionratio canbe achieved
basedonanequivalentlossof quality.

The generalideaof mappinga multidimensionalspaceinto a smallersetof messages�]Ã is
called vector quantization. Vector quantizationis typically implementedby selectinga set of
representativesfrom theinput space,andthenmappingall otherpointsin thespaceto theclosest
representative. Therepresentativescouldbefixedfor all timeandpartof thecompressionprotocol,
or they couldbedeterminedfor eachfile (messagesequence)andsentaspartof thesequence.The
mostinterestingaspectof vectorquantizationis how oneselectstherepresentatives.Typically it is
implementedusinga clusteringalgorithmthatfindssomenumberof clustersof pointsin thedata.
A representative is thenchosenfor eachclusterby eitherselectingoneof thepointsin thecluster
or usingsomeform of centroidfor thecluster. Findinggoodclustersis a whole interestingtopic
on its own.

Vectorquantizationis mosteffectivewhenthevariablesalongthedimensionsof thespaceare
correlated.Figure17givesanexampleof possiblerepresentativesfor aheight-weightchart.There
is clearlyastrongcorrelationbetweenpeople’sheightandweightandthereforetherepresentatives
canbeconcentratedin areasof thespacethatmakephysicalsense,with higherdensitiesin more
commonregions. Using suchrepresentativesis very muchmoreeffective thanseparatelyusing
scalarquantizationon theheightandweight.

We shouldnotethatvectorquantization,aswell asscalarquantization,canbeusedaspartof
a losslesscompressiontechnique.In particularif in additionto sendingtheclosestrepresentative,
the codersendsthe distancefrom the point to the representative, thenthe original point canbe
reconstructed.Thedistanceisoftenreferredto astheresidual.In generalthiswouldnotleadto any
compression,but if thepointsaretightly clusteredaroundtherepresentatives,thenthetechnique
canbe very effective for losslesscompressionsincethe residualswill be small andprobability
codingwill work well in reducingthenumberof bits.
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7.3 Transform Coding

Theideaof transformcodingis to transformtheinputinto adifferentform whichcantheneitherbe
compressedbetter, or for whichwecanmoreeasilydropcertaintermswithoutasmuchqualitative
lossin theoutput.Oneform of transformis to selecta linearsetof basisfunctions( 2 R ) thatspanthe
spaceto be transformed.Somecommonsetsincludesin, cos,polynomials,sphericalharmonics,
Besselfunctions,andwavelets.Figure18 shows someexamplesof thefirst threebasisfunctions
for discretecosine,polynomial,andwavelettransformations.For a setof P values,transformscan
beexpressedasan PD8>P matrix Ì . Multiplying theinput by this matrix Ì gives,thetransformed
coefficients. Multiplying the coefficientsby Ì � � will convert thedatabackto theoriginal form.
For example,thecoefficientsfor thediscretecosinetransform(DCT) are

Ì R Æ � �� �43 $�S P65p�87 o " Æ ë � u R	9" � ' �^1 3 1 ¬ Ø �^P3 � S P65p�87 o " Æ ë � u R	9" � 1\� ' �îP 3 1 ¬ Ø �^P
The DCT is oneof the mostcommonlyusedtransformsin practicefor imagecompression,

moreso thanthediscreteFourier transform(DFT). This is becausetheDFT assumesperiodicity,
which is not necessarilytrue in images.In particularto representa linear functionover a region
requiresmany largeamplitudehigh-frequency componentsin a DFT. This is becausetheperiod-
icity assumptionwill view the functionasa sawtooth,which is highly discontinuousat the teeth
requiringthehigh-frequency components.TheDCT doesnotassumeperiodicityandwill only re-
quiremuchloweramplitudehigh-frequency components.TheDCT alsodoesnot requirea phase,
which is typically representedusingcomplex numbersin theDFT.

For thepurposeof compression,thepropertieswe would like of a transformare(1) to decor-
relatethedata,(2) havemany of thetransformedcoefficientsbesmall,and(3) have it sothatfrom
thepointof view of perception,someof thetermsaremoreimportantthanothers.

