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Abstract In this paper we introduce a new multi-agent reinforcement learning algo-
rithm, called exploring selfish reinforcement learning (ESRL). ESRL allows agents
to reach optimal solutions in repeated non-zero sum games with stochastic rewards,
by using coordinated exploration. First, two ESRL algorithms for respectively com-
mon interest and conflicting interest games are presented. Both ESRL algorithms are
based on the same idea, i.e. an agent explores by temporarily excluding some of the
local actions from its private action space, to give the team of agents the opportunity
to look for better solutions in a reduced joint action space. In a latter stage these two
algorithms are transformed into one generic algorithm which does not assume that the
type of the game is known in advance. ESRL is able to find the Pareto optimal solu-
tion in common interest games without communication. In conflicting interest games
ESRL only needs limited communication to learn a fair periodical policy, resulting in
a good overall policy. Important to know is that ESRL agents are independent in the
sense that they only use their own action choices and rewards to base their decisions
on, that ESRL agents are flexible in learning different solution concepts and they can
handle both stochastic, possible delayed rewards and asynchronous action selection.
A real-life experiment, i.e. adaptive load-balancing of parallel applications is added.
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1 Introduction

Exploring selfish reinforcement learning (ESRL) is a new approach to multi-agent
reinforcement learning (MARL). It originates from the theory of learning automata
(LA), an early version of reinforcement learning (RL), which has its roots in psychol-
ogy [15]. The collective behavior of LA is one of the first examples of MARL that
have been studied. A learning automaton describes the internal state of an agent as
a probability distribution over actions. These probabilities are adjusted based on the
success or failure of the actions taken. The work of [15] analytically treats learning not
only in the single automaton case, but also in the case of hierarchies and distributed
interconnections. Of special interest to MARL research is the work done within the
framework of learning automata games.

Learning automata games were developed for learning repeated normal form
games, well known in game theory [18,6]. A central solution concept for these games,
is that of a Nash equilibrium. Learning automata games with suitable reinforcement
update schemes were proved to converge to one of the Nash equilibria in repeated
games, [20,15]. However, global optimality is not guaranteed. As will be discussed
later, the same criticism holds for most work in current MARL research.

One important problem is that games can have multiple Nash equilibria and thus
the question arises which equilibrium the agents should learn. Another related issue,
is how the rewards are distributed between the agents. In some systems, the overall
performance can only be as good as that of the worst performing agent. As such the
agents have to learn to equalize the average reward they receive. A Nash equilibrium
is not always fair in the sense that the agents’ rewards or payoffs are not necessarily
divided equally among them. Even worse, a Nash equilibrium can be dominated by
a Pareto optimal solution which gives a higher payoff to all agents. So, in games
with multiple equilibria, typically the agents have preferences toward different Nash
equilibria.

In order to deal with the observations stated above, ESRL approaches not only the
set of Nash equilibria, but also the set of Pareto Optimal solutions of the game. As
such, the solution that is most suitable for the problem at hand can be selected. For
example, an appropriate solution could be to learn what we call a periodical policy. In
a periodical policy, agents alternate between periods in which they play different pure
Nash equilibria, each equilibrium is preferred by one of the agents. As such, a fair
solution can be obtained for all agents in a game with conflicting interests. Note that
we use the word fair in the sense that the solution will distribute the rewards equally
among all agents. We call a solution optimally fair when there is no other solution
that is also fair for the agents but gives the agents more reward on average. Periodical
policies were first introduced in [17].

The key feature of ESRL agents is that they use a form of coordinated exploration
to reach the optimal solution in a game. ESRL is able to find attractors of the single
stage game in the same way a game of learning automata does. But, as soon as an
attractor is visited, learning must continue in a subaction space from which that attrac-
tor is removed. As such the team of agents gets the opportunity to look for possibly
better solutions in a reduced space. So, ESRL searches in the joint action space of
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the agents for attractors as efficiently as possible by shrinking it temporarily during
different periods of play.

ESRL learning is organized in phases. Phases in which agents act independently
and behave as selfish optimizers are alternated with phases in which agents are social,
and act so as to optimize the group objective. The former phases are called explora-
tion phases, while the latter phases are called synchronization phases. During these
synchronization phases, attractors are removed from the joint action space by letting
each agent remove one action from its private action space. For these synchronization
phases, limited communication may be necessary, however sometimes a basic signal
suffices. The name exploring selfish reinforcement learning stresses that during the
exploration phases the agents behave as selfish reinforcement learners.

ESRL agents experience games either as a pure common interest game or as a con-
flicting interest game. The expected rewards given in the game matrices we consider
here, represent the mean of a binomial distribution. Extensions to other continuous
values distributions will discussed at the end. A nice property of ESRL agents is that
they do not need to know in advance the type of the game. Also, no further restrictions
are imposed on the form of the game, for instance pure Nash equilibria may or may
not exist. In a common interest game, ESRL is able to find one of the Pareto optimal
solutions of the game. In a conflicting interest game, we show that ESRL agents learn
optimal fair, possibly periodical policies [17,26]. Important to know is that ESRL
agents are independent in the sense that they only use their own action choices and
rewards to base their decisions on, that ESRL agents are flexible in learning differ-
ent solution concepts and they can handle both stochastic, possible delayed rewards
and asynchronous action selection. In [26] a job scheduling experiment is solved by
conflicting interest ESRL agents. In this paper, we describe the problem of adaptive
load-balancing parallel applications, handled by ESRL agents as a common interest
game.

This paper is organized as follows. In the next section game theoretic terminology
is introduced. We continue with a short overview of learning automata theory in
Sect. 3. Next, ESRL in respectively stochastic common interest (Sect. 4) and con-
flicting interest games (Sect. 5) is discussed. Testbed games are described and the
behavior of ESRL is analyzed. In Sect. 6, ESRL is generalized to stochastic non-zero
sum games. In Sect. 7, the robustness of ESRL to delayed rewards and asynchronous
action selection is illustrated with the problem of adaptive load-balancing parallel
applications. Finally the last section discusses the work presented and summarizes
related literature.

2 Game theoretic background

In this section we introduce game theoretic terminology of strategic normal form
games, see [18] for a detailed overview.

Assume a collection of n agents where each agent i has an individual finite set of
actions Ai. The number of actions in Ai is denoted by |Ai|. The agents repeatedly
play a single stage game in which each agent i independently selects an individual
action a from its private action set Ai. The combination of actions of all agents at
any time-step, constitute a joint action or action profile

→
a from the joint action set

A = A1 × · · · × An. A joint action
→
a is thus a vector in the joint action space A, with

components ai ∈ Ai, i : 1 . . . n.
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Fig. 1 The Matching Pennies game: 2 children independently choose which side of a coin to show to
the other. If they both show the same side, the first child wins, otherwise child 2 wins

With each joint action
→
a ∈ A and agent i a distribution over possible rewards is

associated, i.e. ri : A → IR denotes agent i’s expected payoff or expected reward
function. The payoff function is often called the utility function of the agent, it rep-
resents the preference relation each agent has on the set of action profiles. The tuple
(n, A, r1...n) defines a single stage strategic game, also called a normal form game.

Usually 2 player strategic games are presented in a matrix, an example is given
in Fig. 1 and following. A row player, i.e. agent 1 and column player, i.e. agent 2
are assumed. The rows and columns represent the actions for respectively the row
and column player. In the matrix the (expected) rewards for every joint action can
be found; the first(second) number in the table cell is the (expected) reward for the
row(column) player.

The agents are said to be in a Nash equilibrium, when it is the case that no agent
can increase its own reward by changing its strategy when all the other agents stick
to their equilibrium strategy. So, there is no incentive for the agents to play another
strategy than their Nash equilibrium strategy. Nash proved the following important
existence result [16]:

Theorem 1 Every strategic game, which has finitely many actions has at least one mixed
Nash equilibrium.

Despite the existence theorem above, describing an optimal solution for strategic
games is not always easy. For instance an equilibrium point is not necessarily unique
and when more than one equilibrium point exists they do not necessarily give the same
utility to the players. Even more, an equilibrium point does not take into account the
relation between individual and group rationality.

