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Outline

« HWI1 out soon (due Wednesday next week)
* Binary number systems

* Boolean algebra
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Electronics: What you should know

« Key points to understand

— 1) Transistors are switches
— 2) Switches can be used to form NAND/NOR gates
— 3) Capacitance and Resistance == Delay!
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Binary Numbers

e Number systems

— problem: mapping infinite number systems onto finite
representation for use by a computer

» two main classes of operations:
— Integer operations (fixed-point operations)
* binary quantities
 binary-coded decimal (BCD) quantities
— floating-point operations
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Representing Integers

» fixed number of representable integers

* based on machine word size
— e.g. if word size = 32 bits = 232 = 4 billion representable integer values
— overflow if we try to represent integer outside of range
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Representing Integers

« 2 types of integers
— unsigned integers
* string of bits interpreted as positive binary number

 used to address memory
* .8 01112 = ?10
11 002 =1 21 0
— signed integers
« split encoding space among positive and negative numbers

* 4 ways to interpret string of binary digits, 1 1s most common
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Representing a signed integer

sign and magnitude

high-order bit is sign bit, rest of bits are magnitude / "
310200112 -310210112
0100 =+4
2 representations of zero
010 - ODODQ -010 - 10002
addition of numbers with same sign simple
310=DO112 -310210112
+  449=0100, + 4,9 =1100,
T10=D1112 -?10211112
addition of numbers with different sign hard
310=DO112 '310:10112
+ 440 = 1100, +  449=0100,
-11{:}:10012 11[):00012

—> need subtractor and comparator!
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ones compliment

o . +
e complement bits in positive /
number to generate negative 0100 = +4
310 = 00115 -3109 = 1100, 1011 =-4

* msb still represents “sign bit”

 still 2 representations of zero

010200002 -01[):11112

e addition can require end-around
310 = 00112 -31{}: 11002
+ 410:{:}1[}[:]2 + -41,0: 10112
T-|g= 01112 1 01112
+ 1o
-?1[) =0 10002

—> end-around carry required to compensate for 2nd zero!
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Twos compliment

complement bits and add 1 to generate negative Ve i
310=OD112 -31[}:(110024‘1):11012 0100 =+4
msb still represents “sign bit” 1100 =-4

only 1 representations of zero
010 = 00002 -810 = 10002

1111 0000

1 more negative number than positive!

addition always simple

310=DU112 -31{}: 11012
+ 41{}:01002 + -410: 11002
?1[}:01112 -71(}:1 10012

—> carry out ignored (more later)!
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Boolean Algebra

« Basis of logic minimization
Why do logic minimization?

— minimize amount of wiring in circuit (minimize no. of literals)
« wiring takes space and is a difficult problem

« physical gates have limited no. of inputs
— minimize no. of gates in circuit
 gates take area
« minimal no. of gates != smallest wiring
— minimize circuit propagation delay (minimize no. of gate levels)

» faster is better (time is important measure of computer performance)
« faster is definitely not smaller
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Boolean Algebra

e Fundamentals

— 2 elements {0,1}, 2 binary operators (*,+), 1 unary operator ( )

— all logic functions can be implemented in terms of AND ( ¢ ),
OR(+),and NOT ( * ) gates

X Y Z X Y Z X Z
0 0 0 0 0 0 0 1
0 1 0 0 1 1 1 0
1 0 0 1 0 1
1 1 1 1 1 1

Computer Science 141
David Brooks



Terminology

Z=XY+Y

X
s
variables/‘ [ Z

literals = a vaniable or the complement of a variable
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Boolean operations

« overall, 16 functions of 2 variables

Function
XiY|0i{1i{2:{3:4:516:7:8;9{AB{CiD{E{F
0{07]0{0{0:0;{0:0:0:0¢+1 1 ¢+1¢1¢i1i1i11¢1
0{170;0;{0:0¢1:1:1:1:0:0:0:0;1 1111
l1{0f0:;0;1¢1;0:0:;1:13{0;0:1;1:0;0:1:1
l1+y110:1¢0¢:1:0:130:1:0:1:{0:1:0:1{01i1
F,=0 F,=XeY F,=X F,=Y F,=X+Y
F,=Y F.=1 F. =X Fo=X+Y  Fo=XoY