8 A CaseStudy: JPEG and MPEG

TheJPEGandtherelatedMPEGformatmakegoodreal-worldexamplesof compressionbecause
(a) they areusedvery widely in practice,and(b) they usemany of the compressiontechniques
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Figure19: Stepsin JPEGcompression.

we have beentalking about, including Huffman codes,arithmeticcodes,residualcoding, run-
lengthcoding,scalarquantization,andtransformcoding.JPEGis usedfor still imagesandis the
standardusedonthewebfor photographicimages(theGIF formatisoftenusedfor textualimages).
MPEGis usedfor videoandafter many yearsof debatedMPEG-2hasbecomethe standardfor
the transmissionof high-definitiontelevision (HDTV). This meansin a few yearswe will all be
receiving MPEGathome.As wewill see,MPEGis basedonavariantof JPEG(i.e. eachframeis
codedusingaJPEGvariant).BothJPEGandMPEGarelossyformats.

8.1 JPEG

JPEGis a lossycompressionschemefor colorandgray-scaleimages.It worksonfull 24-bitcolor,
andwasdesignedto beusedwith photographicmaterialandnaturalisticartwork.It is not theideal
formatfor line-drawings,textual images,or otherimageswith largeareasof solid color or a very
limited numberof distinct colors. The losslesstechniques,suchas JBIG, work betterfor such
images.

JPEGis designedso that the lossfactor canbe tunedby the userto tradeoff imagesizeand
imagequality, andis designedsothatthelosshastheleasteffectonhumanperception.It however
doeshave someanomalieswhenthe compressionratio getshigh, suchasodd effectsacrossthe
boundariesof 8x8blocks.For highcompressionratios,othertechniquessuchaswaveletcompres-
sionappearto givemoresatisfactoryresults.

An overview of theJPEGcompressionprocessis givenin Figure19. Wewill covereachof the
stepsin this process.

The input to JPEGarethreecolor planesof 8-bitsper-pixel eachrepresentingRed,Blue and
Green(RGB). Thesearethecolorsusedby hardwareto generateimages.Thefirst stepof JPEG
compression,whichisoptional,is to converttheseinto YIQ colorplanes.TheYIQ colorplanesare
designedto betterrepresenthumanperceptionandarewhatareusedonanalogTVs in theUS(the
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NTSCstandard).TheY planeis designedto representthebrightness(luminance)of theimage.It
is a weightedaverageof red,blueandgreen(0.59Green+ 0.30Red+ 0.11Blue). Theweights
arenotbalancedsincethehumaneye is moreresponsiveto greenthanto red,andmoreto redthan
to blue.TheI (interphase)andQ (quadrature)componentsrepresentthecolorhue(chrominance).
If you have an old black-and-whitetelevision, it usesonly the Y signalanddropsthe I andQ
components,which arecarriedon a sub-carriersignal.Thereasonfor convertingto YIQ is thatit
is moreimportantin termsof perceptionto get the intensityright thanthehue. ThereforeJPEG
keepsall pixelsfor the intensity, but typically down samplesthetwo color planesby a factorof 2
in eachdimension(atotal factorof 4). This is thefirst lossycomponentof JPEGandgivesafactor
of 2 compression:


 $ = � Ü - �!2 � S 7\� - 2 .Thenext stepof theJPEGalgorithmis to partition eachof thecolor planesinto 8x8 blocks.
Eachof theseblocksis thencodedseparately. Thefirst stepin codinga block is to applya cosine
transformacrossbothdimensions.This returnsan8x8 block of 8-bit frequency terms.Sofar this
doesnot introduceany loss,or compression.Theblock-sizeis motivatedby wantingit to belarge
enoughto capturesomefrequency componentsbut notsolargethatit causes“frequency spilling”.
In particularif wecosine-transformedthewholeimage,asharpboundaryanywherein aline would
causehighvaluesacrossall frequency componentsin thatline.

After thecosinetransform,thenext stepappliedto theblocksis to useuniform scalarquanti-
zationon eachof thefrequency terms.This quantizationis controllablebasedon userparameters
andis the main sourceof informationlossin JPEGcompression.Sincethe humaneye is more
perceptive to certainfrequency componentsthanto others,JPEGallows thequantizationscaling
factor to be different for eachfrequency component.The scalingfactorsarespecifiedusingan
8x8tablethatsimply is usedto element-wisedividethe8x8tableof frequency components.JPEG
definesstandardquantizationtablesfor boththeY andI-Q components.Thetablefor Y is shown
in Table6. In this tablethelargestcomponentsarein thelower-right corner. This is becausethese
arethehighestfrequency componentswhichhumansarelesssensitive to thanthelower-frequency
componentsin the upper-left corner. The selectionof the particularnumbersin the tableseems
magic,for examplethetableis notevensymmetric,but it is basedonstudiesof humanperception.
If desired,the codercanusea differentquantizationtableandsendthe tablein the headof the
message.To furthercompressthe image,thewhole resultingtablecanbedividedby a constant,
which is a scalar“quality control” givento theuser. Theresultof thequantizationwill oftendrop
mostof thetermsin thelower left to zero.