Pareto optimality is a concept introduced to account for group rationality. An out-
come of a game is said to be Pareto optimal if there exists no other outcome, for
which all players simultaneously perform better. The classical example of a situation
where individually rationality leads to inferior results for each agent, is the Prisonner’s
Dilemma game, see Fig. 2. This game has just one Nash equilibrium which is pure i.e.
joint action (a12, a22). However, it is the only pure strategy that is not Pareto opti-
mal. Joint action (a11, a21) is obviously superior; it is the only strategy which Pareto
dominates the Nash equilibrium, however it is not a Nash equilibrium itself.

A special situation occurs when the individual utility of the agents coincides with
the joint utility of the group. These games are called common interest games. In
common interest games the agents’ rewards are drawn from the same distribution.
As a consequence, at least one Pareto optimal Nash equilibrium exists in common
interest games and the agents’ learning objective is to coordinate on one of them. All
identical payoff games, i.e. games that always give identical payoffs to all the agents,
are common interest games. Figure 3 shows two examples of identical payoff games,
that are non-trivial from a coordination point of view.
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a21 a22

a11 (5,5)

a12 (10,0) (1,1)
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Fig. 2 The Prisoner’s Dilemma Game: 2 prisoners committed a crime together. They can either
confess their crime (i.e. play the first action) or deny it (i.e. play the second action). When only one
prisoner confesses, he takes all the blame for the crime and receives no reward, while the other one
gets the maximum reward of 10. When they both confess a reward of 5 is received, otherwise they
only get 1
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Fig. 3 Left: The climbing game, an identical payoff game from [4]. The Pareto optimal Nash equilib-
rium (a11, a21) is surrounded by heavy penalties. Right: The penalty game, an identical payoff game
from [4]. Mis-coordination at the Pareto optimal Nash equilibria (a11, a21) and (a13, a23) is penalized
with k
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Fig. 4 The Bach/Stravinsky game: 2 friends want to spend their evening together, but they have
conflicting interests. They independently choose between a Bach concert or a Stravinsky concert.
When both choose the same concert, a reward is given, according to their preference

In contrast to the common interest games mentioned above, unique rational solu-
tions are difficult to define for general n-person non-zero-sum games. For instance,
the Bach/Stravinsky game1 given in Fig. 4 has 3 Nash equilibria. There are two pure
Nash equilibria, i.e. joint actions (a11, a21) and (a12, a22). Both of them are Pareto
optimal as they represent conflicting objectives for the two agents. There is also a
unique mixed Nash equilibrium, i.e. strategy ((2/3, 1/3), (1/3, 2/3)) where the first
agent plays action a11 with probability 2/3 and action a12 with probability 1/3, while
agent 2 plays action a21 with probability 1/3 and action a22 with probability 2/3. If we
compute the expected payoffs for the mixed Nash equilibrium, we get a payoff of 2/3
for both agents. This is definitely fair to the agents as they get both the same payoff,
however it is less than what they would get from either of the pure Nash equilibria.
So the question arises, what is a rational solution for this game. In sect. 4 we introduce
a periodical policy as an optimal fair solution for conflicting interest games like the
Bach/Stravinsky game. In the periodical policy both equilibria are played in turns.

1 Also known as the battle of the sexes game.
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3 Learning automata

ESRL agents are simple reinforcement learners, more in particular they use a learning
automata update scheme. In this section we give an overview of learning automata
theory, in which we focus on automata games.

A learning automaton formalizes a general stochastic system in terms of states,
actions, state or action probabilities and environment responses, see [15,22]. A learn-
ing automaton is a precursor of a policy iteration type of reinforcement learning
algorithm [21] and has some roots in psychology and operations research. The design
objective of an automaton is to guide the action selection at any stage by past actions
and environment responses, so that some overall performance function is improved.
At each stage the automaton chooses a specific action from its finite action set and
the environment provides a random response.

In its current form, a learning automaton updates the probabilities of its various
actions on the basis of the information the environment provides. Action probabilities
are updated at every stage using a reinforcement scheme T.

Definition 1 A stochastic learning automaton is a quadruple {A, β, p, T} for which A
is the action set of the automaton, β is a random variable in the interval [0, 1] and
denotes the environment response, p is the action probability vector of the automaton
and T denotes the update scheme.

A linear update scheme that behaves well in a wide range of settings2 is the linear
reward-inaction scheme, denoted by (LR-I). The philosophy of this scheme is essen-
tially to increase the probability of an action when it results in a success and to ignore
it when the response is a failure. The update scheme is given by:

Definition 2 The linear reward-inaction update scheme for binary environment re-
sponses updates the action probabilities as follows: given that action ai is chosen at
time t then if action ai was successful:

pi(t + 1) = pi(t)+ α(1− pi(t))

for action ai

pj(t + 1) = pj(t)− αpj(t)

for all actions aj �= ai

Otherwise when action ai failed, nothing happens.

The constant α is called the reward or step size parameter and belongs to the interval
[0, 1]. The (LR-I) scheme as given here is called the P-model version, meaning that
the environment response β is binary, i.e. the action was a success or a failure. In
stationary environments (p(t))t>0 is a discrete-time homogeneous Markov process
and convergence results for (LR-I) are guaranteed [15]. Despite the fact that multi-
automata settings are non-stationary, the (LR-I) scheme is still appropriate in learning
automata games.

2 (LR-I) is what is called absolutely expedient and ε optimal in all stationary random environments.
This means respectively that the expected average penalty for a given action probability is strictly
monotonically decreasing with n and that the expected average penalty can be brought arbitrarily
close to its minimum value.
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Fig. 5 Automata game formulation

3.1 Learning automata games

Automata games were introduced to see if automata could be interconnected in use-
ful ways so as to exhibit group behavior that is attractive for either modeling or
controlling complex systems.

A play
→
a(t) of n automata is a set of strategies chosen by the automata at stage t,

such that aj(t) is an element of the action set of the jth automaton. Correspondingly the
outcome is now also a vector β(t) = (β1(t) · · ·βn(t)). At every time-step all automata
update their probability distributions based on the responses of the environment.
Each automaton participating in the game operates without information concerning
the number of other participants, their strategies, actions or payoffs (See Fig. 5).

The following results were tested and proved in [15]: In identical payoff games as
well as some non-zero-sum games it is shown that when the automata use a (LR-I)

scheme the overall performance improves monotonically. Moreover if the identical
payoff game is such that a unique, pure Nash equilibrium point exists, convergence
is guaranteed. In cases were the game matrix has more than one pure equilibrium
the (LR-I) scheme will converge to one of the Nash equilibria. Which equilibrium is
reached depends on the initial conditions.

In [24] the dynamics of several reinforcement learning algorithms (including the
(LR-I) scheme) is studied by mapping the algorithms into the replicator dynamics
from evolutionary game theory, [19]. Paths with different starting points induced by
the learning process of the (LR-I) scheme are visualized in Fig. 6 for respectively the
Bach/Stravinsky game of Fig. 4 and the matching pennies game of Fig. 1. The agents’
probabilities of playing the first action are plotted against each other. In the first game
two pure Nash equilibria exist, and the (LR-I) agents are able to find them. Which
equilibrium is reached depends on the initialization of the agent’s action probabilities.
The last game has only one mixed equilibrium, in this case the agents converge to a
pure joint action, which is not Nash. In general for the (LR-I) scheme, the following
can be proved [25].

Lemma 1 With probability 1 a team of LR-I learning automata will always converge to
a limit in which all players play some pure strategy.

An important issue here is the dependence of the convergence on the size of the
step-size α. As shown in the following sections learning automata games of (LR-I)

schemes will form the basis for ESRL.
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Fig. 6 Sample paths induced
by the (LR-I) learning
automata scheme for the
Bach/Stravinsky game of Fig. 4
(top). Sample paths induced by
the (LR-I) learning automata
scheme for the matching
pennies game of Fig. 1
(Bottom). The x-axis
represents the probability with
which the row player plays its
first action, while the y-axis
represents the probability with
which the column player plays
it first action
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4 ESRL in common interest games

In this section ESRL is introduced for stochastic common interest games. The objec-
tive of learning in these games is easily defined, since a Pareto optimal Nash equilib-
rium in pure strategies always exists. We will focus on identical payoff games, however
the approach can be applied to more general common interest games.

