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1 Intr oduction

Electronicmarketsfacilitatenew methodsfor procurementthroughexpressivebid-
ding andautomatedwinner-determination.Electronicmarketshave beenusedto
sell wirelessspectrum[6], to procureschoolmealsby the Chileangovernment
[8], for course-registrationat ChicagoGSB [13], and for the procurementof lo-
gisticsservices[22]. Both economicandcomputationalconsiderationsarecentral
to the designof useful electronicmarkets.Economicdesideratafor marketscan
includeallocative-ef�ciency andrevenue-optimality[19]. Computationaldesider-
ata for marketscan includetractablebidding strategies [26], minimal preference
elicitation[27], andtractablewinnerdetermination[29].

Supportingsimpletruth-revealingbidding strategiesin a dominant-strategy equi-
librium hasreceivedattentionin theliterature[33,26].Thispropertyis calledstrat-
egyproofness. A strategyproof auctionis usefulbecauseit simpli�es the bidding
problem:the optimal bidding strategy is known to biddersand doesnot require
thata biddermodelsthepreferencesor strategiesof otherparticipants.Whatoften
emergesis aninterestingtradeoff betweenproviding tractablewinner-determination
algorithmsandsupportingstrategyproofness.Well known economicmechanisms
thatprovidestrategyproofnesscanrequirethatthemarke-tmakersolvesintractable
winner-determinationproblems,andtruth-revelationcanquickly unravel whenap-
proximationsareintroduced[25]. Ourresultsarepositive:wepresentauctionmod-
elsthataretractableandfor which truthful biddingis almostthedominantstrategy
for abidder.

We considera multi-unit allocationproblem,that modelsboth the problemof a
sellerwith multiple identicalunitsof a goodandtheproblemof abuyerthatseeks
to procuremultiple identicalunitsof a good.Theproblemis motivatedby recent
trendsin electroniccommerce;for instance,corporationsare increasinglyusing
auctionsfor their strategic sourcingof commoditygoods[15]. We provide a com-
pactandexpressive bidding languagethat allows marginal-decreasingpiecewise
constantprice-schedulestogetherwith quantity-basedsideconstraints.Our main
contribution is to presenta fully polynomial-timeapproximationscheme,that is
bothapproximatelyef�cient andapproximatelystrategyproof.

In the procurementsettingwe considera buyer with value ( )+* for , units
of a good, and - supplierseachwith a marginal-decreasingpiecewise-constant
cost function. The bidding languagealsoallows eachsupplierto expressan up-
per bound(or capacityconstraint)on the numberof units shecan supply. This
allows a supplierto expressan in�nite askprice for supplyinglarge numbersof
units that arebeyond her capacityand is an importantconsiderationin practical
settings.As a concreteexample,theprocurementauctionmodelstheprocurement
of circuit boardsin �e xible sizedlots from multiple supplierseachof which can
stateacapacityconstraint.
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In the forward auctionsettingwe considera sellerwith , units of a good,and
- buyerseachwith a marginal-decreasingpiecewise-constantvaluationfunction.
Here, the languagealso allows a buyer to expressa lower bound(or minimum
lot size)on the numberof units that shewill buy. This allows a buyer to submit
a bid price of zerofor initial units,andis an importantconsiderationin practical
settings.As a concreteexample,our forward auctionmodelsa settingin which a
PCmanufacturerwould like to sell excessinventoryin �e xible-sizelots andeach
buyerhasaminimalnumberof unitsthatshemustprocure.

We considerthe computationalcomplexity of implementingthe Vickrey-Clarke-
Groves (VCG) [32,5,14] mechanismfor this multi-unit allocationproblem.The
VCG mechanismis strategyproof for suppliersin the procurementauctionand
strategyproof for buyersin the forwardauction,andsupportsallocative-ef�ciency
suchthatpurchasing(selling)decisionsaremadeto maximizethe total economic
surplusin theeconomy. Thereis anasymmetrybetweentheprocurementandthe
forwardauctiondirectionsbecausewe modelthebuyer in theprocurementsetting
with a �nite valuefor thegoods,while thesellerin theforwardauctionis assumed
to have no intrinsic valuefor thegoodson sale.This asymmetrylimits theappli-
cationof our procurementauctionto thosein which the total paymentscollected
by suppliersarelessthanthebuyer's value.No suchrestrictionis requiredin the
forwardauctiondirection.

Thewinner-determinationproblemin themultiunit allocationproblemis (weakly)
intractable,andhastheclassic0/1knapsackproblemasaspecialcase.Thequantity-
basedsideconstraintsprecludetheadoptionof asimplegreedyallocationscheme.
Thewinner-determinationproblemis a novel andinterestinggeneralizationof the
classicknapsackproblem.Weprovideafully polynomial-timeapproximationscheme,
computinga .0/214365 -approximationin worst-casetime 798;:<.=-

�6>@?

5 , whereeach
bid hasa �x ednumberof piecewiseconstantpieces.

We demonstratethat the approximateVCG mechanism,in which this .0/A1B365 -
schemeisusedfor winner-determinationandtocomputepaymentsis .DC

&FE

C

5 -strategyproof.
This meansthata biddercangainat most .

C

&FE

C

5G( from a non-truthfulbid, where
( is the total surplusfrom theef�cient allocation.As such,this is anexampleof
a computationally-tractable? -dominanceresult.� In practice,we canhave good
con�dencethat bidderswithout goodinformationaboutthe bidding strategiesof
otherparticipantswill have little to gainfrom attemptsat manipulation.Formally,
wecanjustify truthful biddingin equilibriumby modelingbiddersasindifferentto
paymentsthatarewithin .HC

&FE

C

5
( of eachother.

� However, this maynot beanexampleof whatFeigenbaum& Shenker [10] referto asa
tolerably-manipulablemechanismbecausewe have not tried to boundtheeffect of sucha
manipulationon the ef�ciency of theoutcome.VCG mechanismdo have a natural“self-
correcting”property, though,becauseausefulmanipulationto anagentis a reportedvalue
that improvesthetotal valueof theallocationbasedon thereportsof otheragentsandthe
agent's own value.
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The main innovation in this paperis to provide a fastmethodto integratetheap-
proximationalgorithmfor winner-determinationinto thecalculationof VCG pay-
ments.A straightforwardschemewouldrequireanasymptotictime :I.=-J7K5 to com-
pute paymentsto all - bidders.Our schemedeterminesapproximateVCG pay-
mentsin worst-casetime :I.=LM7HN�O$PQ.FL -

>@?

5G5 , where L is a constantthatquanti�es
a reasonable“no-monopoly”assumption.Speci�cally, in thereverseauction,sup-
posethat R<.�ST5 is theminimal costfor procuring , unitswith all suppliersS , and

R<.�SVUXWY5 is theminimal costwithout supplier W . Then,theconstantL is de�ned as
anupperboundfor theratio R<.�SZU[WY5

>

R<.�ST5 , overall suppliersW . Thisupper-bound
tendsto 1 asthenumberof suppliersincreases.

Section2 formally de�nes theforwardandreverseauctions,andde�nes theVCG
mechanisms.We alsoprove our claimsabout ? -strategyproofness.Section3 pro-
videsthegeneralizedknapsackformulationfor themulti-unit allocationproblems
andintroducesthefully polynomialtimeapproximationscheme.Section4 de�nes
the approximationschemefor the paymentsin the VCG mechanism.Section5
concludes.

1.1 RelatedWork

Therehasbeenconsiderableinterestin recentyearsin characterizingpolynomial-
time or approximablespecialcasesof the generalcombinatorialallocationprob-
lem,in whichtherearemultipledifferentitems.Thecombinatorialallocationprob-
lem (CAP) is both NP-complete[29] andinapproximable([30]). Although some
polynomial-timecaseshave beenidenti�ed for theCAP (e.g.[7]), introducingan
expressiveexclusive-orbiddinglanguagequickly breaksthesespecialcases.In this
work we identify a non-trivial but approximableallocationproblemwith an ex-
pressive exclusive-orbidding language—thebid taker in our settingis allowedto
acceptatmostonepointon thebid curve.

Theideaof usingapproximationswithin theallocationrulesof mechanisms,while
retainingeitherfull-strategyproofnessor ? -dominancehasreceivedsomeprevious
attention.For instance,Lehmannet al. [23] proposea greedyand strategyproof
approximationto a single-mindedcombinatorialauctionproblem.Nisan & Ro-
nen [25] discussedapproximateVCG-basedmechanisms,but eitherappealedto
particularmaximal-in-range approximationsto retainfull strategyproofness,or to
resource-boundedagentswith informationor computationallimitationsontheabil-
ity to computestrategies.

Feigenbaum& Shenker [10] have de�ned theconceptof strategically faithful ap-
proximations,andproposedthestudyof approximationsasanimportantdirection
for algorithmicmechanismdesign.Schummer[31] andParkesetal. [28] havepre-
viously considered? -dominance,in thecontext of economicimpossibility results,
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for examplein combinatorialexchanges.Archeret al. [1] adoptsimilar notionsof
approximate-strategyproofnessin their work on single-mindedcombinatorialauc-
tions.