JPEGcompressionthencompressesthe DC component(upper-leftmost)separatelyfrom the
othercomponents.In particularit usesa differencecodingby subtractingthevaluegivenby the
DC componentof thepreviousblock from the DC componentof this block. It thenHuffmanor
arithmeticcodesthisdifference.Themotivationfor thismethodis thattheDC componentis often
similar from block-to-blocksothatdifferencecodingit will givebettercompression.

Theothercomponents(theAC components)arenow compressed.They arefirst convertedinto
a linearorderby traversingthe frequency table in a zig-zagorder(seeFigure20). The motiva-
tion for this orderis that it keepsfrequenciesof approximatelyequallengthcloseto eachother
in the linear-order. In particularmostof the zeroswill appearasonelarge contiguousblock at
the end of the order. A form of run-lengthcoding is usedto compressthe linear-order. It is
codedasa sequenceof (skip,value)pairs,whereskip is the numberof zerosbeforea value,and
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16 11 10 16 24 40 51 61
12 12 14 19 26 58 60 55
14 13 16 24 40 57 69 56
14 17 22 29 51 87 80 62
18 22 37 56 68 109 103 77
24 35 55 64 81 104 113 92
49 64 78 87 103 121 120 101
72 92 95 98 112 100 103 99

Table6: JPEGdefaultquantizationtable,luminanceplane.

Figure20: Zig-zagscanningof JPEGblocks.
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Playbackorder: 0 1 2 3 4 5 6 7 8 9
Frametype: I B B P B B P B B I

Datastreamorder: 0 2 3 1 5 6 4 8 9 7

Figure21: MPEGB-framespostponedin datastream.

valueis the value. Thespecialpair (0,0) specifiesthe endof block. For example,the sequence
[4,3,0,0,1,0,0,0,1,0,0,0,...] is representedas [(0,4),(0,3),(2,1),(3,1),(0,0)].This sequenceis then
compressedusingeitherarithmeticor Huffmancoding.Which of thetwo codingschemesusedis
specifiedonaper-imagebasisin theheader.

8.2 MPEG

Correlationimprovescompression.Thisis arecurringthemein all of theapproacheswehaveseen;
themoreeffectively a techniqueis ableto exploit correlationsin thedata,themoreeffectively it
will beableto compressthatdata.

This principle is mostevidentin MPEGencoding.MPEGcompressesvideostreams.In the-
ory, a video streamis a sequenceof discreteimages. In practice,successive imagesarehighly
interrelated.Barringcut shotsor scenechanges,any givenvideo frameis likely to beara close
resemblanceto neighboringframes. MPEG exploits this strongcorrelationto achieve far better
compressionratesthanwouldbepossiblewith isolatedimages.

Eachframein anMPEGimagestreamis encodedusingoneof threeschemes:

I-frame , or intra-frame,arecodedasisolatedimages.

P-frame , or predictivecodedframe,arebasedon thepreviousI- or P-frame.

B-frame , or bidirectionallypredictive codedframe,arebasedon eitheror boththepreviousand
next I- or P-frame.

Figure21 shows an MPEG streamcontainingall threetypesof frames. I-framesandP-frames
appearin anMPEGstreamin simple,chronologicalorder. However, B-framesaremovedsothat
they appearafter theirneighboringI- andP-frames.Thisguaranteesthateachframeappearsafter
any frameuponwhich it maydepend.An MPEGencodercandecodeany frameby buffering the
two mostrecentI- or P-framesencounteredin thedatastream.Figure21showshow B-framesare
postponedin thedatastreamsoasto simplify decoderbuffering. MPEGencodersarefreeto mix
theframetypesin any order. Whenthesceneis relatively static,P- andB-framescouldbeused,
while majorscenechangescouldbeencodedusingI-frames.In practice,mostencodersusesome
fixedpattern.