The main characteristic of ESRL agents is the way they coordinate their explora-
tion. Phases in which agents act independently and behave as selfish optimizers are
alternated by phases in which agents are social and act so as to optimize the group
objective. The first type of phase is called an exploration phase. In this phase, an
agent is nothing more than a learning automaton or a policy hill-climber. Conver-
gence results of automata games assure us that the agents converge to a pure joint
Nash equilibrium in each exploration phase. The second type of phase is called a
synchronization phase. In this phase, the solution converged to in the previous
exploration phase is evaluated and removed from the joint action space. In this way
new attractors can be explored. The removal is achieved by letting each agent exclude
its private action, that is involved in the solution found in the previous explora-
tion phase, from its private action space. Agents alternate between exploration and
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Fig. 7 The guessing game – a diagonal game with 3 players. The Nash equilibria are located on the
diagonal of the normal form matrix. The game is given in stochastic form; only expected rewards are
given. With each joint action an expected reward is associated, which represents the probability of
success (reward = 1 ) for that action

synchronization phases to efficiently search a shrinking joint action space in order to
find the Pareto optimal Nash equilibrium.

We distinguish two ESRL versions depending on the type of the game. In the first
type, the removal of a Nash equilibrium does not cut out other Nash equilibria from
the joint action space. These games will be referred to as diagonal games. In the second
ESRL version, this diagonal property is not assumed, as such the technique will need
random restarts. As will be shown, both ESRL variants only assume independent
agents; no agent communication is necessary.

4.1 ESRL in diagonal games

Consider the following diagonal property:

Definition 3 A strategic game is called diagonal if for all pure Nash equilibria the
following condition holds: if

→
a ∈ (A1×A2×· · ·×An) is a pure Nash equilibrium, then

the other pure Nash equilibria should be located in the action sub-space (A1\{a1} ×
A2\{a2} × · · · ×An\{an})

This means that the n agents can safely exclude their action involved in the current
Nash equilibrium, without losing other Nash equilibria in the reduced joint action
space. A 3-player example is given in Fig. 7. The pure Nash equilibria are located
on the diagonal of the matrix. For all diagonal games a suitable permutation of each
players’ actions exists so that the pure Nash equilibria are situated on the diagonal
of the game.3 Note, however, that the actual location of the Nash equilibria is not
important for the learning algorithm, so this permutation need not be applied.

The ESRL algorithm for diagonal games alternates between phases of independent
learning, called exploration phases and synchronization phases. During the explora-
tion phase the agents use the LR-I learning automata scheme of Eq. 2. Since a team of
LR-I agents will always converge to a pure strategy; see Lemma 1, each agents’ action
probability vector

→
p will converge to a pure action, i.e. there exists an action ai in each

agents’ private action space for which pi ≈ 1. The pseudo code of the exploration
phase is given in Algorithm 1. The agent keeps on selecting actions and updating its
action probabilities until a predefined, sufficiently large number N of time steps have
passed. During this period of time, the agents should be able to approach a pure joint

3 To see this, take a joint action which constitutes a Nash equilibrium. For each agent, take the private
action that is part of this Nash equilibrium and make it action 1. If still present, take another Nash
equilibrium and again, for each agent take the agent’s private action that belongs to this second Nash
equilibrium and make it action 2. Since the game is diagonal, no action can be part of more than
one Nash equilibrium, so this renumbering of actions is possible. Continue this process until all Nash
equilibria are considered. Number the rest of the agents’ private actions randomly. All Nash equilibria
will now be of the form (ai, ai, . . . , ai).
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action and learn its expected reward, so this number N should be chosen carefully.4

The WINDOW parameter is used for calculating a sliding average average(t) of the
reward the agent collects. At the end of the exploration phase this number approaches
the expected reward of the pure joint action reached.

Algorithm 1 Exploration phase for ESRL agent j in common interest games
Initialize
time step t⇐ 0 ,
average payoff average(t)⇐ 0 and
for all actions i that are not excluded:
initialize action probability pi(t) :

uniformly in case of diagonal games
randomly in case of general games

repeat
t := t + 1
choose action ai from Aj probabilistically using pt
execute action ai, observe immediate reward r in {0, 1}
if r = 1 (action ai was successful) then

update action probabilities p(t) as follows: LR-I

pi(t) ⇐ pi(t − 1)+ α(1− pi(t − 1))

for action ai

pi′ (t) ⇐ pi′ (t − 1)− αpi′ (t − 1)

for all actions ai′ in Aj with : ai′ �= ai

end if

set average(t)⇐ t − 1
WINDOW

average(t − 1)+ r
WINDOW

until t = N

When the first exploration phase is finished, the synchronization phase starts, see
Algorithm 2. If ai is the private action agent j has converged to, the value q(ai), which
represents the quality of action ai, is assigned the average payoff average(N) that was
collected during the previous exploration phase. Next this value is compared to the
value of the temporarily excluded action, which holds the best action best seen so far.

Initially, no action is excluded and best is set to the first action that is selected. A
second exploration phase starts in the reduced action space during which the agents
converge to a new pure Nash equilibrium. Again a synchronization phase follows.
The action to which agent j converged after the second cycle can now be compared
with action best. The one with the highest value is again temporarily excluded and
becomes action best, the inferior action is permanently excluded.

Let us assume that the agents are symmetric, that is they have the same number
of actions l in their private action space.5 Then, this idea is repeated until all actions
of all agents’ private action space have been excluded. At the end the action that is
part of the best Nash equilibrium is the one that is temporarily excluded, so this one
is made available for each agent.

In terms of speed, this means that when the individual action sets Aj have l ele-
ments, exactly l alternations between exploration and synchronization should be run

4 For now, the number of iterations done before convergence is chosen in advance and is thus a
constant. We will discuss later how agents can find out by themselves that they have converged.
5 This assumption can be relaxed.
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before the optimal solution is found. Note that learning as well as excluding actions
happens completely independently. Only synchronization is needed so that the agents
can perform the exclusion of their actions at the same time.6

Algorithm 2 Synchronization phase for ESRL agent j in diagonal games
if T ≤ |Aj| (T = number of exploration phases played) then

T ⇐ T + 1
get action ai in Aj for which the action probability pi ≈ 1 (Lemma 1)
set action value: q(ai)⇐ average(N)

if temporarily excluded action best exists and q(ai) > q(best) then
exclude action best permanently : Aj ⇐ Aj\{best} and
temporarily exclude action ai : Aj ⇐ Aj\{ai} , best⇐ ai

else if temporarily excluded action best exists and
q(ai) ≤ q(best) then

exclude action ai permanently : Aj ⇐ Aj\{ai}
else if temporarily excluded action best does not exists then

temporarily exclude action ai : Aj ⇐ Aj\{ai} , best⇐ ai
end if
if all actions are excluded then

free temporarily excluded action best : Aj ⇐ {best}
end if

end if

4.2 ESRL with random restarts

Of course in non-diagonal common interest games, a lot of Nash equilibria may be
cut out, because in these games it is possible that an agents’ private action belongs
to more than one equilibrium point. So, when the agents have only one action left in
their private action space, there is no guarantee that the Pareto optimal joint action
was encountered.

Therefore, for general common interest games, the ESRL synchronization phase,
of which the pseudo code is given in Algorithm 3, is adopted. Now, actions can
only be temporarily excluded. When the action space has reduced to a singleton, the
agent restores it, so that the exploration/synchronization alternation can be repeated.
Agents take random restarts after each synchronization phase—this means that the
agents put themselves at a random place in the joint action space by initializing their
action probabilities randomly. In the exploration phase of Algorithm 1, p(t) is now
initialized as a random vector in [0, 1]k so that �k

i=1pi(t) = 1. Here, k is the number of
non-excluded actions in the agent j’s action space.

Because of the restarts, it is possible for agent j to reach the same private action ai
more than once. Therefore, action values q(ai) (qi for short) are updated optimistically,
i.e. updates for ai only happen when a better average(N) for ai is reached during the
learning process. The best action seen so far, referred to as best, is remembered. After
a predefined number M of exploration/synchronization phases each agent selects
action best from its private action space. As a result the agents coordinate on the first
best joint action visited.