/4
Fs=X®Y F=X@Y NOK NAND
XOR XNOR
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Boolean operations

remaining 4 functions based on boolean operator called implication
(not commonly found as primitives in digital circuits)

NAND/NOR - each electrically common and functionally complete
all functions not equivalent in implementation speed

Wakerly describes a large number of laws/theorems, we’ll discuss just
a few of the basic, important Laws and Theorems of Boolean Algebra
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Laws and Theorems of Boolean Algebra

identities:

X+0=X Xe¢1=X
X+1=1 Xe0=0
idempotence law:
X+X=X XeX=X

complements law:

X+X =1 X+X =0
commutative law:

X+Y=Y+X XeY=Y*X
associative law:
X+Y)+Z=X+(Y+Z)=X+Y+Z
(XeY)eZ=Xe(YZ)=X*YZ

Note: associative law allows us to build gates with >2 inputs
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Laws and Theorems of Boolean Algebra

 distributive law:
X (Y+Z)=(XY) + (XZ)
X+ (YZ)=(X+Y) * (X+2)
Note: distributive law 1s not the same as it 1s for integer ops

 duality — every boolean function has a dual
— algorithm:
1. change ANDs to ORs and vice versa
2. change logic 0’s to logic 1’s and vice versa

3. leave literals unchanged

~ {f(X1,X2,...,Xn,0,1,+,%)}P = f(X1,X2,...,Xn,1,0,*,+)

— 1f expression is true, then dual is true
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Proving Distributive Law

X o (Y+Z) = (X*Y) + (X*Z)

(Y+2)

X (Y+2)

(X+Y)

(X+Z)

(X+Y) + (X*Z),

b—*b—*b—*b—*oooox

—t =t QIO = = O 1O »-<

— IO IOImIOI—IO|] N
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Proving Distributive and Covering Theorems

(X+Y) s (X+2) =X+ (Y*Z)
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Proving Covering Theorem

X+XeZ=X
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DeMorgan’s Theorem

* DeMorgan’s theorem: procedure for complementing a
complex function.

(1) (X+Y)=XeY

(2) XeY=X+Y

X T Y TxXeY)yIX Y XY’
00 1| 1
0 i 1 110
1 | 0 01
1 | 1 0]0
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General Form of DeMorgan’s

 (@eneralizes to n variables

(1) X+Y+Z+--)=XeYeo /...

(2) XeYoZ = X+Y+Z+--
— algorithm:
1. change ANDs to ORs and vice versa
2. change logic 0’s to logic 1’s and vice versa

3. complement each literal

— {f(X1,X2,...,Xn,0,1,+,9)} " =f(X1",X2",...,Xn",1,0,*,+)
— duality theorem # DeMorgan’s theorem
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compliments and duals

Gate D ual Complement Dual

DI
1> A
D,

o

1 >
0 e

b d

b d

YV O

B A+B

A B K B Ae Ae B A+B ZOE +
0 0 1 1 0 0 1 0 0 1
0 1 1 0 0 0 1 1 1 0
1 0 0 1 0 0 1 1 1 0
1 1 0 0 1 1 0 1 1 0

» pushing bubbles — we’ll see this trick often...
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More terminology

two-level canonical form of a
function

— standard form

— unique algebraic signature
(deterministically determined)

— two alternative forms: SOPs
and POSs

Sum of Products (SOPs)

— a.k.a. disjunctive normal form
or minterm expansion

F(A,B,C)= ABC + ABC + ABC + ABC + ABC
=my+m,+m;+m,+m, =)

unique, but not simplest in
terms of resources or delay

A BiC|FiF| minterm
0i0:i0|0:i1]|m=ABC
0:0i{1]0i1]| m=ABC
0i{1i0f[0i{1]m=ABC
0i1i{1|1i0]| m=ABC
1{0{0(|1:0]| m=ABC
110i1]1i0][ m =ABC
1{1i0[|1{0]|m =ABC
1¢{1:1]11:0]| m=ABC
apc(34567)
—= F(AB,C)=>,..(012)
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Reducing F

