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Due: Thursday 2/20/2003, in the beginning of class. You may useary sources
thatyou want, but you mustcite the sourceghat you use. Teamwork is not allowed.
If you took the class last year you must choose your own topic to work on for this
initial part of the course.* Pleasevork hardon makingthe proofsclear conciseand
easyto read.

1. Consideraproblemin whichthe outcomespace© C R, andeachagenti, with
type ;, hassingle-peakd preferencesy; (o, ;) over outcomes.In particular
eachagent,i, with type 6;, hasa peak p;(6;) € O, suchthatp(8;) > d >
d ord > d > p(6;) imply thatu;(d,0;) > wu;(d',0;) (p.10-11,M.Jackson
“MechanismTheory” handout).

(a) (10 pts) Shav thatthe “median selection”"mechanismin which eachagent
declaredts peakandthe mechanisnselectgshe median(with atie breakin the
caseof an even numberof agents)is strategyproof, andimplementsa Pareto
Optimaloutcome.

(b) (5 pts) Let N denotethe numberof agents. Supposejn addition, that the
mechanisntanpositionits own N — 1 “phantompeaks” beforethe peaksfrom
the agentsarereceved. Showv thatthe medianselectionmechanismappliedto
thecombined2N — 1, peaksremainsstratgyproof.

(c) (5 pts) In combinationwith the phantompeaks the medianselectionmech-
anismcanimplementarich variety of outcomesDescribea methodto position
the peaksto implementthe kth orderstatisticof the peaksannouncedy agents
for somel < k < N. (i.e. implementthe outcomeat the kth largestpeak)

2. Considerageneralizednulti-castroutingproblem,with anetwork G = (N, E)
(thatmay or may not have a treestructure).The sener is locatedat nodeas €
N, andcoste, > 0 is incurredfor sendingdataalongedgee € E. Users,Z,

1This caninvolve choosingandansweringguestionsrom a GT text, or writing a review paperof some
areaof GT/MD aboutwhich youwould like to learnmore.Cometalk to me!



eachwith valuewv; > 0, arelocatedat nodesa; € N. Definethereceiverset

R C T, asthe setof usersthatwill receve service. The efficientoutcome,R*,
solves:

whereC'(R) > 0 is thecostof theminimal-costtreeconnectinghe senernode,
ag, toall recevernodesfa; : i € R}.

(a) (15 pts) Considerthatthe usersand the network are self-interestedi.e. ra-
tional) agents.Definethe VCG mechanisnfor the problem.[Hint: the choice
rule mustdefineboth the receiver setand the multi-casttree, the transferrule
mustdefineboth the paymentby eachuserandthe paymentto the network. It
is not necessaryalthoughit would be nice) to provide a formal mathematical
definition of the minimal costtreeto sener usersin setR. If you prefer, you can
simply introducenotationto denotethe solutionto this problem.]

(b) (5 pts) We know that Groves mechanismsre stratgyproof and efficient.
Prove thatthe VCG mechanismis ex postindividual-rationalfor boththe users
andthe network. Assumethatneithertheusersnorthenetwork have arny outside
options.

(c) (10 pts) Either prove that the VCG mechanismis ex post weak budget-
balancedpr constructa simplecounterexamplefor this multi-castproblem.

Considera modified mechanismthe maminal cost mechanism. The mecha-
nismis unchangedrom the VCG, exceptthatthe paymento thenetwork by the
mechanismis simply equalto its reportedcost,C'(R*), for providing serviceto

receversetR*.

(d) (5 pts) Assumefor the momentthatthetrue costsof the network arealready
known to the mechanism(or equivalently, thatthe network is cooperatie). Ei-

ther prove that this marginal costmechanisiis ex postweak BB, or provide a
simplecountergample.

(e) (5 pts) Is the maminal costmechanisnstratgyproof for the network itself?
Eitherprove, or provide a simplecountergample.

. Considerthe designof a mechanisnfor a simplebilateraltrading problem,in
which thereis a single seller (agent1), with a singleitem, and a single buyer
(agent2). The outcomeof themechanisndefinesanallocation, (z1, z2), where
z; € {0,1} andz; = 1if agenti recevestheitemin theallocation,anddefines
paymentsp:, p2) by the agentsto the mechanism.Let v; denotethe value of
agent; for theitem, andsupposejuasilineapreferencessuchthatu; (z;, p;) =
x;v; — p; 1S theutility of agenti for outcome(z1, 22, p1, p2).

(a) (10 pts) Specifythe Vickrey-Clarke-Grovesmechanisnfor the problem;i.e.
definethe strateyy spacethe rule to selectthe allocationbasedon agentstrate-
gies,andtherule to selectthe paymentdasecbn agentstratgies.

(b) (5 pts) Provide a simpleexampleto show thatthe VCG mechanisnfor the
exchanges not (ex pos) weakbudget-balanced.



(c) (5 pts)Isit possibleto build anexchangemechanisnthatleadsto anefficient
allocationin a dominantstrategy equilibrium, andis alsoex postweakbudget-
balancedand interim individual-rational? What aboutin Bayes-Naslequilib-
rium? [Hint: Eitherreferto the appropriatdmpossibility theorem,or describe
in brief termsthe appropriatanechanism.]

. (10 pts) Shaw thatif f : © — O is truthfully implementablen dominant
stratgieswhenthe setof possibletypesis ©; fori = 1,..., N [i.e. thedirect
revelationmechanismM = (0, f), is stratgyproof], thenwheneachagenti’s
setof possibletypesis 0; C ©; (for¢ = 1,..., N) the socialchoicefunction
f : 6 = O satistyingf () = f(8) for all § € @ is truthfully implementablén
dominantstrateies.

. (10pts)Considera problemin whichthemechanisnmustmake a choicek € K,
andagentshave all possiblepreferenceorderingsacrossoutcomes.leta >=; b,
for a,b € K denotea preferenceype in which agenti prefersa to b. There
are at leastthree agents. Explain, without making referenceto the Gibbard-
Satterthvaite impossibility theorem,why the following social-choicefunction
cannotbe implementedn a dominant-stratgy equilibriumby any mechanism:

£(0) = a if foralliwehavea >=; bforallb#a
~ 1 a* ,otherwise.

wheref denoteghepreferencesf agentsanda* is anarbitrarymemberof K.