SinceI-framesareindependentimages,they canbeencodedasif they werestill images.The
particulartechniqueusedby MPEGis a variantof theJPEGtechnique(thecolor transformation
andquantizationstepsareslightly different).I-framesarevery importantfor useasanchorpoints
so that the framesin the video can be accessedrandomlywithout requiring one to decodeall
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Figure22: P-frameencoding.

previousframes.To decodeany framewe needonly find its closestpreviousI-frameandgo from
there.This is importantfor allowing reverseplayback,skip-ahead,or error-recovery.

The intuition behindencodingP-framesis to find matches,i.e., groupsof pixelswith similar
patterns,in thepreviousreferenceframeandthencodingthedifferencebetweentheP-frameand
its match.To find these“matches”theMPEGalgorithmpartitionstheP-frameinto 16x16blocks.
Theprocessby which eachof theseblocksis encodedis illustratedin Figure22. For eachtarget
block in the P-framethe encoderfindsa referenceblock in the previousP- or I-frame thatmost
closely matchesit. The referenceblock neednot be alignedon a 16-pixel boundaryand can
potentiallybeanywherein the image.In practice,however, thex-y offsetis typically small. The
offset is calledthemotionvector. Oncethematchis found,thepixelsof thereferenceblock are
subtractedfrom thecorrespondingpixelsin thetargetblock. Thisgivesaresidualwhich ideally is
closeto zeroeverywhere.Thisresidualis codedusingaschemesimilarto JPEGencoding,but will
ideally geta muchbettercompressionratio becauseof the low intensities.In additionto sending
thecodedresidual,thecoderalsoneedsto sendthemotionvector. This vectoris Huffmancoded.
Themotivationfor searchingotherlocationsin thereferenceimagefor a matchis to allow for the
efficient encodingof motion. In particularif thereis a moving objectin thesequenceof images
(e.g., a caror a ball), or if thewholevideois panning,thenthebestmatchwill not bein thesame
locationin theimage.It shouldbenotedthatif nogoodmatchis found,thentheblock is codedas
if it werefrom anI-frame.

In practice,the searchfor good matchesfor eachtarget block is the most computationally
expensive part of MPEG encoding.With currenttechnology, real-timeMPEG encodingis only
possiblewith the help of customhardware.Note,however, that while the search for a matchis
expensive, regeneratingthe imageaspartof the decoderis cheapsincethe decoderis given the
motionvectorandonly needsto look up theblock from thepreviousimage.
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B-frameswerenot presentin MPEG’s predecessor, H.261. They wereaddedin an effort to
addressthe following situation: portionsof an intermediateP-framemay be completelyabsent
from all previousframes,but maybepresentin futureframes.For example,consideracarentering
ashotfrom theside.SupposeanI-frameencodestheshotbeforethecarhasstartedto appear, and
anotherI-frame appearswhenthe car is completelyvisible. We would like to useP-framesfor
the intermediatescenes.However, sinceno portion of the car is visible in the first I-frame, the
P-frameswill not be able to “reuse” that information. The fact that the car is visible in a later
I-framedoesnothelpus,asP-framescanonly look back in time,not forward.

B-frameslook for reusabledatain bothdirections.Theoverall techniqueis verysimilar to that
usedin P-frames,but insteadof just searchingin the previous I- or P-framefor a match,it also
searchesin the next I- or P-frame. Assuminga goodmatchis found in each,the two reference
framesareaveragedandsubtractedfrom thetargetframe.If only onegoodmatchis found,thenit
is usedasthereference.Thecoderneedsto sendsomeinformationon which reference(s)is (are)
used,andpotentiallyneedsto sendtwo motionvectors.

How effective is MPEG compression?We canexaminetypical compressionratios for each
frametype,andform an averageweightedby the ratiosin which the framesaretypically inter-
leaved.