A recentcharacterizationdueto Lavi et al. [21] suggeststhat it is in fact neces-
saryto relaxfull strategyproofnessandconsiderapproximate-strategyproofnessin
ourmulti-unit problem:their analysissuggeststhatno worst-casepolynomialtime
algorithm can be strategyproof and have good approximationpropertiesfor the
multi-unit allocationproblem.

Eso et al. [9] have studieda similar procurementproblem,but for a different
volume discountmodel. This earlier work formulatesthe problemas a general
mixedintegerlinearprogram,andgivessomeempiricalresultson simulateddata.
Kalagnanametal. [18] addressdoubleauctions,wheremultiplebuyersandsellers
submitdemandandsupplycurvesfor adivisiblegood, andinvestigatecompetitive-
equilibriumoutcomesfor myopically-rationalagents.

Ausubel[2] hasproposedan ascending-pricemulti-unit auctionfor buyerswith
marginal-decreasingvaluesandno lower-boundson lot size,with aninterpretation
asaprimal-dualalgorithm[3]. Iwasakietal. [17] generalizeAusubel'smethodsto
allow generalvaluationsin this multi-unit auctionproblem,andthustheir auction
appliesto themodelsin thecurrentpaper. However, theprimaryfocusin Iwasakiet
al. is on providing robustnessto false-namebids[34] in which biddersparticipate
undermultiple identities.Their auctionrunsin pseudo-polynomialtime, but does
notprovideany worst-caseapproximationguarantees.

2 Approximately-Strategyproof VCG Auctions

In this section,we �rst describethe marginal-decreasingpiecewise bidding lan-
guagethat is usedin our forwardandreverse(procurement)auctions.Continuing,
we introducethe VCG mechanismfor the problemand the ? -dominanceresults
for approximationsto VCG outcomes.We alsodiscusstheeconomicpropertiesof
VCG mechanismsin theseforwardandreverseauctionmulti-unit settings.

2.1 Marginal-DecreasingPiecewiseBids

We provide a piecewise-constantandmarginal-decreasingbidding language.This
bidding languageis expressive for a naturalclassof valuationandcostfunctions:
�x edunit pricesover intervalsof quantities.SeeFigure1 for anexample.We re-
lax the marginal-decreasingrequirementto allow a bidderin the forward auction
to statea minimal purchaseamount, to re�ect a zerovaluefor quantitiessmaller
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thanthat amount.Similarly, a supplierin the reverseauctioncanstatea capacity
constraint to re�ect an(effectively) in�nite costto supplyquantitiesin excessof a
particularamount.

Reverse Auction Bid

7
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8

Quantity

P
ric

e

7

5 10 20 25
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8

Quantity

P
ric

e

Forward Auction Bid

Fig.1. Marginal-decreasing, piecewiseconstantbids.In theforwardauctionbid, thebidder
offers$10perunit for quantityin therange\^]`_a�6b@	 , $8perunit in therange\c�6b$_ed�b@	 , and$7
in therange \^d�b$_ed�]gf . Her valuationis zerofor quantitiesoutsidetherange \c�6b$_ed�]gf . In the
reverseauctionbid, thecostof thesupplieris h outsidetherange\c�6b$_ed�]gf .

In detail, in a forward auction,a bid from buyer W can be written as a list of
(quantity-range,unit-price)tuples, .
.=i

&

j�kml
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j
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.ni

'
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'
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.niqp rts
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&

j
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upperbound i

p#r

j on the quantity. The interpretationis that the bidder's valuation
in the (semi-open)quantityrange u^iwv

j

k

ixv

E!&

j

5 is l

v

j for eachunit. Additionally, it is
assumedthat thevaluationis 0 for quantitieslessthan i

&

j aswell asfor quantities
morethan i

p

j . This is implementedby addingtwo dummybid tuples,with zero
pricesin therangeuy*

k

i

&

j

5 and .niqp r

j

kaz

5 . We interpretthebid list asde�ning aprice
function, l|{~}^••€

j

.=‚`5ƒ8„‚
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j2…

‚A†‡i
v

E!&

j , wherêA8‰/

kaŠxk•o�o�o�k~‹

j|Œ

/ . In orderto
resolve theboundarycondition,we assumethat thebid price for theupperbound
quantity iqp r

j is l|{~}^••€

j

.=iQp#r

j
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j
l
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&

j .

A supplier's bid is similarly de�ned in the reverseauction.The interpretationis
that the bidder's cost in the (semi-open)quantity range u^iQv

j

k

i•v

E!&

j

5 is l

v

j for each
unit. Additionally, it is assumedthat the cost is z for quantitieslessthan i

&

j as
well as for quantitiesmore than i

p

j . Equivalently, the unit prices in the ranges
uy*

k

i

&

j

5 and .=i

pj•kaz

5

arein�nity . Weinterpretthebid list asde�ning apricefunction,
lQ‘�’�“a€

j

.n‚$5•8„‚

l

v

j , if i
v

j2…

‚�†4i
v

E!&

j .

We assumequasilinearutility functions,with i

j

.=‚

kml

5A8•”

j

.=‚`5

Œ

l , for a buyer W

with valuation ”

j

.n‚$5 for ‚ units at price l , and i

j

.n‚

kFl

5–8

l

Œ4—6j

.n‚$5 for a supplier
W with cost —aj

.=‚`5 at price l . This is a standardassumptionin theauctionliterature,
andequivalentto assumingrisk-neutralagents[19]. We will usethe term payoff
interchangeablyfor utility.
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2.2 VCG-BasedMulti-Unit Auctions

Weconstructthetractableandapproximately-strategyproofmulti-unit auctionsaround
astandardVCG mechanism.In theforwardauction,wemodelasellerwith , units
andno intrinsicvaluefor theitems.Givenasetof bidsfrom S agents,let (�.˜S[5 de-
notethe maximalvaluegiven bids,andsubjectto the conditionthat at mostone
point on thebid curve canbeselectedfrom eachagentandno morethan , units
of the item canbesold.Let ™›šK8œ.n™Jš

&

k�o•o�o•k

™Jš •[5 denotethesolutionto this winner-
determinationproblem,where™ š

j is thenumberof unitssoldto agentW . Let (I.�SžU›WY5

denotethemaximalvalueto thesellerwithout bidsfrom agentW . TheVCG mech-
anismfor thisproblemhasthefollowing steps:

(1) Collect piecewise-constantbid curvesandcapacityconstraintsfrom all the
buyers.

(2) Implementtheoutcome,™›š , thatsolvesthewinner-determinationproblem.
(3) Collectpaymentl|Ÿ0 n¡�€

j

8

l|{~}^••€

j

.n™Jš

j

5

Œ

uy(I.˜S[5

Œ

(I.�SZUƒWY50¢ from eachbuyer, and
passthepaymentsto theseller.

In this forward auction,the VCG mechanismis strategyproof for buyers,which
meansthattruthful biddingis adominantstrategy andutility maximizingwhatever
thebidsof otherbuyers.In addition,theVCG mechanismis allocatively-ef�cient,
and the total paymentsmaximizethe revenueto the seller in expectationacross
all ef�cient auctions,evenallowing for Bayesian-Nashimplementations[20]. Each
buyerpayslessthanits value,andreceivespayoff (<.˜S[5

Œ

(I.�SZUƒWY5 in equilibrium.
This is preciselythemarginal-valuethatbuyer W contributesto theeconomy.

In the reverse(or procurement)auctionwe modela buyer with value ( )£* to
purchaseat least , units andno valueotherwiseand - suppliers.Eachsupplier
hasa marginal-decreasingcostfunction,subjectto a capacityconstraint.To sim-
plify themechanismdesignproblemwe assumea straightforwardbuyer thatwill
truthfully announcethis valueto themechanism.¤ TheVCG mechanismremains
strategyproof for supplierswithout this assumption,but the ef�ciency of the out-
comecanbecompromised.

Thewinner-determinationproblemis todeterminetheallocation,™
š , thatminimizes

thecostto thebuyer, andforfeit tradeif this minimal costis greaterthanvalue, ( .
Let R�.˜S[5 denotethe minimal costgivenbids from all suppliers,andlet R�.˜S�U–WY5

denotetheminimalcostwithoutbidsfrom supplierW . Whentherearenogainsfrom
tradethe outcomeof the VCG mechanismis no tradeandno payments.Assume
otherwise,with ( ¥ R�.˜S[5 . The VCG mechanismimplementsthe outcome ™�š

that minimizescostbasedon bids from all suppliers,andthenprovidespayment
lwŸ0 n¡�€

j

8

lQ‘�’�“�€

j

.n™Jš

j

5•1¦uy(

Œ

R�.˜S[5

Œ„§�¨@©

.F*

k

(

Œ

R�.˜S‡UªW�5G5Y¢ to eachsupplier. The

¤

Without this assumption,theMyerson-Satterthwaite [24] impossibility resultwould al-
readyimply thatweshouldnotexpectanef�cient tradingmechanismin thissetting.
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total paymentis collectedfrom thebuyer. The payoff to eachsupplieris equalto
themarginal valuecontributedto thesystem,andpreciselyR�.˜S«U¬W�5

Œ

R<.�ST5 when
(;¥„R<.�S­U¬W�5 for all suppliers.