6 This assumption can be relaxed for asynchronous games, see Sect. 7.
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Algorithm 3 Synchronization phase for ESRL agent j in common interest games
if T ≤M (M = total number of exploration phases to be played) then

T ← T + 1
get action ai from Aj for which the action probability pi ≈ 1
update action values vector q as follows:

qi(T) ⇐ max{qi(T − 1), average(N)}
qi′ (T) ⇐ qi′ (T − 1)

for all actions ai′ in Aj with : ai′ �= ai

if qi(T) > qbest(T) then
set best⇐ ai {keep the best action until now in the parameter best and its value in qbest}

end if
if |Aj| > 1 then

temporarily exclude action ai : Aj ⇐ Aj\{ai}
else

restore the original action set: Aj ⇐ {a1, . . . , al} with l = |Aj|
end if

else if T =M then
set Aj ⇐ {best}

end if

4.3 Analytical results

In this section we analyze the above algorithms analytically. We rely on the result
of Lemma 1, which states that with α small, for any δ > 0, ε > 0 there exists T =
T(δ, ε) ∈ N such that for all t ≥ T we have that

→
p(t) is ε-close to an absorbing state

vector
→
p with a probability of at least 1 − δ. Assume for simplicity reasons, that all

players have an equal number of actions l in their private action space. Then we can
state the following result:

Theorem 2 Given ε > 0 and δ > 0, ESRL in diagonal games is able to let the agents
approach each pure Nash equilibria ε-close with a probability bigger then 1 − δ in
maximally l exploration phases.

Proof In a diagonal game, an agents’ private action can belong to a single pure Nash
equilibrium only. This means that there are maximally l pure Nash equilibria present
in the game. Furthermore a pure Nash equilibrium of the original game will still be
a Nash equilibrium of the reduced game which results after all agents excluded one
action from their private action space. This can be seen as follows; by excluding joint
actions from the game matrix, the number of constraints in the definition of a Nash
equilibrium [18] only reduces. As such, a pure Nash equilibrium of the original game,
will still be a Nash equilibrium in the sub-game after the exclusions.

During each exploration phase i, the LR-I learning automata of the agents approach
a pure joint action ε close with a probability at least 1 − δ in Ti(ε, δ) time steps, see
Lemma 1. When the current joint action space has pure Nash equilibrium points, one
of those will be approached, see Sect. 3.1.

Putting this together means that during each exploration phase the agents approach
a different pure joint action. Moreover, every pure Nash equilibrium of the original
game will be reached in one of the l exploration phases. 
�

As the agents agree on which joint action they visited is the best one, they can
jointly select it. When the length N of each exploration phase, is so that the agents are
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able to find each pure Nash equilibria and approach the equilibria’s expected rewards
sufficiently close, then the best joint action visited is the Pareto Optimal one. To guar-
antee this, we take N bigger than each of the Ti(ε, δ). For sampling reasons a constant
period of time could be added to N so that the agents play the equilibrium for some
period and the expected reward is approached more accurately. As will be explained
later, it is fairly easy to let the agents decide on the length of this exploration period
themselves.

To analyze ESRL learning in general common interest games, we rely on the
convergence result of the Q-learning update rule in a single agent setting [21]. The
Q-learning iteration rule is an update rule for state-action pairs. In a single stage
game7 this update rule for joint actions

→
a becomes:

Qt+1(
→
a) = Qt(

→
a) if

→
a was not selected at time t

Qt+1(
→
a) = (1− α)Qt(

→
a)+ α r(

→
a) otherwise. (1)

Formulating the Q-learning update rule for joint actions, is as if one single super-agent
whose action set consists of all joint actions is learning the optimal joint action. As
such the convergence assumptions for Q-learning hold, considered that every joint
action is visited infinitely often [23]. In the following lemma, the link between qj value
updates of Algorithm 3 and Q-value updates for joint actions is established.

Assume a time line T which counts the number of exploration/synchronization
phases played by ESRL Algorithms 1 and 3, and assume Visited to be the set of joint
actions the agents converged to after T exploration/synchronization phases. Then we
can prove that the value qi ESRL agent j has learned for action ai after T exploration
phases equals the Q-value that the super-agent should have learned for the best joint
action

→
a that has action ai as its ith component and that was visited during the previous

t = T ×N time steps.

Theorem 3 Given the action-selection process of ESRL, for every index T, agent j and
private action ai in action space Aj:

qi(T) = max→
a∈Visited with aj=ai

Qt(
→
a) where t = T ×N (2)

Proof By induction on T:

– T = 0: initially all action values are initialized to 0, as such the induction holds for
the initial values.

– T− 1 � T: Assume that the following induction hypothesis holds for index T− 1,
agent j and private action ai in action space Aj:

qi(T − 1) = max→a∈Visited with aj=ai
Qt(

→
a) where t = (T − 1)×N

The induction step which is left to prove, is that the above equation also holds for T.
Select agent j and assume that after exploration phase T, the agents converge to

joint action
→
aT = (aT

1 , . . . , aT
n ).

1. For all private actions ai in action space Aj for which ai �= aT
j the induction step

is trivially true since neither the value update scheme of Algorithm 3 nor the
Q-learning update scheme in Eq. 1 perform an update in this case.

7 As all rewards must have an equal impact on the Q-values in a single stage game, there is no need
for a discount factor γ .
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2. ai = aT
j then because of the induction hypothesis we have:

qi(T) = max{qi(T − 1), average(N)}
= max{max→a∈Visited with aj=ai

Q(T−1)N(
→
a), average(N)}

= max→
a∈Visited∪{aT } with aj=ai

QTN(
→
a)


�

Again, when N is so that QTN(
→
a) ≈ Q(

→
a), i.e., the length of an exploration phase

is long enough so that the agents can approximate the expected value of
→
a sufficiently

closely and also when M is large enough so that the set Nash of all Nash equilibria in
the game is included in Visited, i.e., Nash ⊂ Visited, then the convergence results of Q-
learning (see [23]) can be used to conclude that the agents can select a solution with an
expected reward very close to that of the Pareto Optimal Nash equilibrium. Recall that
N can be chosen by the agent itself and depends on when the agents thinks it’s action
probability vector has converged. M will depend on the learning time available to the
agents. When time is up, the agents can select the best joint action visited up-till then.

4.4 Illustrations

Figure 8 shows the working of ESRL for the diagonal game of Fig. 7. The plot only
gives information on one run of the algorithm. Agents can possibly find different Nash
equilibria during the different phases, therefore average results do not make sense
here. In the guessing game the 3 pure Nash equilibria are located on the diagonal.
These are all found during the three exploration phases of ESRL (Fig. 8). The length
of each exploration or learning phase is fixed here on 2000 time steps. From time-step
6000 on, the optimal joint Nash equilibrium is played, the agents’ private action spaces
are reduced to a singleton.

In Fig. 9 average results are given for ESRL agents with random restarts learning
in joint action spaces of different sizes. Random common interest games, for which
the expected payoffs for the different joint actions are uncorrelated random numbers
between 0 and 1 are generated. ESRL assures that an important proportion of the
Nash equilibria are visited. Almost 100% in small joint action spaces and still about
94% in the larger ones. It may seem strange that although the optimal Nash equilibria
is visited, the players sometimes do not recognize it. This is a consequence of the
fact that rewards were stochastic and when payoffs are very close to each other, the
sampling technique used here by the agents is not able to distinguish them. So actually
when convergence is not reached, agents still find extremely good solutions which are
almost as good as the optimal one. We tested this by relaxing convergence condi-
tions in the last two experiments of Fig. 9. We considered the agents to be converged
when the difference in payoff of the joint action they recognized as the best and the
true optimal one was no more than 0.0001 and 0.001, respectively. This increases the
success rate considerably as can be seen in Fig. 9.