Startingwith a 7 2 EË8 � E!1 pixel,24-bitcolor image,typicalcompressionratiosfor MPEG-Iare:

Type Size Ratio

I 18Kb 7:1
P 6 Kb 20:1
B 2.5Kb 50:1

Avg 4.8Kb 27:1

If one 7 2 E98 � E!1 framerequires4.8Kb, how muchbandwidthdoesMPEGrequirein orderto
provideareasonablevideofeedat thirty framespersecond?7!1!³;: ¢5Õ d � S � d�e   ; - ?=<>� S ³>: ¢4Õ d   ?!� S � ' +�� $ - �=? � ' + � S � d�e

Thusfar, wehavebeenconcentratingonthevisualcomponentof MPEG.Addingastereoaudio
streamwill requireroughlyanother0.25Mbits/sec,for a grandtotalbandwidthof 1.45Mbits/sec.

This fits nicely within the1.5Mbit/seccapacityof a T1 line. In fact, this specificlimit wasa
designgoalin theformationof MPEG.Real-lifeMPEGencoderstrackbit rateasthey encode,and
will dynamicallyadjustcompressionqualitiesto keepthebit ratewithin someuser-selectedbound.
This bit-ratecontrolcanalsobeimportantin othercontexts. For example,videoon a multimedia
CD-ROM mustfit within therelatively poorbandwidthof a typicalCD-ROM drive.

MPEG in the RealWorld

MPEGhasfounda numberof applicationsin therealworld, including:

1. Direct BroadcastSatellite.MPEGvideostreamsarereceivedby a dish/decoder, which un-
packsthedataandsynthesizesa standardNTSCtelevisionsignal.
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2. CableTelevision. Trial systemsaresendingMPEG-II programmingover cabletelevision
lines.

3. MediaVaults.Silicon Graphics,StorageTech,andothervendorsareproducingon-demand
videosystems,with twentyfile thousandMPEG-encodedfilms ona singleinstallation.

4. Real-Time Encoding. This is still the exclusive province of professionals.Incorporating
special-purposeparallelhardware,real-timeencoderscancosttwentyto fifty thousanddol-
lars.

9 Other LossyTransform Codes

9.1 WaveletCompression

JPEGandMPEG decomposeimagesinto setsof cosinewaveforms. Unfortunately, cosineis a
periodic function; this can createproblemswhen an imagecontainsstrongaperiodicfeatures.
Suchlocal high-frequency spikeswould requirean infinite numberof cosinewaves to encode
properly. JPEGandMPEGsolve this problemby breakingup imagesinto fixed-sizeblocksand
transformingeachblockin isolation.Thiseffectively clipstheinfinitely-repeatingcosinefunction,
makingit possibleto encodelocal features.

An alternative approachwould beto choosea setof basisfunctionsthatexhibit goodlocality
without artificial clipping. Suchbasisfunctions,called“wavelets”,couldbeappliedto theentire
image,without requiringblockingandwithout degeneratingwhenpresentedwith high-frequency
local features.

How do we derive a suitablesetof basisfunctions?We startwith a singlefunction,calleda
“motherfunction”. Whereascosinerepeatsindefinitely, we want thewaveletmotherfunction, @ ,
to becontainedwithin somelocal region,andapproachzeroaswe strayfurtheraway:A$B�CD�EGF,H @JILK>MONã1

The family of basisfunctionsarescaledandtranslatedversionsof this motherfunction. For
somescalingfactor P andtranslationfactor Q ,

@>R�STIUKVMWNX@JIUY R K[Z\QLM
A well know family of waveletsaretheHaarwavelets,which arederivedfrom the following

motherfunction:

@]ILK>MON ^_` _a b c 1edfK�g b"h YZ b c b!h Y[dfK�g b1 c K�gG1 or K�i b
Figure 23 shows a family of seven Haar basisfunctions. Of the many potentialwavelets,

Haarwaveletsareprobablythe mostdescribedbut the leastused.Their regular form makesthe
underlyingmathematicssimpleandeasyto illustrate,but tendsto createbadblockingartifactsif
actuallyusedfor compression.
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Figure23: A smallHaarwaveletfamily of sizeseven.

50



}�~�}�}���}�}�}V��~�}�}O��}�}�}V��~�}�}� }�� }��� }�� }��}
}�� }��}�� }��}�� }��}�� }��
}�� }�~}�� }�� �����T�m�t����� �t�����

}�~�}�}[��}�}�}O��~�}�}O��}�}�}O��~�}�}� }�� }��}}�� }��
}�� }��}�� }��}�� }��
}�� }�~}�� }�� ��� � � � �t� ���

��}�}���}�}���}�}���}�}�~�}�}���}�}}� }�� }�~
}
}�� }�~ � ���� ¡��¢

}£~�}�}���}�}�}O��~�}�}O��}�}�}O��~�}�}� }�� }��� }�� }��}
}�� }��}�� }��}�� }��}�� }��
}�� }�~}�� }�� ¤$¥m¦§¦ � �t� ���

Figure24: A samplingof popularwavelets.
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Figure25: Self-similarity in the Daubechies
wavelet.