Thetotal paymentsto suppliersin thereverseVCG auctioncanbegreaterthanthe
buyer'svaluefor thegoods.This is notaproblemwith theVCG auctionpersebut
rathera problemwith theef�cient multi-unit allocationproblemin this reversedi-
rection.Thesingle-item,onebuyerandoneseller, bargainingproblemis a special
caseof thisproblem,andasettingin which thewell known Myerson-Satterthwaite
[24] impossibilityresultholds.It is notpossibleto constructanef�cient mechanism
for the bargainingproblem,that satis�esparticipation(i.e. with the buyer paying
lessthanhervalue),withoutsometimesrunningatade�cit. In fact,theVCG mech-
anismmaximizestheexpectedrevenueto thebuyeracrossall ef�cient auctions[20]
andtherecanbeno ef�cient auctionin which thebuyeralwayspayslessthanher
valuewhentheVCG mechanismfails to satisfythisproperty.

Formally, thetotal paymentcollectedby suppliersin theVCG mechanismin equi-
librium is lessthan the buyer's value for the items if and only if the following
conditionholds:

(

Œ

R�.˜S[5T¥¯®

j

uy(

Œ

R<.�S[5

ŒV§<¨@©J°

*

k

(

Œ

R<.�S­U2WY5a±�¢ (1)

This statesthat the total payoff to thesuppliersis no greaterthanthe total payoff
from theef�cient allocation.In particular, we needthatthereareno “pivotal” sup-
pliersfor which thereis no ef�cient tradewithout thesupplier(i.e. (

Œ

R<.�ST5•)Ž*

but (

Œ

R�.˜SVUKWF²˜5�†‰* . A pivotal supplier's paymentprovidesherwith all there-
portedsurplus,which is theoutcomethatshecouldachievein someequilibriumof
the underylingbargainingproblem.In the absenceof pivotal suppliers,condition
(1) simpli�es to:

(

Œ

R<.�ST5³¥
®

j

.=R<.�S­U¬W�5

Œ

R<.�S[5G5 (2)

This conditionstatesthatmarginal valuecontributedby eachsupplierto theecon-
omy, summedacrossall suppliers,mustbe lessthanthemarginal valueprovided
by thesupplierswhenthey actasa singlecoalition. ´ In this casethebuyer's pay-
mentwill beno greaterthanhervaluefor theoutcomeandtheef�cient tradecan
beimplemented.

Consideranexamplewith 3 agents°

/

kaŠ•k6µ

± , and (‰8¶/�·`* and R�.e/

Š¸µ

5¹8º·`* . Con-
dition (2) holds when R<.0/

Š

5Z8 R�.

Š`µ

5D8 »`* and R�.e/

µ

5Z8 /�*$* , but not when
R<.0/

Š

5
8 R<.

Š`µ

5
8 ¼$* and R<.0/

µ

5½8 /�*$* . In the �rst case,the agentpayoffs

´

Thisconditionis impliedby agentsaresubstitutes[4], which is necessaryandsuf�cient
to supportVCG paymentsin thecorein acombinatorialallocationproblem.
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8œ.

¾q¿

k

¾

&

k

¾

'

k

¾

�

5 , where0 denotesthebuyer, are .e/�*

kaŠ

*

k

·`*

kaŠ

*$5 . In thesecond
case,thepayoffs are ¾

8À.

Œ

/�*

k6µ

*

k

·`*

k6µ

*Á5 andthebuyer's paymentis $10greater
thanher value.Pragmatically, thebuyer needsan opt-outto canceltheauctionin
this secondcaseand avoid purchasingthe items at a loss.However, this would
affect strategyproofnesson the sell-side.For instance,if the auctionwasnever to
berepeatedthanseller3 wouldpreferto understatehercostfor supplyinggoodsin
combinationwith seller1 sothat R<.0/

µ

5¹8º¼`* . Theeffectwouldbeto adjustpayoffs
to ¾

8;.0/�*

k6µ

*

k6µ

*

k~µ

*Á5 (with supplier2 receiving asmallerpayment).

Thustheconsequenceof thisasymmetrybetweenthereverseandforwardauctions
is that the reverse(procurement)auctionis only applicablein settingsin which
suppliercostsandthebuyer'svalueis suchthatcondition(2) is sureto hold.

2.3 ? -Strategyproofness

Wenow considerthestrategicconsequencesof introducinganapproximationschemes
into the VCG mechanism.It is well known that any approximationthat doesnot
remainoptimalonsome�x edrangeof outcomesmustleadto afailureof full strat-
egyproofness[25]. However, we derive a simple ? -strategyproofnessresult, that
boundsthe maximalgain in payoff thatan agentcanexpectto achieve througha
unilateraldeviation from following a simpletruth-revealingstrategy. We describe
theresultfor theforwardauctionproblem,but it is quiteageneralobservation.

Let Â(<.˜S[5 and Â(<.˜S<U W�5 denotethevalueof theallocationcomputedwith anapprox-
imationscheme,andassumethattheapproximationsatis�es:

.e/Ã1Ä365�Â (I.�S[52¥¯(<.˜S[5

for some3–)º* . We provide suchanapproximationschemefor our settinglater in
thepaper. Let

Â

™ denotetheallocationimplementedby theapproximationscheme,
andconsidertheVCG mechanismwith this approximation.Thepayoff to agentW ,
for announcingvaluation

Â

”

j , is:

”

j

.

Â

™

j

5�1‡®

v�Å

Æ

j

Â

”

v

.

Â

™

v

5

Œ

Â(<.�S­U¬W�5 (3)

The �nal term is independentof theagent's announcedvalue,andcanbe ignored
in anincentiveanalysis.However, agentW cantry to improveits payoff throughthe
effect of its announcedvalueon theallocation

Â

™ implementedby themechanism.
In particular, agent W wants the mechanismto select

Â

™ to maximizethe sum of
its true value, ”

j

.

Â

™

j

5 , and the reportedvalueof the otheragents,Ç

v•Å

Æ

j

Â

”

v

.

Â

™

v

5 . If
themechanism's allocationalgorithmis optimal, thenall theagentneedsto do is
truthfully stateits valueandthemechanismwill do the rest.However, facedwith
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anapproximateallocationalgorithmandthereportsof otheragents,theagentcan
try to improveits payoff by announcingavaluethatcorrectsfor theapproximation.

Let (<.n”

j

k

Â

”

s

j

5 denotethe total valueof the ef�cient allocationgiven the reported
values

Â

”

s

j of agentŝÉÈ 8ŽW , andgiventhetruevalueof agentW . Wesayamechanism
is 3 -strategyproofif anagentcangainatmost 3 throughsomenon-truthfulstrategy.

Theorem 1 A VCG-basedmechanismwith a .0/ƒ1

?

5 -allocationschemeis
.HÊ

&FE

Ê

5
(<.n”

j

k

Â

”

s

j

5 -strategyproof for agent W givenbids
Â

”

s

j fromotheragents.

PROOF. Recallfrom Eq.(3) thattheagent'spayoff, givenoutcome
Â

™ , is ”

j

.

Â

™

j

5�1

Ç

v•Å

Æ

j

Â

”

v

.

Â

™

v

5

Œ

Â(�.˜SºUËW�5 . Thus the maximal bene�t to agent W from reportinga
non-truthful

Â

”

j

È8 ”

j occurswhen the initial approximationis as bad as possi-
ble given the approximationbounds.This occurswhen the value from solution

Â

™ is (I.n”

j

k

Â

”

s

j

5

>

.0/•1

?

5 . In this case,agentW canhopeto report
Â

”

j thatwill cause
thewinner-determinationalgorithmto selectoutcome™

² thatmaximizes”

j

.n™

²

j

5Ì1

Ç

v•Å

Æ

j

Â

”

v

.Í™
²

v

5 andachievestotal value (I.=”

j

k

Â

”

s

j

5 . Theagent's gain in utility in this
case,in comparisonwith truthful bidding,is

(I.=”

j

k

Â

”

s

j

5

Œ

(<.=”

j

k

Â

”

s

j

5

/Ã1

?

8

?

/Ã1

?

(<.n”

j

k

Â

”

s

j

5

Î

Formally, we interpretapproximatestrategyproofnessas a statementthat truth-
revelationis adominantstrategyequilibriumfor anagentthatis indifferentbetween
paymentsthatarewithin .F3

>

/J1H3~5G(qÏ

‘mÐ where(QÏ

‘mÐ is themaximalvaluefrom trade
acrossall possibleeconomies.

Notethatalthoughwe do not needto boundtheaccuracy of theestimatedoptimal
valuewithout agentW to demonstrateapproximatestrategyproofness,this boundis
requiredto provide a goodapproximationto the revenuepropertiesof the VCG
mechanism.