5 ESRL in conflicting interest games

In this section, we introduce ESRL for stochastic conflicting interest games. For now,
we assume that conflicting interest means that each agent prefers another pure Nash
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Fig. 8 The reward accumulated by diagonal ESRL agents in a typical run of the guessing game,
given in Fig. 7. The step-size parameter α = 0.05, the length of the exploration phases is 2000 time
steps. Three exploration/synchronization phases took place. The agents respectively converge to Nash
equilibrium (a12, a22, a32) yielding an average payoff of 0.6, Nash equilibrium (a11, a21, a31) yielding
an average payoff of 0.9 and finally Nash equilibrium (a13, a23, a33), yielding the best average payoff
of 0.4. From time-step 6000 on, the agents play the Pareto optimal joint action

Fig. 9 Average results for common interest ESRL over 100 iterations. α = 0.005

equilibrium. As such, a single common optimal solution concept for these games does
not exist. Therefore, we propose periodical policies as optimal fair solution concepts
that the agents should learn in this type of game. In a periodical policy the agents
alternate between periods of time in which different pure Nash equilibria are played.

An example of a conflicting interest game is the Bach/Stravinsky game given earlier
in Fig. 4. The game has 2 pure Nash equilibria which reflect the conflicting interest
of the agents, and one fair mixed Nash equilibrium. The mixed Nash equilibrium is
strategy ((2/3, 1/3), (1/3, 2/3)), i.e. the first agent plays action a11 with probability 2/3
and action a12 with probability 1/3, while agent 2 plays action a21 with probability 1/3
and action a22 with probability 2/3. This mixed Nash equilibrium gives both agents an
average payoff of 2/3, which is fair but which is also less than what they would get from
either of the pure Nash equilibria. A fair periodical policy would be to play both pure
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Nash equilibria in turns, i.e. joint action (a11, a21) and (a12, a22). As a consequence,
the average payoff for both agents will be 1.5.

The main idea of exploring selfish reinforcement learning agents is that agents
exclude actions from their private action space so as to further explore a reduced joint
action space. This idea is here used to let a group of agents learn a periodical policy.
However, the agents may not have the same incentives to do this as in common inter-
est games. As a result, we have to assume that agents will behave socially. Our ideas
behind the social behavior of agents were motivated by the Homo Egualis society
from sociology [6]. In a Homo Egualis society, agents do not only care about their
own payoff, but also about how it compares to the payoff of others. A Homo Egualis
agent is displeased when it receives a lower payoff than the other group members, but
it is also willing to share some of its own payoff with the others when it is winning.
Very limited communication between the agents will be needed to implement the
Homo Egualis idea, i.e. the comparison of payoff to decide which agent is best off.
For the rest, agents remain independent.

5.1 Learning a periodical policy with ESRL

The exploration phase and synchronization phase for ESRL in conflicting interest
games is given in Algorithms 4 and 5. The exploration phase is more or less the same
than the one given in Algorithm 1. However, here we present a version with real-
valued rewards instead of binary rewards. The Q-learning update rule for stateless
environments is used to calculate the average reward of private actions. For each ac-
tion ai in agent j’s action space, a Q-value vi is associated. These values are normalized
into action probabilities pi for the action selection process. Agent j now calculates a
global average reward average for the whole learning process.

Algorithm 4 Exploration phase for ESRL agent j in conflicting interest games
Initialize
time step t⇐ 0 ,
for all actions i that are not excluded :
initialize action values vi(t) and action probabilities pi(t)
(assume l = |Aj| and k ≤ l is the number of not excluded actions)
repeat

t := t + 1
choose action ai in Aj probabilistically using p(t − 1) = (p1(t − 1), . . . , pl(t − 1))

take action ai, observe immediate reward r in [0, 1]
with a given learning rate α, update the action value as follows:

vi(t) ⇐ (1− α)vi(t − 1)+ αr

for action ai

vi′ (t) ⇐ vi′ (t − 1)− αvi′ (t − 1)

for all actions ai′ in Aj with : ai′ �= ai

normalize the action values vi(t) in probabilities pi(t)
set the global average: average⇐ t−1

t average+ r
t

until t = N

In ESRL the best performing agent gives the other agents the chance to increase
their payoff. All agents broadcast their global average average as well as the average



Auton Agent Multi-Agent Syst

payoff vi(N) that was collected for the private action ai to which the agent converged
during the previous exploration phase. The agent who experienced the highest cumu-
lative payoff and the highest average payoff during the last exploration phase, will
exclude the action it is currently playing so as to give the other agents the opportunity
to converge to a more rewarding situation. So after finding one of the Nash equilibria,
all the joint actions containing the action of the best performing agent are temporarily
removed from the joint action space. A new exploration phase is started in which the
resulting action subspace is explored. During this second exploration phase the group
will reach another Nash equilibrium and one of the other agents might have caught
up with the former best agent. At this point, communication takes place and the cur-
rently “best" agent can be identified. Note that not only the reward accumulated in
the previous exploration phase is used to select the best performing player, also the
cumulative payoff or global average is needed to see if an agent needs more time to
catch up with the others. Only the agent that is recognized as the best in the above
sense, has action(s) excluded in its private action space. If some other agent becomes
the best, the previous best agent can use its full original action space again.

In this ESRL version, the phases given by Algorithms 4 and 5 should alternate
until the end of the learning process. As a result agents play a periodical policy, they
alternate between the different Nash equilibria of the game.

Algorithm 5 Synchronization phase for ESRL agent j in conflicting interest games
T ← T + 1
get action ai in Aj for which the action probability pi((T − 1)N) ≈ 1

broadcast action value vj = vi((T − 1)N) and global averagej = average to all other agents
receive action value vb and global average averageb for all agents b
if vj > vb and averagej > averageb for all b then

temporarily exclude action ai : Aj ⇐ Aj\{ai}
else

restore the original action set: Aj ⇐ {a1, . . . , al} with l = |Aj|
end if

In Fig. 10 the evolution of the average reward received in the Bach/Stravinsky game
of Fig. 4 is plotted. When the players use the classical Q-learning algorithm [21], they
find for both games an unfair pure Nash equilibria as is shown in Fig. 10 (left). One of
the players seems to win the game, while the other one performs sub-optimally. Fig.
10 (middle) shows the payoffs of the players when both players play the mixed Nash
equilibrium strategy. Finally in Fig. 10 (right) the average payoff for the ESRL agents is
given. The periodical policy they find is an alternation of the two pure Nash equilibria
so that the agents’ payoffs are equalized. The average payoff the ESRL agents receive
is maximally fair. This is 1.5 for the standard Bach/Stravinsky game, see Fig. 10 (right).

Off course it will not always be possible to exactly equalize the payoffs of all
agents. For instance in a game where the first agent always receives a better payoff
than the second agent, playing a periodical policy will not equalize the payoffs. Even
more, in some conflicting interest games a periodical policy may be outperformed
by a Pareto optimal action which is not Nash. See for instance the game of Fig. 11.
A periodical policy would switch between the conflicting Nash equilibria (a11, a21)

and (a13, a23) yielding an average payoff of 4, while the Pareto optimal joint action
(a12, a22) yields for both agents an average payoff of 7. So the agents should try to
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Fig. 10 Learning in the Bach/Stravinsky game of Fig. 4. Left: the average payoff for 2 Q-learners
converging to one of the Nash equilibria, Middle: the average payoff for 2 agents playing the mixed
Nash equilibrium, Right: the average payoff for 2 Homo Egualis ESRL agents playing a periodical
policy

a21 a22 a23

a11 (7,1) (0, 0) (0, 0)
a12 (0,0) (7, 7) (0,10)
a13 (0,0) (10,0) (1, 7)

Fig. 11 A 2 player with 2 conflicting Nash equilibria, (a11, a21) and (a13, a23) and a Pareto optimal
joint action (a12, a22), which is not Nash

learn, when periodical policies are interesting, i.e. optimal and fair. In the next section
ESRL agents are faced with games of which they do not know the type in advance. The
goal of learning is to find an optimal fair solution, which may or may not be periodical.

6 Learning in non-zero sum games

In this section we generalize ESRL to general non-zero sum games, of which the agents
do not know the type in advance, i.e. pure common interest or conflicting interest. In
this case, the objective of the ESRL agents is to learn a good fair solution, which can
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be a periodical policy when conflicting interests are present and which should be the
Pareto Optimal solution when the agents’ interests coincide.