Many otherwaveletmotherfunctionshave alsobeenproposed.TheMorretwaveletconvolves
a Gaussianwith a cosine,resultingin a periodicbut smoothlydecayingfunction. This functionis
equivalentto a wavepacketfrom quantumphysics,andthemathematicsof Morret functionshave
beenstudiedextensively. Figure24 showsa samplingof otherpopularwavelets.Figure25 shows
thattheDaubechieswaveletis actuallya self-similarfractal.

Waveletsin the RealWorld

SummusLtd. is thepremiervendorof waveletcompressiontechnology. Summusclaimsto achieve
betterquality thanJPEGfor thesamecompressionratios,but hasbeenloatheto divulgedetailsof
how theirwaveletcompressionactuallyworks.Summuswavelettechnologyhasbeenincorporated
into suchitemsas:À Wavelets-on-a-chipfor missileguidanceandcommunicationssystems.À Imageviewing pluginsfor NetscapeNavigatorandMicrosoft InternetExplorer.À Desktopimageandmovie compressionin CorelDraw andCorelVideo.À Digital camerasunderdevelopmentby Fuji.

In a sense,waveletcompressionworksby characterizinga signalin termsof someunderlying
generator. Thus,wavelet transformationis alsoof interestoutsideof the realmof compression.
Wavelet transformationcanbeusedto cleanup noisydataor to detectself-similarityover widely
varyingtimescales.It hasfoundusesin medicalimaging,computervision,andanalysisof cosmic
X-ray sources.

9.2 Fractal Compression

A function Á]ILK>M is saidto have afixedpoint K�Â if K�ÂÃNÄÁJILK�ÂÅM . For example:
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Á]ILK>MÆN ÇÈKÊÉ\ËÌ K�Â N Ë
b Z\Ç

This wasa simplecase.Many functionsmaybetoo complex to solve directly. Or a function
maybea blackbox,whoseformal definitionis not known. In thatcase,we might try aniterative
approach.Keepfeedingnumbersbackthroughthe function in hopesthatwe will convergeon a
solution:

K,Í N guessK,ÎÏN Á]ILK,Î v,w M
For example,supposethatwehave Á]ILK>M asa blackbox. We mightguesszeroas K Í anditerate

from there:

K Í N 1K w N ÁJIUK,Í�MÐN bK u N ÁJIUK w MÐN bÅÑ 2K | N ÁJIUK u MÐN bÅÑtÒ 2K z N ÁJIUK | MÐN bÅÑ�Ó=Ò 2KÕÔÖN ÁJIUK z MÐN bÅÑ�×ÅØ8Ò 2KÚÙ N ÁJIUK�ÔlMÐN bÅÑ�×ÅÛ§Ó=Ò 2KÕÜÖN ÁJIUK,Ù�MÐN bÅÑ�×ÅÓ"Ý8Ø=Ò 2KÚÞ N ÁJIUK�ÜlMÐN bÅÑ�×Å× Y bqÓ8Ò 2
In thisexample,Á]ILK>M wasactuallydefinedas

wu KßÉ b . Theexactfixedpoint is2,andtheiterative
solutionwasconverginguponthis value.

Iterationis by no meansguaranteedto find a fixedpoint. Not all functionshave a singlefixed
point. Functionsmayhavenofixedpoint,many fixedpoints,or aninfinite numberof fixedpoints.
Evenif a functionhasafixedpoint, iterationmaynotnecessarilyconvergeuponit.

In theaboveexample,wewereableto associateafixedpointvaluewith a function. If wewere
givenonly the function,we would beableto recomputethefixedpoint value. Put differently, if
wewish to transmitavalue,wecouldinsteadtransmita functionthatiteratively convergeson that
value.

This is the ideabehindfractal compression.However, we arenot interestedin transmitting
simplenumbers,like “2”. Rather, we wish to transmitentire images. Our fixed pointswill be
images.Our functions,then,will bemappingsfrom imagesto images.