3 The GeneralizedKnapsackProblem

In thissection,wedesignafully polynomialapproximationschemefor thegeneral-
izedknapsack,whichmodelsthewinner-determinationin themulti-unit allocation
problem.Wedescribeour resultsfor thereverseauctionvariation,but theformula-
tion is completelysymmetricfor theforward-auction.

In describingourapproximationscheme,webegin with asimpleproperty(theAn-
chor property) of an optimal knapsacksolution.We usethis propertyto reduce
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our problemto a simplerbut restrictedproblem.We presenta 2-approxmationfor
the restrictedproblemand then usethis basicapproximationto develop a fully
polynomial-timeapproximationscehmefor this restrictedproblem(FPTAS). Lat-
ter we usetheFPTAS for therestrictedproblemto developanFPTAS for thegen-
eralizedknapsackproblem.

Oneof themajorappealsof our piecewisebidding languageis its compactrepre-
sentationof thebidder'svaluationfunctions.Westriveto preservethis,andpresent
anapproximationschemethatwill dependonly on thenumberof bidders,andnot
the maximumquantity, , , demandedby the buyer, which can be very large in
realisticprocurementsettings.

The FPTAS implementsan .e/K1

?

5 approximationto the optimal solution ™Ñš , in
worst-casetime 7Ò8•:<.=-

� >@?

5 , where - is the numberof bidders,andwherewe
assumethatthepiecewisebid for eachbidderhas:I.0/Ó5 pieces.Thedependenceon
the numberof piecesis alsopolynomial: if eachbid hasa maximumof — pieces,
thentherunningtimecanbederivedby substituting-

— for eachoccurrenceof - .

3.1 Preliminaries

Beforewe begin, let usrecall theclassic0/1 knapsackproblem:we aregivena set
of - items,wherethe item W hasvalue ”

j andsize Ô

j , anda knapsackof capacity
, ; all sizesareintegers.The goal is to determinea subsetof itemsof maximum
valuewith total sizeat most , . Sincewe want to focuson a reverseauction,the
equivalentknapsackproblemwill beto choosea setof itemswith minimumvalue
(i.e. cost)whosesizeexceeds, . Thegeneralizedknapsack problemof interestto
uscanbede�ned asfollows:

GeneralizedKnapsack:
Instance: A target , , andasetof - lists,wherethe W th list hastheform

Õ

j

8 Ö~.ni

&

j
kml

&

j

5

k�o�o�ogk

.=i

p rÍs

&

j
kml

p rÍs

&

j

5

k

.=i

p r

j

.=W�5

kaz

5
×

k

where i•v

j areincreasingwith ˆ and l

v

j aredecreasingwith ˆ , and ixv

j

kFl

v

j

k

, are
positive integers.

Problem: Determineasetof integers™wv

j suchthat
(1) (Oneperlist) At mostone ™

v

j is non-zerofor any W ,
(2) (Membership)™

v

j

È8º* implies ™
v

j2Ø

u^i
v

j
k

i
v

E!&

j

5 ,
(3) (Target) Ç

j

Ç

v

™•v

j

¥Ù, , and
(4) (Objective) Ç

j

Ç

v

l

v

j

™•v

j is minimized.

This generalizedknapsackformulationis a cleargeneralizationof the classic0/1
knapsack.In thelatter, eachlist consistsof asinglepoint .mÔ

j

k

”

j

5 .
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Theconnectionbetweenthegeneralizedknapsackandourauctionproblemis trans-
parent.Eachlist encodesa bid, representingmultiple mutuallyexclusivequantity
intervals,andonecanchooseany quantityin an interval, but at mostoneinterval
canbe selected.Choosinginterval uÚiwv

j

k

i•v

E!&

j

5 hascost l

v

j per unit. The goal is to
procureat least , units of the goodat minimum possiblecost.The generalized
knapsackproblemhassome�a vor of thecontinuousknapsackproblem.However,
therearetwo majordifferencesthatmakeour problemsigni�cantly moredif�cult:
(1) intervalshave boundaries,andso to chooseinterval u^iQv

j k

i•v

E!&

j

5 requiresthat at
least i v

j andat most i v

E!&

j unitsmustbe taken; (2) unlike theclassicknapsack,we
cannotsort theitems(bids)by value> size,sincedifferentintervalsin onelist have
differentunit costs.

In fact,becauseof the “one per list” constraint,thegeneralizedproblemis closer
in spirit to themultiplechoiceknapsack problem[11], wheretheunderlingsetof
itemsis partitionedinto disjointsubsetsÛ

&

k

Û

'

k�o�o•o•k

Û Ü , andonecanchooseatmost
oneitemfromeachsubset.PTAS doexist for themultiplechoiceknapsackproblem
[12], andindeed,onecanconvertourprobleminto ahugeinstanceof thisproblem,
by creatingonegroupfor eachlist; puta(quantity, price)point tuple .Í™

kml

5 for each
possiblequantity for a bidder into his group (subset).However, this conversion
explodestheproblemsize,makingit infeasiblefor all but themosttrivial instances.

3.2 Anchor Property

We begin with a de�nition. Given an instanceof the generalizedknapsack,we
call eachtuple Ý

v

j

8 .=i
v

j
kml

v

j

5 an anchor. Recall that thesetuplesrepresentthe
breakpointsin thepiecewiseconstantcurvebids.We saythatthesizeof ananchor

Ý
v

j is i
v

j , theminimumnumberof unitsavailableat this anchor's price l

v

j . Thecost
of theanchorÝFv

j is de�ned to betheminimumtotalpriceassociatedwith this tuple,
namely, Þ6ß�à�ág.nÝ

v

j

5H8

l

v

j

i
v

j if ˆ<†

‹

j , and Þ6ß�à�ág.ÍÝ0p r

j

5D8

l

p rÍs

&

j

iQp r

j .

In a feasiblesolution °

™

&

k

™

'

k�o•o�o•k

™Qâ•± of the generalizedknapsack,we say that
an element™

j

È8ã* is an anchorif ™

j

8äi•v

j , for someanchor iwv

j . Otherwise,we
saythat ™

j is midrange. We observe thatanoptimalknapsacksolutioncanalways
be constructedso that at mostonesolutionelementis midrange.If therearetwo
midrangeelements™ and ™q² , for bidsfrom two differentagents,with ™

…

™J² , then
we canincrement™

² anddecrement™ , until oneof thembecomesan anchor. See
Figure2 for anexample.

Lemma 1 [Anchor Property] There existsan optimal solutionof the generalized
knapsack problemwith at mostonemidrange element.All otherelementsare an-
chors.
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      1 midrange bid

5
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25

5 25 30201510 35

3

2

1
P

ric
e

Quantity

5

20

15

10

25

5 25 30201510 35

3

2

1

P
ric

e

Quantity

(i) Optimal solution with
     2 midrange bids

(ii) Optimal soltution with

Fig. 2. (i) An optimalsolutionwith morethanonebid not anchored(2,3); (ii) anoptimal
solutionwith only onebid (3) notanchored.

3.3 AlgorithmRoadmap

Firstweconsiderarestrictedgeneralizedknapsackproblem,whereweassumethat
themidrangeelementcorrespondingto theoptimalsolutionis known. By anchor
property, weknow thatany otherelement,™

j , is goingto beoneof theanchorpoint
in thelist W of thegeneralizedknapsackproblem.Therefore,therestrictedproblem
is very similar to the multiple choiceknapsackproblem.We usethe approxima-
tion schemefor multiple choiceknapsackproblemto develop an approximation
schemefor the restrictedproblem. The approximationschemefor the restricted
problem,in turn, is usedto developanapproximationschemefor thegeneralized
knapsackproblem.This is doneby iteratingover all thechoicesfor midrangeele-
ment,solvingthecorrespondingrestrictedproblemandchoosingthesolutionwith
the minimum costasthe �nal solution.Following pseudo-codepresentsthe high
level idea.In thepseudocode,thetuple .tå

k

ˆ•5 representsamidrangeelement,where
™wæ lies in u^i

v

æ

k

i
v

E!&

æ

5 .

ç for å = 1 to n do
ç for ˆ in list å of generalizedknapsackdo
ç Solve theproblemassuming.Íå

k

ˆ•5 asmidrangeelement.Let èA.Íå

k

ˆ•5 bethe
solution.

ç Return§Ëé�êqë

æ

€

vGì

°

è�.Íå

k

ˆ•5a± .

3.4 2-approximation

Let usassumethat themidrangeelementcorrespondingto theoptimalsolutionis
known. Supposethat, in the optimal solution, ™qæ is midrangeelementandagent

å lies in its ˆ th range, uÚixv

æ

k

i•v

E!&

æ

5 . Now we can reducethe generalizedknapsack
problemto a simplerproblemwhere™Qæ hasto lie betweenu^i

v

æ

k

i
v

E!&

æ

5 andany other
™

j hasto beeitherzeroor oneof theanchorpointsin list W . Theobjectiveof thenew
problemis sameastheoriginalproblem,thatis, to obtain , unitsat theminimum
cost.It is worth noting that anoptimal solutionfor this restrictedproblemis also

13



goingto beanoptimalsolutionfor thegeneralizedknapsackproblem.