6.1 The general synchronization phase

When the agents use the ESRL algorithm for learning in common-interest games, i.e.
Algorithm 1 combined with Algorithm 3 they will know at the end of exploration
whether the game they are playing is pure common interest or not. Indeed, when
exploitation begins the agent will notice after a while if its performance achieves the
same level that was reached during learning. If it does, the game must be common
interest and the agents coordinate on the same joint action that the agents recognized
as the best during learning. If not, clearly the agents did not coordinate on the same
solution and thus either conflicting interests exists or the Pareto optimal solution is
not found yet. Anyhow, in the latter situation exploration should start over again,
because for now the agents only have individual information on the joint actions they
visited, which is not enough to find an optimal fair (periodical) policy for all agents.
So, preferably after every exploration phase the agents should broadcast their per-
formance as in the synchronization phase of Algorithm 5, so that at the end of all
exploration/synchronization phases, a fair possible (periodical) policy can be formed.
The idea is to combine both previous versions of the synchronization phase. Then we
can use random restarts to move more quickly through the joint action space, together
with broadcasts to share the preference the agents have on the joint actions converged
to. The generalized synchronization phase is given in Algorithm 6.

Each agent keeps the payoff information from the previous exploration phase in a
history list, called hist. An element of hist consists of the private action the agent con-
verged to and a payoff vector, containing the payoff received by all the agents during
the previous phase. So, each agent stores its own private action combined with a payoff
vector

→
v . This vector is the same for all agents. Important is that the list hist keeps the

original order of its elements. At the end of all phases, the Pareto optimal elements
of list hist are filtered. Since this operation only depends on the payoff vectors, each
agent filters the same elements from its list hist. With these remaining elements the
agent can now build a policy. Beforehand, the system designer can specify what this
policy should look like. He can set the policy of each agent to action amin, for which the
associated payoff vector

→
v is most fair in the sense that the variation in payoff between

the players, denoted by s is minimal for
→
v . Since the agents have the same payoff vec-

tors in the same order in their list, they can independently set this policy that allows
them to select the best, fair joint action they encountered together during learning.
A periodical policy can also be built; for instance include in each agent’s policy those
actions, whose associated payoff vectors have a deviation which is close to the devi-
ation of the most fair payoff vector in the history list. This closeness can be set using
parameter δ. Other policies with all elements of the history list can also be defined.
As such, different agents’ objectives can be specified at the beginning of learning.

A practical improvement that was added, is that the length of the exploration
phase is no longer preset. Instead, the agents decide for themselves when their action
probabilities have converged sufficiently and when this is the case, they broadcast
their payoff. In practice this happens when an action exists, for which the probability
of being selected is more than a predefined number 0 � ζ < 1. The synchroniza-
tion phase starts when the agent received the broadcast information from all other
agents. However, not implemented here, statistical tests could be added to help the
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Algorithm 6 Synchronization phase for ESRL agent j in non-zero sum games. The
agents’ objective is to find the optimal fair solution

if T ≤M (M = total number of exploration phases to be played) then
T ⇐ T + 1
get action ai in Aj for which pi((T − 1)N) ≈ 1

broadcast action value vj = vi((T − 1)N) to all other agents
receive action value vb of all agents b
update history hist with action (ai) and payoff vector

→
v = (v1, . . . , vn), i.e.:

hist(T)⇐ hist(T − 1) ∪ (ai,
→
v )

if |Aj| > 1 then
temporarily exclude action ai : Aj ⇐ Aj\{ai}

else
restore the original action set: Aj ⇐ {a1, . . . , al} with l = |Aj|

end if
else if T =M then

collect Pareto optimal actions from history: PO(hist)
compute for every

→
v ∈ PO(hist), deviation s i.e.

s(
→
v ) =

∑n
j (vj −

∑n
j vj

n )2

n− 1

set policy : take δ ≥ 0 , set amin :

amin ⇐ {ai|(ai,
→
v ) ∈ PO(hist) and s(

→
v ) is minimal}

if δ = 0 then

policy⇐ amin

else
make policy periodical:

policy⇐ {ai|(ai,
→
v ) ∈ PO(hist) and s(

→
v ) ≤ s(

→
v min)+ δ}

end if
end if

agents to decide when convergence has happened and when the average reward is
approximated accurately. An example test is given in [3].

The general ESRL algorithm is demonstrated on the testbed games of Fig. 12.
Important to notice is that the agents do not know the type of game beforehand. The
results for a typical run of the games can be found in Fig. 13 (left) and (right), respec-
tively. For both games the Pareto optimal equilibrium is found. The agents find all
equilibria and at the end the set of Pareto optimal solutions drawn from their history is
a singleton. The time steps needed before the optimum is reached, is comparable with
the earlier versions of ESRL. Off course, just as before, when different equilibria exist
with payoffs very close to each other, it can be difficult for the agents to recognize the
genuine best one. In this case the agents may form a periodical policy or identify the
other joint action as the best. However when this happens, all agents will decide to do
so and the overall payoff information gathered will still be very close to the optimal.
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Fig. 12 Stochastic versions of the climbing game and penalty game (k = −50). With each joint action
an expected reward is associated that represents the probability of success for that action
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Fig. 13 Generalized ESRL learning in common interest games. Left: Average payoff in the climbing
game of Fig. 12. Right: Average payoff in the penalty game of Fig. 12. Step size parameter α = 0.05,
while δ = 0. The agents decide for themselves when an exploration phase can be ended

The behavior of generalized ESRL in conflicting interest games is illustrated by
the results of Fig. 14. On the left side the average payoff for a typical run of the sto-
chastic variant of the Bach/Stravinsky game is given, the right side gives the average
payoff for a typical run of the stochastic version of the Prisoner’s dilemma game. The
stochastic version of both games we used, is given in Fig. 15. Again, the generalized
ESRL behaves optimally. In the first game, a periodical policy consisting of the two
pure Nash equilibria is found. In the second game, the best Pareto optimal Nash
equilibrium is found.

How well the agents approximate the expected rewards of the joint actions influ-
ences the behavior of the algorithm. For instance, in the Bach/Stravinsky game, the
deviation s of the 2 pure Nash equilibria could be seen as being different by the agents
because of the stochasticity. As such the agents may decide to choose one of them
instead of agreeing on a periodical policy. In this case it is a good idea to relax the
assumption that only the action with the minimal deviation in the players’ payoff is
chosen. Instead all the actions for which the deviation of the associated payoff vector
is close to minimal could be added to the policy.

Figure 16 gives results for randomly generated non-zero sum games with a vary-
ing number of agents n and actions l. The expected payoffs for the different joint
actions are uncorrelated random numbers between 0 and 1. Results are averaged
over 50 different games, each run 10 times. For these randomly generated games,
as can be seen from Column 2 and 3 the number of Nash equilibria only slightly
increases with enlarging joint action space, while the number of Pareto optimal joint
actions increases rapidly. Columns 6 and 8 give average information on the optimal
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Fig. 14 Generalized ESRL learning in conflicting interest games. Left: Average payoff in a stochastic
version of the Bach/Stravinsky game. Right: Average payoff in a stochastic version of the prisoner’s
dilemma. Step size parameter α = 0.05 and δ = 0. The agents end the exploration phase when their
action probabilities have converged