Ourencoderwill operateroughlyasfollows:

1. Givenanimage,à , from thesetof all possibleimages,áãâ�ÇÅä�å .
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Figure26: Identifying self-similarity. Rangeblocksappearon theleft; onedomainblock appears
on the left. Thearrow identifiesoneof several collagefunction thatwould becompositedinto a
completeimage.

2. Computea function Á c á8â�ÇÅä�åGæ áãâ�ÇÅä�å suchthat Á]ILà#MÐçèà .
3. Transmitthecoefficientsthatuniquelyidentify Á .

Ourdecoderwill usethecoefficientsto reassembleÁ andreconstructits fixedpoint,theimage:

1. Receive coefficientsthatuniquelyidentify somefunction Á c áãâ�Çãä�åGæ á8â�ÇÅä�å .
2. Iterate Á repeatedlyuntil its valueconvergesonafixedimage,à .
3. Presentthedecompressedimage,à .
Clearly we will not be usingentirely arbitraryfunctionshere. We want to choosefunctions

from somefamily thattheencoderanddecoderhaveagreeduponin advance.Themembersof this
family shouldbe identifiablesimply by specifyingthevaluesfor a smallnumberof coefficients.
Thefunctionsshouldhave fixedpointsthatmaybefoundvia iteration,andmustnot takeunduly
long to converge.

Thefunctionfamily wechooseisasetof “collagefunctions”,whichmapregionsof animageto
similar regionselsewherein theimage,modifiedby scaling,rotation,translation,andothersimple
transforms.This is vaguelysimilar to thesearchfor similarmacroblocksin MPEGP-andB-frame
encoding,but with a muchmoreflexible definitionof similarity. Also, whereasMPEGsearches
for temporalself-similarityacrossmultiple images,fractalcompressionsearchesfor spatialself-
similarity within a singleimage.

Figure26 shows a simplifiedexampleof decomposingan imageinfo collagesof itself. Note
thattheencoderstartswith thesubdividedimageontheright. For each“range”block,theencoder
searchersfor a similar “domain” blockelsewherein theimage.We generallywantdomainblocks
to belargerthanrangeblocksto ensuregoodconvergenceatdecodingtime.
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Fractal Compressionin the Real World

Fractalcompressionusingiteratedfunctionsystemswasfirst describedby Dr. MichaelBarnsley
andDr. Alan Sloanin 1987.Althoughthey claimedextraordinarycompressionrates,thecompu-
tationalcostof encodingwasprohibitive. Themajorvendorof fractalcompressiontechnologyis
IteratedSystems,cofoundedby Barnsley andSloan.

Today, fractal compressionappearsto achieve compressionratios that are competitive with
JPEGat reasonableencodingspeeds.

Fractalcompressiondescribesanimagein termsof itself, ratherthanin termsof a pixel grid.
This meansthat fractal imagescanbesomewhat resolution-independent.Indeed,onecaneasily
rendera fractal imageinto a finer or coarsergrid thanthatof thesourceimage. This resolution
independencemayhaveusein presentingqualityimagesacrossavarietyof screenandprint media.

9.3 Model-BasedCompression

We briefly presentonelast transformcodingscheme,model-basedcompression.Theideahereis
to characterizethe sourcedatain termsof somestrongunderlyingmodel. Thepopularexample
hereis faces. We might devise a generalmodel of humanfaces,describingthem in termsof
anatomicalparameterslike noseshape,eye separation,skin color, cheekboneangle,andso on.
Insteadof transmittingtheimageof a face,we couldtransmittheparametersthatdefinethat face
within our generalmodel. Assumingthatwe have a suitablemodelfor thedataat hand,we may
beableto describetheentiresystemusingonly a few bytesof parameterdata.

Bothsenderandreceiversharealargebodyof a priori knowledgecontainedin themodelitself
(e.g.,thefact thatfaceshave two eyesandonenose).Themoreinformationis sharedin themodel,
the lessneedbe transmittedwith any given dataset. Like wavelet compression,model-based
compressionworksby characterizingdatain termsof adeeperunderlyinggenerator. Model-based
encodinghasfoundapplicabilityin suchareasascomputerizedrecognitionof four-leggedanimals
or facialexpressions.
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