Thenew problemcontains- groups.Thereare -

Œ

/ groupsof potentialanchors,
where W th groupcontainsall theanchorsof the list W in thegeneralizedknapsack.
The groupfor agentå containstwo elements.The �rst element,Ý

&

æ

, is the anchor
point .=i v

æ

kFl

v

æ

5 . The secondelement,Ý

'

æ

, representsthe interval uy*

k

i v

E!&

æ

Œ

i v

æ

5 , and
theassociatedunit-pricel

v

æ

. Since™|æ liesbetweeni v

æ

and i v

E!&

æ

, any solutionshould
chooseÝ

&

æ

to ensurethat ™|æ is at least ixv

æ

. The secondelement,Ý

'

æ

, representsthe
excessnumberof unitsthatcanbetakenfrom agentå in additionto i v

æ

, which has
alreadybeencommitted.In any othergroup,wecanchooseatmostoneanchor.

Thefollowing pseudo-codedescribesour algorithmfor this restrictedgeneralized
knapsackproblem. Û is theunionof all the tuplesin - groups,including tuple Ý

'

æ

for agentå . The sizeof this specialtuple is de�ned as i|v

E!&

æ

Œ

i•v

æ

, andthe costis
de�ned as l

v íg.nixv

E!&

æ

Œ

ixv

æ

5 . î is thenumberof unitsthatremainto beacquired.ï is
thesetof tuplesacceptedin thecurrenttentativesolution.Sinceany solutionshould
contain Ý

&

æ

, we addit to ï andinitialize î to be ,

Œ

iwv

æ

. ðòñ6à�á is thebestsolution
foundsofar. Variable ï•óxW

l is only usedin theproofof correctness.

Algorithm Greedy

(1) Sortall tuplesof Û in theascendingorderof unit price;in caseof ties,sortin
ascendingorderof unit quantities.

(2) Set ôËõ`ö~÷›.nWY5•8º* , for all lists W 8¶/

kaŠxk•o�o�o�k

- .
Initialize îº8º,

Œ

i
v

æ

, ïV8

°

Ý

&

æ

± , ðòñ6à�á•8Žïƒó•W

l

8ºø .
(3) Scanthe tuplesin Û in thesortedorder. Supposethenext tuple is Ý

Ü

j , i.e. the
ó th anchorfrom agentW .
If ôËõ`ö~÷›.nWY5•8¶/ , ignorethis tuple;
otherwisedo thefollowing steps:

ç if à�ùûú@ñÁ.nÝ

Ü

j

5T)üî and W 8ýå

return §Ëé�êü°

Þ6ß�à�ág.mï•5�1Äî

l

v

æ

k

Þ6ß�à�ág.�ðòñ6à�á
5a± ;
ç if à�ùûú@ñÁ.nÝ

Ü

j

5T)üî and Þ6ß�à�ág.nÝ

Ü

j

5

…

Þ6ß�à�ág.Fïƒ5

return §Ëé�êü°

Þ6ß�à�ág.mï•5�1þÞ6ß�à�á•.ÍÝ

Ü

j

5

k

Þ6ß�à�ág.�ðòñ6à�á
5a± ;
ç if à�ùûú@ñÁ.nÝ

Ü

j

5T)üî and Þ6ß�à�ág.nÝ

Ü

j

5T)‰Þ6ß�à�á�.Fïƒ5

add Ý

Ü

j to ïƒó•W

l ; Set ðòñ6à�á to ïDÿ

°

Ý

Ü

j

± if cost
improves;

ç if à�ùûú@ñÁ.nÝ

Ü

j

5

…

î then
add Ý

Ü

j to ï ; ôËõ`ö~÷›.=W�5ƒ89/ ; subtractà�ùûú@ñ�.ÍÝ

Ü

j

5 from î .

The approximationalgorithm is very similar to the approximationalgorithm for
knapsack[16]. Sincewe wish to minimizethetotal cost,we considerthetuplesin
orderof increasingperunit cost.If thesizeof tuple Ý

Ü

j is smallerthan î , thenwe
addit to ï , updateî , anddeletefrom Û all thetuplesthatbelongto thesamegroup
as Ý

Ü

j . If Ô�W�����.ÍÝ

Ü

j

5 is greaterthan î , then ï alongwith Ý

Ü

j formsa feasiblesolution.
However, this solutioncanbefar from optimalif thesizeof Ý

Ü

j is muchlargerthan
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î . If totalcostof ï and Ý

Ü

j is smallerthanthecurrentbestsolution,weupdateðòñ6à�á .
Oneexceptionto this rule is thetuple Ý

'

æ

. Sincethis tuplecanbetakenfractionally,
weupdateðòñ6à�á if thesumof ï 's costandfractionalcostof Ý

'

æ

is animprovement.

The algorithm terminatesin either of the �rst two cases,or when all tuplesare
scanned.In particular, it terminateswhenever we �nd a Ý

Ü

j suchthat à�ùûú@ñ$.nÝ

Ü

j

5 is
greaterthan î but Þ6ß�à�á•.nÝ

Ü

j

5 is lessthan Þ6ß�à�á•.mï•5 , or whenwe reachthetuple Ý

'

æ

and
it givesa feasiblesolution.

Lemma 2 Supposeè š is an optimal solution of the generalized knapsack with
element .

�

k

ˆ•5 beingmidrange. Then,the solution è , returnedby Greedyis a 2-
approximationto è–š .

PROOF. Let è be the value returnedby Greedy. Considerthe set ï•óxW

l at the
terminationof Greedy. Therearetwo casesto consider:eithersometuple Ý

Ø

ïƒó•W

l

is alsoin èòš , or no tuple in ï•óxW

l is in è–š . In the �rst case,let ï�� be the tentative
solution ï at the time Ý wasaddedto ï•óxW

l . BecauseÝ

Ø

ï•óxW

l then à�ùûú@ñ�.ÍÝ
5ž)¦î ,
and ï�� togetherwith Ý formsa feasiblesolution,andwehave:

Þ6ß�à�á•.=èò5

…

Þ6ß�à�á•.

Õ

�ÓÔ•Ý
5

…

—	�

Ô•Ýg.mï��=5�1

—	�

Ô•Ýg.nÝ
5

o

Again,becauseÝ

Ø

ï•óxW

l then Þ6ß�à�ág.nÝ
5T)‰Þ6ß�à�á�.Fï
�=5 , andwehave Þ6ß�à�á�.nè–5[†

Š

Þ6ß�à�á•.ÍÝ
5 .
On theotherhand,since Ý is includedin è�š , we have èòšò¥ÀÞ6ß�à�á•.nÝ
5 . Thesetwo in-
equalitiesimply thedesiredbound:

Þ6ß�à�ág.=è

š

5

…

Þ6ß�à�ág.nè–5­†

Š

Þ6ß�à�á�.nè

š

5

o

In the secondcase,imaginea modi�ed instanceof the problem,which excludes
all the tuplesof theset ï•óxW

l . Sincenoneof thesetupleswereincludedin èªš , the
optimal solution for the modi�ed problemshouldbe sameas one for the origi-
nal. Supposeour approximationalgorithmreturnsthe value è–² for this modi�ed
instance.

Let ÝY² bethelast tupleconsideredby theapproximationalgorithmbeforetermina-
tion of themodi�ed instance,andlet ï
��� bethecorrespondingtentativesolutionset
in thatstep.Runningthegreedyalgorithmfor themodi�ed instancecanbethought
asrunningit for theoriginal problemexceptinsteadof addinga tupleto ï•óxW

l , we
ignoreit. Therefore,even for the original problem, Ý

² is going to be the last tuple
consideredand ï��

� is goingto becorresponingtentativesolution.Sincethe ï•óxW

l of
the modi�ed problemremainsempty, the ðòñ6à�á for the modi�ed instanceremains
NULL. Therefore,Þ6ß�à�ág.nèK²˜5 is thesumof thecostof ï��

� and ÝY² . On theotherhand,
Þ6ß�à�ág.=è–5 is theminimumof thesamesumand ðòñ6à�á for theoriginalproblem.There-
fore,
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Þ6ß�à�á�.nè–5

…

Þ6ß�à�ág.=è

²

5

Also, for the modi�ed instance,aswe considertuplesin orderof increasingper
unit price,andnoneof the tuplesaregoing to beplacedin theset ï•óxW

l , we must
have Þ6ß�à�á•.mï�� � 5Ò† Þ6ß�à�ág.=èKša5 becauseï�� � is theoptimalway to obtain à�ùûú@ñÁ.mï�� � 5 in
themodi�ed problem.

Wealsohave Þ6ß�à�á�.ÍÝ
5

…

—	�

Ô•Ýg.mï�� � 5 . Therefore,

Þ6ß�à�á�.nè–5

…

Þ6ß�à�á•.=è

²

5

…

Þ6ß�à�ág.mï�� � 5�1 Þ6ß�à�ág.ÍÝ

²

5

†

Š

Þ6ß�à�ág.nè

š

5

Thiscompletestheproofof Lemma2.
Î

Sofar, wehaveconsideredtherestrictedproblemwhereweassumethatthemidrange
elementcorrespondingto theoptimalsolutionis known. We convert the2 approx-
imationalgorithmfor therestrictedproblemto onefor generalizedknapsackprob-
lem by usingthe ideapresentedin the section3.3. We run the algorithmGreedy
oncefor eachtuple .Íå

k

ˆ•5 asacandidatefor midrangeelementandchoosethesolu-
tion with theminimumcostasour �nal solution.