Fig. 15 Stochastic versions of the Prisoner’s Dilemma Game (left) and the Bach/Stravinsky game
(right). With each joint action an expected reward is associated, which represents the probability of
success (reward 1) for that action

solution, i.e., the Pareto Optimal solution present in the game, with minimal deviation
s between the agents’ payoff. How well the agents play the game can be found in
Column 7 and 9. In all cases, the average best payoff found after learning (Column
7) and the corresponding deviation between the agents for this solution (Column 9)
is very close to the optimal results given in Columns 6 and 8, respectively. So, even
for large joint action spaces, the agents are able to find interesting Pareto optimal
solutions, for which the payoff is fairly distributed between the agents in a mod-
erate number of exploration/synchronization phases. For instance in the 5-player,
5-actions games on average only 124.88 phases were played, while in the 7-player, 3-
actions games only 175.9 phases were played on average. A typical run for a randomly
generated 5-agent game, with each agents having 5 actions (and thus a joint actions
space of 3125 joint actions) is given in Fig. 17. In the left experiment of Fig. 17, total
learning time, i.e. the time the agents use for playing exploration/synchronization is
set to 80, 000 time steps, whereas for the experiment on the right of Fig. 17, learning
time is set to 200, 000 time steps. In the first experiment with limited exploration time,
a reasonable fair solution was found. By letting the agents play more exploration/syn-
chronization pairs, the average performance of all the agents increases. In fact in the
experiment on the right the agents play the optimal solution, as defined by the given
objective.
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Fig. 16 General ESRL agents in random generated non-zero sum games. αreward = 0.005, total
learning time is maximal = 400.000 time steps for the large joint action spaces, δ = 0 and the agents
decide for themselves when their action probabilities have converged and thus when their exploration
phase can be ended. The percentage of convergence to the optimal solution is 35% for the 5-player,
5-action experiment and 50% for the 7-player, 3-action experiment
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Fig. 17 Average payoff for generalized ESRL agents in a randomly generated game with 5 agents,
each having 5 actions. Left: exploitation begins after 80,000 time steps. Right: exploitation begins after
200,000 time steps. Step size parameter α = 0.05 and δ = 0. The agents decide for themselves when
an exploration phase can be ended

7 Adaptive load-balancing of parallel applications

In this section, the robustness of ESRL to delayed rewards and asynchronous
action selection is illustrated with the problem of adaptive load-balancing parallel
applications.

Load balancing is crucial for parallel applications since it ensures a good use of the
capacity of the parallel processing units. Here we look at applications that put high
demands on the parallel interconnect between nodes in terms of throughput. Exam-
ples of such applications are compression applications which both process important
amounts of data and require a lot of computations. Data intensive applications usu-
ally require a lot of communication and are therefore dreaded for most parallel
architectures. The problem is exacerbated when working with heterogeneous parallel
hardware.

A traditional architecture to use, is the master–slave software architecture, illus-
trated in Fig. 18. In this architecture the slaves (one per processing unit) repeatedly re-
quest a chunk of a certain size from the master. As soon as the data has been processed
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Fig. 18 Master/Slave computation model

the result is transferred to the master and the slave sends a new request. This classical
approach is called job farming. This scheme has the advantage of being both simple and
efficient. Indeed, in the case of heterogeneous hardware the load (amount of processed
data) will depend on the processing speed of the different processing units. Faster pro-
cessing units will more frequently request data and thus be able to process more data.

The bottleneck of data intensive applications with a master–slave architecture is the
link connecting the slaves to the master. In the presented experiments all the slaves
share a single link to their master. In an optimal load balancing setting, master and
slave processors never become idle. This means that the processors are either commu-
nicating or computing. The master is able to serve the slaves constantly and all pro-
cessors work at 100% efficiency. One can say that in this situation, the communication
bandwidth of the master equals the computation power of the slaves. In all other cases,
there will be either a clear communication or a computation bottleneck, what makes
adaptive load balancing unnecessary. For instance, when the total computation power
of the slaves is lower than the master’s communication bandwidth, the master will be
able to serve the slaves constantly and the slaves will work at full efficiency. However,
the master has non-zero idle time and as such more slaves could be added to increase
the speedup. This situation is depicted in Fig. 19. When the total computation power of
the slaves increases, the master will get request at a high rate and the communication
becomes the bottleneck. The slaves will block each other because they are waiting to be
served and the total efficiency of the system drops. Figure 20 shows this latter situation.

In the following experiments we will only consider the settings in which computa-
tional power and communication matches. We will assume that the slave processors
are heterogeneous and as such workload assignment and synchronization becomes
necessary. The equilibrium point represents an ideal load distribution, meaning that
the master can serve the slaves constantly and keep them fully busy.

7.1 Learning to request data using ESRL

The problem defined above can be viewed as a single stage common interest coordi-
nation problem. The actions of the agents consists of different chunk sizes the slave
can request from the master. A joint action of this game is therefore a combination
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Fig. 19 Load Balancing with a clear computation bottleneck. Execution profile and overhead
distribution

Fig. 20 Load Balancing with a clear communication bottleneck. Execution profile and overhead
distribution

of chunk sizes. So instead of having all slaves asking the same chunk size of data to
the master as in the job farming scheme, in our experiment ESRL slaves will learn
to request a suitable chunk size, so as to minimize the total idle time of the master
and the blocking times for the slaves. This in turn ensures a reduced total computa-
tion time of the parallel application. Because the actions of the agents are discretized
(only a finite number of chunk sizes is allowed, because ESRL is based on finite action
learning automata), it is possible that the load balancing equilibrium, i.e. the optimal
load distribution that gives zero idle time for the master and the slaves is not a joint
action of the game. However, with a given discretization the ESRL agents are able to
find the best combination that is present in the game.

During one exploration phase, each slave converges to a particular chunk size. The
immediate feedback r provided to the slaves while learning is the inverse blocking
time, which is the time a slave has to wait before the master acknowledges its request
for data. The expected reward sent back by the master to all ESRL slaves at the end
of the exploration phase is the total computation time needed for the data that was
processed in parallel during this phase. This reward coincides with the value of average
used in Algorithm 1 and is the same for all slaves.

During the synchronization phase, average is used to optimistically update the ac-
tion value of the action converged to. All agents then exclude this action from their
private action space and a new exploration phase can be played in a reduced joint



Auton Agent Multi-Agent Syst

action space. At the end of all exploration/synchronization phases, the best
combination found is exploited.

Note that the slaves use a real-numbered reward version of ESRL Algorithms 1
and 3. Note also that since their is already communication between the master and the
slaves, no extra communication overhead is created when the average reward is send
back at the end of each exploration phase. There is also no communication necessary
between the slaves. As such ESRL can easily be implemented without introducing
new overheads in the parallel system.

This model has been simulated using the PVM [5] message-passing library to
experiment with the different dimensions of the problem. The application has been
designed not to perform any real computation, but instead it replaces the computa-
tion and communication phases by delays with equivalent duration. The global goal is
minimizing the total computation time. A typical experiment consists of computation,
communication and blocking phases. The data size to be processed is set to 10 GB, the
communication speed is 10 MB/s and the possible chunk sizes (the agents’ actions)
that can be requested by the slaves are 1, 2 or 3 MB. For the ESRL algorithm, the
number of time steps during one exploration phase is set to 100 s, in total 10 explo-
ration/synchronization phases are used. The hardware heterogeneity of the setup is
simulated so that there is a match between the system’s communication bandwidth
and total processing power. Figure 21 shows the time course of 3 ESRL slaves af-
ter learning. One can observe that the slaves have learned to distribute the requests
nicely and hence use the link with the master efficiently. Slave 3 which is the fastest
processor, with lowest granularity, is served constantly and has no idle time. Slave 2
has some idle time, however it is the slowest processor.

As shown in Fig. 22 we have run several experiments in different sized joint ac-
tion spaces. The 4th column gives the absolute gain in total computation time for the
ESRL agents/slaves compared to the total computation time for the classical farming
approach. The 5th column gives the gain in total computation time, which is maximal
possible for the given setting. The total computation time can only decrease when the
idle time of the master is decreased. No gain is possible on the total communication
time of the data. The last column gives the absolute gain compared to the gain that
was maximally possible. In all experiments, considerable improvements were made.
The ESRL agents are able to find settings in which the faster slave is blocked less
frequently than the others.

Fig. 21 Execution profile of the exploitation phase of a typical experiment with 3 slaves
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Fig. 22 Average gain in total computation time for ESRL agents compared to static load balancing
(farming). The data size to be processed is set to 10 GB, the communication speed is 10 MB/s and the
possible chunk sizes (the agents’ actions) that can be requested by the slaves are 1, 2 or 3 MB. The
number of time steps (in seconds) during one exploration phase is set to 100 s, in total 10 explora-
tion/synchronization phases are used. For the last three experiments the data size was changed from
10 to 30 GB, the number of time steps N was increased from 100 to 200 time steps and the number M
of exploration phases played was set to 20

Fig. 23 Average gain in
master idle time and total
blocking time of the slaves for
ESRL agents compared to
static load balancing (farming).
The same parameter settings
are used as in Fig. 22

However, Fig. 22 shows that in the larger joint action spaces the performance gain
drops. By adjusting the parameters of the ESRL algorithm in the last three exper-
iments the gain in performance is again larger. The data size was changed from 10
to 30 GB, the number of time steps N used for the exploration phase was increased
from 100 to 200 time steps (in seconds here) and the number M of exploration phases
played, was set to 20.