* simplifying: - B

F(A,B,C) = ABC + ABC + ABC + ABC + ABC

=m,+m,+m,+m, +m, = ZABC(3,4,5,6,7)

= ABC + AB(C +C)+ AB(C + C)
= ABC + AB(1) + AB(1)
= ABC + A(B +B)
= ABC + A(1)
=BC+A

=A+ B,C\
product terms
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Simplifying Theorem

XFX'Y=X+Y

Recall distributive theorem
X+YZ = (X+Y)(X+Z)
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Product of Sums

* Product of Sums (POSs) AiBICI|FIiFE maxterm

— a.k.a. conjunctive normal form or oioioloi1]|m=A+B+C
maxterm expansion 0 01 011 |m=-A+B+ C

— construction is logical dual of =
SOP’s construction 0:1:0]0: 1 [m=A +? +(_3
oOi1i{1|1i0]|m=A+B+C
1:0i{0]|1:{0|m,=A+B+C
1i{0{1|[1:0]|m=A+B+C
1i1i{0|[1{i0|m=A+B+C
11{1i{1]l1i0]|m=A+B+C

F(A,B,C)=(A+B+C)A+B+C)A+B+C) =m,em em,=]]M(0,12)

F=]]M34567)

Can obtain POSs from applying DeMorgan’s theorem to the SOPs of F (and vice versa)
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Gate-level implementation

-

I:Csop

e

:

6 gates, 20 wires

I:min

2 gates, 4 wires

>— I:Cpos

VAVAY

4 gates, 12 wires

NOTE:

gate count does not
include inverters

wire count does not
include output

Computer Science 141
David Brooks



Combinational Circuit Analysis

A B

YIY

Dbt

e Exhaustive Enumeration (quickly becomes intractable)

« Algebraic Manipulation
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Combinational Circuit Synthesis

 What occurs after formalization of the circuit description?

* Includes
— circuit manipulation—pushing bubbles (next page)
— circuit minimization plays a large role
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Conversion for technology-dependent gates

electronically easier to build inverting gates

need to convert AND/OR networks into NAND/NAND or NOR/NOR
networks

NAND/NAND networks
o) g P
B — B
z {
C C
D — D
(i) Z=AB+ CD (i) Replace gates with duals.

active

A A - high
oo 1 . R
Bs z
C C
D D
(iii) Drop extra inversions. (iv) Push bubbles thru gate.
NAND/NAND circuit. Match polarities.
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Conversion for technology-dependent gates

e NOR/NOR networks

— simple replacement not logically equivalent (OR-AND)
— add inverter at input and at output

e Similar conversions for OR/AND networks
ol
B —

Z
C -
D—

() Z = AB + C-D

J
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Algebraic Boolean Simplification

* Three major approaches to apply laws/theorems of boolean
algebra to simplify the function

* Grouping

A+ AB+ BC
A(l+B)+ BC
1+ B=1
A+ BC
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Algebraic Boolean Simplification

« Multiplication of redundant variables
— Can apply 1dentity function without changing logic function
— Sometimes making adding terms to the function makes it easier to
simplify

AB+ AC+ BC = AB(C+C)+ AC + BC
= ABC + ABC + AC + BC
= BC(1+ A)+ AC(1+B)
= BC+ AC
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Algebraic Boolean Simplification

* Application of DeMorgan’s Theorem
— Expressions with multiple inversions can sometimes be greatly
simplified with DeMorgan’s Theorem

A§C+ACD+BE:(Z+B+E)+(Z+E+5)+BE

:(2+B+E+B)+BE

:(Z+B+E+5)
= ABCD
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Algebraic Boolean Simplification

» Simplification using algebraic rules is

— ad hoc approach

 When do you stop trying to apply rules?

* When should you make the expression more complicated?
— not guaranteed to find simpler expression

e Next Time:
— Develop a more systematic approach! (towards automated tools)
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