Thereare :<.=-�5 tuplesandwe executethealgorithmGreedyfor eachof them.It is
easyto seethat,afteraninitial sortingof thetuples,thealgorithmtakes :<.=-Ñ5 time.
Also thesortingneedstobedoneonly onceandhencethetotalcostof thealgorithm
is :I.=-

'

5 . Thus,wehaveour �rst polynomialtimeapproximationalgorithm.

Theorem 2 A 2-approximationof thegeneralizedknapsack problemcanbefound
in time :<.=-

'

5 , where - is numberof itemlists (each of constantlength).

The dependenceon the numberof piecesis also polynomial: if eachbid hasa
maximumof — pieces,thentherunningtime is :I.G.n-

—

5

'

5 .

3.5 An ApproximationScheme

We now usethe 2-approximationalgorithmpresentedin the precedingsectionto
developa fully polynomialapproximation(FPTAS) for the generalizedknapsack
problem.Thehighlevel ideais fairly standard,but thedetailsrequiretechnicalcare.
Similar to the2-approximationalgorithm,we �rst considertherestrictedproblem
wherethemidrangeelementis known.

Let the midrangeelementbe ™Qæ , which falls in the range u^iwv

æ

k

i•v

E!&

æ

5 . Our FPTAS
runsin two phases.In the �rst phase,we solve a multiple choiceknapsackprob-
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lem,mKnapsack, whereweconstructadynamicprogrammingtableto computethe
minimumcostatwhichat least,

Œ

ixv

E!&

æ

unitscanbeobtainedusingtheremaining
-

Œ

/ lists in thegeneralizedknapsack.In thesecondphase,wegothroughthelast
row of thedynamicprogrammingtable,searchingfor theentry, which alongwith
themidrangeelementminimizesthecostof obtainingat leastM units.

Suppose
�uÚW

k��

¢ denotesthe maximum numberof units that can be obtainedat
costat most � usingonly the �rst W lists (ignoring the å th list) in the generalized
knapsack.Then,the following recurrencerelationdescribeshow to constructthe
dynamicprogrammingtable:


<uÚ*

k��

¢Ó8­*


<u^W

k��

¢Ó8

§<¨Ó©

��

�

�

�

��


�uÚW

Œ

/

k��

¢

§<¨Ó©

v����

ë j

€ �

ì

°


�uÚW

Œ

/

k��

Œ

Þ6ß�à�ág.nÝ
v

j

50¢�1Äi
v

j

±

� �

��

�

�

�

where�[.nW

k��

5¹8

°

ˆ��A/

…

ˆ

…
‹

j

k

Þ6ß�à�á•.nÝ
v

j

5

…
�

± , is thesetof anchorsfor agentW .
As convention,agentW will index therow, andcost � will index thecolumn.

This dynamicprogrammingalgorithmis only pseudo-polynomial,sincethenum-
berof columnin thedynamicprogrammingtabledependsuponthetotalcost.How-
ever, wecanconvert it into aFPTAS by scalingthecostdimension.

Let è denotethe 2-approximationto the generalizedknapsackproblem,with to-
tal cost, Þ6ß�à�á•.nè–5 . Let ? denotethe desiredapproximationfactor. We computethe
scaledcostof a tuple ÝFv

j , denotedà�Þ6ß�à�ág.nÝFv

j

5 , as

à�Þ6ß�à�ág.nÝ
v

j

5¦8  

-�Þ6ß�à�ág.ÍÝ=v

j

5

?

Þ6ß�à�á•.nè–5"!

(4)

This scalingimprovesthe running time of the algorithm becausethe numberof
columnsin the modi�ed table is at most  

â

C

!

, and independentof the total cost.
However, thecomputedsolutionmight not beanoptimalsolutionfor theoriginal
problem.We show that the error introducedis within a factorof ? of the optimal
solution.

As a preludeto our approximationguarantee,we �rst show that if two different
solutionsto the mKnapsackproblemhave equalscaledcost, then their original
(unscaled)costscannotdiffer by morethan ?

Þ6ß�à�ág.nè–5 .

Lemma 3 Let ™ and # be two distinct feasiblesolutionsof mKnapsack. If ™ and
# haveequal scaledcosts,then their unscaledcostscannotdiffer by more than

?

Þ6ß�à�á•.nè–5 .
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PROOF. Let $	% and $	& , respectively, denotetheindicatorfunctionsassociatedwith
theanchorvectors™ and # —thereis 1 in position $'%•u^W

k

ó•¢ if the ™

Ü

j

)ý* . Since™ and
# hasequalscaledcost,

®

j

Å

Æ

æ

®

Ü

à�Þ6ß�à�ág.nÝ

Ü

j

5($	%•u^W

k

ó•¢A8 ®

j

Å

Æ

æ

®

Ü

à�Þ6ß�à�á•.ÍÝ

Ü

j

5($	&`uÚW

k

ó•¢ (5)

However, by (4), thescaledcostssatisfythefollowing inequalities:

.Yà�Þ6ß�à�ág.nÝ

Ü

j

5

Œ

/Ó5

?

Þ6ß�à�á�.nè–5

-

…

Þ6ß�à�ág.nÝ

Ü

j

5

…

à�Þ6ß�à�ág.ÍÝ

Ü

j

5

?

Þ6ß�à�ág.=èò5

-

(6)

Substitutingtheupper-boundon scaledcostfrom (6) for Þ6ß�à�á�.Í™!5 , thelower-bound
on scaledcostfrom (6) for Þ6ß�à�ág.)#w5 , andusingequality(5) to simplify, wehave:

Þ6ß�à�á�.Í™!5

Œ

Þ6ß�à�á•.*#|5

…

?

Þ6ß�à�ág.nè–5

-

®

j

Å

Æ

æ

®

Ü

$+&`uÚW

k

ó•¢

…

?

Þ6ß�à�á•.=è–5

k

The last inequalityusesthe fact thatat most - componentsof an indicatorvector
arenon-zero;thatis, any feasiblesolutioncontainsatmost - tuples.

Î

Finally, giventhedynamicprogrammingtablefor mKnapsack, we considerall the
entriesin thelastrow of this table, 
<u^-

Œ

/

k��

¢ . Theseentriescorrespondto optimal
solutionswith all agentsexcept å , for differentlevelsof cost.In particular, wecon-
sidertheentriesthatprovide at least ,

Œ

i
v

E!&

æ

units.Togetherwith a contribution
from agentå , we choosetheentry in this setthatminimizesthe total cost,de�ned
asfollows:

Þ6ß�à�ág.)
<u^-

Œ

/

k��

¢Í5 1

§�¨@©4°

i
v

æ

k

,

Œ


�uÚ-

Œ

/

k,�

¢=±

l

v

æ

k

where Þ6ß�à�á�.F5 is theoriginal,unscaledcostassociatedwith entry 
�u^-

Œ

/

k��

¢ .

Thefollowing lemmashowsthatweachievea .e/Ã1

?

5 -approximation.

Lemma 4 Supposeèòš is an optimal solutionof the generalizedknapsack prob-
lem,andsupposethat element.

�

k

ˆx5 is midrange in theoptimalsolution.Then,the
solution ( fromrunningour FPTASsatis�es

Þ6ß�à�ág.m(�5

…

.e/Ã1

Š

?

5�Þ6ß�à�á�.=è

š

5

PROOF. Let ™

s

æ denotethevectorof theelementsin solution è�š withoutelement
å . Then,by de�nition, Þ6ß�à�á•.=è–š~548 Þ6ß�à�ág.n™

s

æe5Ì1

l

v

æ

™
v

æ

. Let �

8Òà�Þ6ß�à�ág.Í™

s

æe5 bethe
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scaledcostassociatedwith thevector™

s

æ . Now considerthedynamicprogramming
tableconstructedfor mKnapack, andconsiderits entry 
�uÚ-

Œ

/

k��

¢ . Let è denotethe
2-approximationto thegeneralizedknapsackproblem,and ( denotethe solution
from ourFPTAS.

Suppose#

s

æ is the solution associatedwith this entry in our dynamicprogram;
thecomponentsof thevector #

s

æ arethequantitiesfrom differentlists.Sinceboth
™

s

æ and #

s

æ have equalscaledcosts,by Lemma3, their unscaledcostsarewithin
?

Þ6ß�à�á•.nè–5 of eachother;thatis,

Þ6ß�à�á�.*#

s

æ05

Œ

Þ6ß�à�á•.Í™

s

æ
5

…

?