The reduced computing time can be explained by a reduction of the idle time of
both the master and the slave processors. Figure 23 gives an overview of the gain in
blocking overhead for the same experiments as above. The idle time given, concerns
the idle time of the master, the blocking time represents the cumulated blocking time
of all the slaves.

These results prove that ESRL is robust enough to be used in asynchronous real-life
experiments.

8 Discussion

The ESRL algorithm uses coordinated exploration to reach optimal solutions in re-
peated stochastic non-zero-sum games. As optimal solutions are not always described
by a single solution concept such as a Nash equilibrium or a Pareto optimal joint
action, ESRL learning leaves room for imposing different objectives on the agents.
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Different interesting efforts to augment standard RL techniques to the multi-agent
case can be found in MARL literature. They can be classified according to the type
of games they solve and the type of agents they use.

8.1 Related work

One of the first theoretical results of reinforcement learning in games, was achieved by
Littman [12] . A Q-learning algorithm, called minimax-Q was developed for learning
in zero-sum two-player games. The minimax of the Q-values were used in the update
of the value function. Afterward, convergence results were attained for minimax-Q
in [14].

For common interest games, and in particular identical payoff games different ap-
proaches exist. In [11] a convergence proof for independent optimistic Q-learners
in coordination games is given, however the algorithm is not suited for games with
stochastic rewards. In [4] joint action learners are introduced. Joint action learners
explicitly take the other agents into account, by keeping beliefs on their action selec-
tion, based on procedures known as fictitious play in game theory. Assumed is that
the actions of the others can be observed, though this is not sufficient to guarantee
convergence to optimal equilibria.

In [3] simple joint action learning algorithms are proposed as baselines for any
future research on joint-action learning of coordination in cooperative MAS. The
algorithms studied in [3] use fairly simple action selection strategies that are still guar-
anteed to convergence to the optimal action choice. As the general ESRL algorithm
of this paper also uses communication one could wonder why not use simple joint
action learners instead. The advantage of ESRL is that communication is only nec-
essary when attractor points are reached at the end of an exploration phase. As such
communication only occurs for the interesting joint actions and not for all joint actions
taken, as is the case for joint action learners. This will make ESRL much more suitable
to implement in a distributed setting. Moreover, the amount of communication will
grow exponentially with the number of agents and actions for joint action learners.

Several optimistic heuristic methods are proposed to guide action selection to opti-
mal equilibria. In [9] the Q-value of an action in the Boltzmann exploration strategy, is
changed by an heuristic value, taking into account how frequently an action produces
its maximum corresponding reward. This heuristic, which is called FMQ is suited for
pure independent agents. It performs well in games with deterministic rewards. How-
ever, in games with stochastic rewards the heuristic may perform poorly. Therefore
the authors propose the use of commitment sequences in [10] to allow for stochastic
rewards. In a way these commitment sequences are very similar to the exploration
phases of ESRL learning, however the former approach strongly depends on synchro-
nous action-selection, whereas ESRL is suited for asynchronous real-life applications
as shown in Sect. 7.

In [2] model-based algorithms are proposed for coordination in stochastic com-
mon-interest games under imperfect monitoring. The learning algorithm is proved
to have a polynomial-time convergence to a near-optimal value of the game. The
main difference with ESRL is that the games considered in [2] have determinis-
tic rewards taken from the interval of real numbers [0, Rmax]. The transition func-
tion between the stage games is stochastic, whereas in the work presented here, the
reward function itself is stochastic, which makes ESRL robust to use in real-life exper-
iments. The underlying idea of [2] is for the agents to find a common order over joint
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actions, so that these can all be jointly executed. Since payoffs are identical for all
agents, all agents build the same model and in fact what happens is a distributed coordi-
nated execution of a single-agent reinforcement learning algorithm, which is R-MAX
in the case of [2]. In contrast, the agents applying the ESRL algorithm do not have to
execute all joint actions together, they only need to find the interesting attractor points
of the game, to which they will be driven by the learning automata. This makes ESRL
more scalable. Besides this, ESRL is also applicable for conflicting interest games.

As opposed to learning in non-zero sum games and common interest games, the
problem of learning in general-sum games is not well understood. Several algorithms
are proposed, however as most work focuses on learning Nash equilibria as a central
solution concept, a general treatment does not exists. Hu and Welmann [8], extended
minimax-Q to general sum games. Their algorithm called Nash-Q developed for
joint action learners, uses a Nash equilibrium computation rule in the update of the
Q-values. However, only a limited type of games satisfy the assumptions necessary
for convergence to be guaranteed. The Friend-or-Foe Q-learning algorithm (FFQ)
of [13] solves the same classes of games, however it doesn’t require Q-functions for
opposing players to be optimized. Instead FFQ agents require to be told whether
an opposing agent is a friend or a foe. In the first case, FFQ results in the agents
maximizing their own payoff and in the latter case the agents update their Q-values as
in minimax-Q. Only when a coordination equilibrium or an adversarial equilibrium8

exist, convergence to a Nash equilibrium is guaranteed.
We propose the use of periodical policies as optimal fair solutions in games of

conflicting interest like the Bach/Stravinsky game of Fig. 4. In [7], Correlated Q-
learning (CE-Q) is proposed. Correlated Q-learning generalizes Nash-Q and FFQ
and is empirically demonstrated to converge to correlated equilibria. A correlated
equilibrium, a concept introduced by Aumann [1] is a generalization of a Nash equi-
librium where each player may receive a private recommendation signal before the
games is played. These signals do not affect the payoff, but the players may base their
choices on the signals received. A correlated equilibrium results if each player realizes
that the best he can do is to follow the recommendation, provided that all other play-
ers will do this too. In the same way as a periodical policy, a correlated equilibrium can
achieve higher rewards than a mixed Nash equilibrium by avoiding undesirable joint
actions such as (Bach, Stravinsky) or (Stravinsky, Bach) in the Bach/Stravinsky game
of Fig. 4. However, to learn a correlated equilibrium in [7] Q-tables should be shared
among the agents and thus all agents’ actions and rewards must be fully observable.
In contrast, a periodical policy can be learned decentralized using ESRL which only
relies on a simple synchronization mechanism, whereas for correlated equilibria a
central planner is necessary.

8.2 Concluding remarks

Compared to the techniques reported in literature, ESRL agents are unique on differ-
ent levels. For a start, ESRL is a technique for independent agents learning in a non-
zero sum game with stochastic rewards. No beliefs are maintained about the actions
of others, which makes the algorithm simple and easy to use also in more than 2 player
games. Moreover no assumptions are made on the observability of the other agents’
payoff or actions, which makes it possible to use ESRL in distributed systems with

8 An adversarial equilibrium is a Nash equilibrium with the extra property that no agent is hurt by
any change in strategy by the other agents.



Auton Agent Multi-Agent Syst

limited communication resources, an example is given in Sect. 7. Finally, most existing
learning techniques assume the type of the game is known in advance. Assumed is that
optimal equilibria do exist and that the goal of learning is to reach one of those equilib-
ria. ESRL on the other hand approaches the set of Nash equilibria and Pareto optimal
joint actions, so that different objectives of learning can be specified in advance.

We assumed that all agents have the same number of actions in their private action
space. If this would not be the case, ESRL can still be applied. However, to make sure
that eventually the agents search their original joint action space again, the agent with
the smallest number of actions should send a broadcast message to the others when
he has no more actions left. One important future direction for ESRL is the extension
from repeated games to Markov or stochastic games.

In summary, ESRL overcomes the assumptions most other approaches in multi-
agent reinforcement learning make on the structure of the game, on the knowledge
of the agents and also on the solution concepts to be learned. Our periodical policies
form promising compromises for agents in games where one can not pursue pure
coordination nor pure competition.
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