Þ6ß�à�ág.=èò5

o

Now, de�ne # v

æ

8

§�¨@©J°

i v

æ

k

,

Œ

Ç

j

Å

Æ

æ

Ç

v

# v

j

± ; this is the contribution needed
from å to make .*#

s

æ

k

#¸v

æ

5 a feasiblesolution.Among all the equalcostsolutions,
ourdynamicprogrammingtableschoosestheonewith maximumunits.Therefore,

®

j

Å

Æ

æ

®

v

#
v

j

¥
®

j

Å

Æ

æ

®

v

™
v

j

Therefore,it mustbe thecasethat #$v

æ

…

™•v

æ

. Because.)#`v

æ

k

#

s

æ
5 is alsoa feasible
solution,if ouralgorithmreturnsasolutionwith cost Þ6ß�à�ág.F(�5 , thenwemusthave

Þ6ß�à�á�.F(ž5

…

Þ6ß�à�ág.*#

s

æ05<1

l

v

æ

#¸v

æ

…

Þ6ß�à�ág.Í™

s

æ
5D1

?

—+�

Ô•Ýg.=èò5É1

l

v

æ

™•v

æ

…

.0/ƒ1

Š

?

5�Þ6ß�à�á•.nè

š

5

k

whereweusethefactthat Þ6ß�à�á•.=è–5

…
Š

Þ6ß�à�ág.=è
š

5 .
Î

The presentedschemeassumesthat the midrangeelementis known. Using the
ideaspresentedin section3.3,we convert theapproximationschemefor restricted
problemto onefor thegeneralizedknapsackproblem.Theapproximationscheme
for generalizedknapsackproblemsolves :<.=-Ñ5 restrictedproblems,corresponding
to :I.n-�5 choicesof midrangeelement,andchoosesonewith theminimumcostas
the�nal solution.

For a given midrange,the most expensive stepin the algorithm is the construc-
tion of dynamicprogrammingtable,which canbedonein :I.=-

'

>Ó?

5 timeassuming
constantintervalsperlist. Thus,wehave thefollowing result.

Theorem 3 We cancomputean .e/[1

?

5 approximationto thesolutionof a gener-
alizedknapsack problemin worst-casetime :I.=-

�~>@?

5 .

The dependenceon the numberof piecesis also polynomial: if eachbid hasa
maximumof — pieces,thentherunningtime canbederivedby substituting—

- for
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eachoccurrenceof - .

4 Computing VCG Payments

A naive approachto computingthe VCG paymentsrequiressolving the alloca-
tion problem - times,removing eachagentin turn. We extendour approximation
schemefor the generalizedknapsack,anddetermineall - paymentsin total time

:I.=LM7HN�O$PQ.FL -

>@?

5G5 , where /

…

R�.˜S%U•WY5

>

R�.˜S[5

…

L , for aconstantupperbound,L ,
and 7 is thecomplexity of solvingtheallocationproblemonce.This L -boundcan
be justi�ed asa “no monopoly” condition,becauseit boundsthe marginal value
thata singlebuyerbringsto theauction.Similarly, in thereversevariationwe can
computethe VCG paymentsto eachsupplierin time :I.=LM7HN�O$PQ.FL -

>@?

5G5 , where L

boundstheratio R�.˜S%U¬W�5

>

R�.˜S[5 for all W .

Ouroverallstrategy will beto build two dynamicprogrammingtables,oneforward
andonebackward,for eachmidrangeelement.

�

k

ˆ•5 , andusethesetablesto solve
all subproblemswithout eachagent.The forward tableis built by consideringthe
agentsin the orderof their indices,whereasthe backward table is built by con-
sideringthemin thereverseorder. Theoptimalsolutioncorrespondingto R�.˜S­U¬WY5

canbebrokeninto two parts:onecorrespondingto the�rst ( W

Œ

/ ) agentsandthe
othercorrespondingto thelast ( -

Œ

W ) agents.As the( W

Œ

/ )th row of theforward
tablecorrespondsto thesupplierswith the�rst ( W

Œ

/ ) indices,anapproximationto
the�rst partwill becontainedin ( W

Œ

/ )th row of theforwardtable.Similarly, the
.=-

Œ

W�5 th row of thebackwardtablewill containanapproximationfor thesecond
part. We �rst presenta simplebut inef�cient way of computingthe approximate
valueof R�.˜S
UKWY5 , which servesto illustratethemain ideaof our algorithm.Then
we presentanimprovedscheme,which usesthefact that theelementsin therows
aresorted,to computetheapproximatevaluemoreef�ciently .

In thefollowing,weconcentrateoncomputinganallocationin which ™
v

æ

ismidrange,
andsomeagentW•È 8„å removed.Thiswill beacomponentin computinganapprox-
imationto R<.�S
U•WY5 , thevalueof thesolutionto thegeneralizedknapsackwithout
bidsfrom agentW . We begin with thesimplescheme.

4.1 A SimpleApproximationScheme

Let mKnapsack.Íå

k

ˆ•5 bethemultiplechoiceknapsackproblem,when .tå

k

ˆx5 is con-
sideredasthemidrangeelement.We implementthescaleddynamicprogramming
algorithmfor mKnapsack.Íå

k

ˆ•5 with two alternateorderingsover theothersuppli-
ers, ó4È 8Bå , onewith suppliersordered/

kaŠ•k�o�o�o�k

- , andonewith suppliersordered
-

k

-

Œ

/

k•o�o�o�k

/ . We call the �rst tabletheforward table,anddenoteit - æ , andthe
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secondtablethebackward table,anddenoteit
Õ

æ . Thesubscriptå remindsusthat
theagentå is midrange..

In building thesetables,we usethesamescalingfactorasbefore;namely, thecost
of a tuple Ý v

j is scaledasfollows:

à�Þ6ß�à�á•.ÍÝ

Ü

j

5¦8  

-ƒÞ6ß�à�á•.nÝ

Ü

j

5

?

Þ6ß�à�ág.=èò5 !

where Þ6ß�à�ág.=è–5 is theupperboundon R�.˜S[5 , givenby our2-approximationscheme.
In this case,becauseR<.�S�UòWY5 canbe L times R�.˜S[5 , the scaledvalueof R<.�S�U–WY5

canbeatmost -ÑL

>@? . Therefore,thecostdimensionof ourdynamicprogram'stable
will be -›L

>@? .

1 2 3 m 1 2 m3

i

1

n-1

n-1

n-2

1

g h

Table Table

m-1 m-1

2

n-i

F B

F (i-1) B (n-i)

l l

ll

Fig. 3. ComputingVCG payments./¶�

â'0

C

Now, supposewewantto computea .e/x1Ë365 -approximationto thegeneralizedknap-
sackproblemrestrictedto element.Íå

k

ˆ•5 midrange,andfurtherrestrictedto remove
bidsfrom somesupplierW•È 8ýå . Call thisproblemgKnapsack

s

j

.tå

k

ˆx5 .

Recallthat the W th row of our dynamicprogammingtablestoresthebestsolution
possibleusingonly the�rst W agentsexcludingagentå , all of themeitherclearedat
zero,or on anchors.These�rst W agentsarea differentsubsetof agentsin thefor-
wardandthebackwardtables.By carefullycombiningonerow of -#æ with onerow
of

Õ

æ wecancomputeanapproximationto gKnapsack
s

j

.tå

k

ˆ•5 . Weconsidertherow
of -Ñæ thatcorrespondsto solutionsconstructedfrom agents°

/

kaŠxk�o•o�ogk

W

Œ

/`± , skip-
ping agentå . We considertherow of

Õ

æ thatcorrespondsto solutionsconstructed
from agents°

WÌ1¦/

k

W•1

Šxk�o•o�ogk

- ± , againskippingagent å . The rows are labeled
-

í

.=W

Œ

/Ó5 and
Õ

í

.n-

Œ

WY5 respectively. 1 Thescaledcostsfor acquiringtheseunits

.

We could label the tableswith both 2 and 3 , to indicatethe 3 th tuple is forced to be
midrange,but omit 3 to avoid clutter.

1

To beprecise,theindex of therows are �5476DdÓ	 and ���8694m	 for :Ñæ and ;ƒæ when 2=<>4 ,
and �54�6%��	 and ���?6@4�6%��	 , respectively, when 2BAC4 .
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arethecolumnindicesfor theseentries.To solvegKnapsack
s

j

.tå

k

ˆ•5 wechooseone
entryfrom row - æg.=W

Œ

/Ó5 andonefrom row
Õ

æ�.=-

Œ

WY5 suchthattheir totalquantity
exceeds,

Œ

ixv

E!&

æ

andtheircombinedcostis minimumoverall suchcombinations.
Formally, let D

Ø

-�æ�.=W

Œ

/�5 , and E

Ø

Õ

æ•.=-

Œ

/Ó5 denoteentriesin eachrow, with
à�ùûú@ñ�.FDw5 , à�ùûú@ñ�.GEq5 , denotingthe numberof units and Þ6ß�à�á•.*Dw5 and Þ6ß�à�á•.HEq5 denoting
theunscaledcostassociatedwith theentry. We computethe following, subjectto
theconditionthat D and E satisfy à�ùûú@ñÁ.*Dw5�1ýà�ùûú@ñ$.HEq5T)„,

Œ

i v

E!&

æ

:

§�é�ê

I

�'J�K

ë j

s

&

ì

€ L

�'MNK

ë

â

s

j

ì

O

Þ6ß�à�á•.FDw5$1
Þ6ß�à�á�.GEq5$1

l

v

æQP

§�¨@©q°

i•v

æ

k

,

Œ

à�ùûú@ñÁ.*Dw5

Œ

à�ùûú@ñ$.GEJ56±SR (7)

Lemma 5 Supposeè

s

j

is anoptimalsolutionof thegeneralizedknapsack problem
withoutbidsfromagent W , andsupposethat element.Íå

k

ˆ•5 is themidrangeelement
in the optimal solution.Then,the expressionin Eq. 7, for the restrictedproblem
gKnapsack

s

j

.Íå

k

ˆ•5 , computesa .e/Ã1

?

5 -approximationto è

s

j

.

PROOF. Fromearlier, we de�ne Þ6ß�à�ág.nè

s

j

528¶R�.˜S UXW�5 . We cansplit theoptimal
solution, è

s

j

, into threedisjoint parts:™|æ correspondsto themidrangesupplier, ™

j

correspondsto �rst W

Œ

/ suppliers(skippingagent
�

if
�

†4W ), and ™

s

j corresponds
to last -

Œ

W suppliers(skippingagent
�

if
�

)üW ). Wehave:

Þ6ß�à�á•.=è

s

j

5¹8 Þ6ß�à�ág.n™

j

5�1þÞ6ß�à�ág.n™

s

j

5�1

l

v

æ

™
v

æ

Let �

j

8ãà�Þ6ß�à�ág.n™

j

5 and �

s

j

8ãà�Þ6ß�à�á•.n™

s

j

5 . Let #

j and #

s

j be the solutionvectors
correspondingto scaledcost �

j and �

s

j in -�æ�.=W

Œ

/Ó5 and
Õ

æ�.=-

Œ

WY5 , respectively.
FromLemma3 weconcludethat,

Þ6ß�à�ág.)#

j

5�1 Þ6ß�à�ág.*#

s

j

5

Œ

Þ6ß�à�ág.Í™

j

5

Œ

Þ6ß�à�á•.n™

s

j

5

…

?

Þ6ß�à�ág.=èò5

where Þ6ß�à�á�.nè–5 is theupper-boundon R�.˜S[5 computedwith the2-approximation.

Amongall equalscaledcostsolutions,our dynamicprogramchoosestheonewith
maximumunits.Thereforewealsohave,

.Yà�ùûú@ñÁ.)#

j

5T¥ºà�ùûú@ñ�.Í™

j

5G5

¨`êST

.�à�ùûú@ñ�.*#

s

j

5[¥þà�ùûú@ñ$.n™

s

j

5G5

whereweuseshorthandà�ùûú@ñÁ.n™!5 to denotetotal numberof unitsin all tuplesin ™ .

Now, de�ne #
v

æ

8

‹@U

™ .=i
v

æ

k

,

Œ

à�ùûú@ñÁ.)#

j

5

Œ

à�ùûú@ñ�.*#

s

j

5
5 . From the precedingin-
equalities,we have #`v

æ

…

™•v

æ

. Since .)#`v

æ

k

#

j

k

#

s

j

5 is alsoa feasiblesolution to the
generalizedknapsackproblemwithout agent W , the valuereturnedby Eq. 7 is at
most
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—	�

Ô•Ýg.)#

j

5�1 Þ6ß�à�ág.*#

s

j

5�1

l

v

æ

# v

æ

…

R�.˜S%U2WY5 1

?

Þ6ß�à�ág.nè–5

…

R�.˜S%U2WY5 1

Š

Þ6ß�à�ág.=è

š

5

?

…

R�.˜S%U2WY5 1

Š

R<.�S%U2WY5

?

Thiscompletestheproof.
Î

A naive implementationof this schemewill be inef�cient becauseit might check
.=-›L

>@?

5

'

pairsof elements,for any particularchoiceof .Íå

k

ˆ•5 andchoiceof dropped
agent W . In the next section,we presentan ef�cient way to computeEq. 7, and
eventuallyto computetheVCG payments.

4.2 ImprovedApproximationScheme

Our improvedapproximationschemefor thewinner-determinationproblemwith-
outagentW usesthefactthatelementsin -Mæg.nW

Œ

/Ó5 and
Õ

æg.=-

Œ

W�5 aresorted;specif-
ically, bothunscaledÞ6ß�à�á andquantity(i.e. à�ùûú@ñ ) increasesfrom left to right.

As before,let D and E denotegenericentriesin -Mæ�.=W

Œ

/Ó5 and
Õ

æ�.=-

Œ

W�5 respectively.
To computeEq. 7, we considerall the tuple pairs,and�rst divide the tuplesthat
satisfycondition à�ùûú@ñ$.*Dw5q1Äà�ùûú@ñ�.GEJ5[)ý,

Œ

iwv

E!&

æ

into two disjointsets.For eachset
wecomputethebestsolution,andthentake thebestbetweenthetwo sets.

[caseI: à�ùûú@ñ�.FDw5Ñ1ýà�ùûú@ñÁ.HEq5T¥¯,

Œ

ixv í ]

Theproblemreducesto

§�é�ê

I

��J
K

ë j

s

&

ì

€	L

�VM
K

ë

â

s

j

ìXW

—+�

Ô•Ýg.*Dw5Ñ1

—	�

Ô•Ýg.HEq5�1

l

v
í
i

v

æVY

(8)

Wede�ne apair .FD

k

Eq5 tobefeasibleif à�ùûú@ñ$.*Dw561Aà�ùûú@ñÁ.HEq5T¥¯,

Œ

iwv

æ

. Now tocompute
Eq.8,wedoaforwardandbackwardwalk on -Mæ•.nW

Œ

/Ó5 and
Õ

æg.=-

Œ

W�5 respectively.
Westartfrom thesmallestindex of -Mæ�.=W

Œ

/Ó5 andmoveright, andfrom thehighest
index of

Õ

æg.n-

Œ

WY5 andmoveleft. Let .FD

k

Eq5 bethecurrentpair. If .FD

k

Eq5 is feasible,
we decrement

Õ

's pointer (that is, move backward) otherwisewe increment- 's
pointer. The feasiblepairsfoundduring the walk areusedto computeEq. 8. The
complexity of this stepis linear in sizeof - æg.=W

Œ

/�5 , which is :I.=-›L

>@?

5 .

[caseII: ,

Œ

ixv

E!&

æ

…

à�ùûú@ñÁ.*Dw5�14à�ùûú@ñÁ.GEq5

…

,

Œ

i•v

æ

]

Theproblemreducesto

§Ëé�ê

I

�'J�K

ë j

s

&

ì

€+L

�'MNK

ë

â

s

j

ì

O

—	�

Ô•Ýg.*Dw5�1

—+�

Ô•Ýg.GEJ5�1

l

v
í

.F,

Œ

à�ùûú@ñ�.FD|5

Œ

à�ùûú@ñÁ.HEq5G5'R
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To computetheabove equation,we transformtheabove problemto anotherprob-
lemusingmodi�ed cost,which is de�ned as:

ô<Þ6ß�à�á•.FDw5|84Þ6ß�à�á•.*Dw5

Œ

l

v í

P

à�ùûú@ñÁ.*Dw5

ô<Þ6ß�à�ág.HEq5Q84Þ6ß�à�á•.HEq5

Œ

l

v í

P

à�ùûú@ñ�.GEq5

Thenew problemis to compute

§Ëé�ê

I

�'J�K

ë j

s

&

ì

€�L

�'MNK

ë

â

s

j

ì�W

ô<Þ6ß�à�á•.FDw5�1¯ô<Þ6ß�à�ág.HEq5�1

l

v

æ

,

Y

(9)

Themodi�ed costsimpli�es theproblem,but unfortunatelytheelementsin -#æg.nW

Œ

/Ó5 and
Õ

æg.n-

Œ

WY5 arenolongersortedwith respectto ‹

—	�

Ô•Ý . However, theelements
arestill sortedin quantityandwe usethis propertyto computeEq. 9. Call a pair

.*D

k

Eq5 feasibleif ,

Œ

i
v

E!&

æ

…

à�ùûú@ñ�.FDw5Ì1‰à�ùûú@ñ$.HEq5

…

,

Œ

i
v

æ

. De�ne the feasible
setof D astheelementsE

Ø

Õ

æg.=-

Œ

WY5 thatarefeasiblegiven D . As theelements
aresortedby quantity, thefeasiblesetof D is a contiguoussubsetof

Õ

æg.n-

Œ

W�5 and
shiftsleft as D increases.

10 20 30 40 50 60

15 20 25 30 35 40

5 6321 4

1 2 3 4 5 6

Begin End

B (n-i)

l

l

F (i-1)

Fig. 4. Thefeasiblesetof Zª�>[ , de�ned on ;Tæ����\6]4�	 , is ^gd`__[`_a`�b when cd6@e

v

E!&

æ

�‡]�b

and cf6]e

v

æ

�hg�b . ikj*lVm5n and opnrq representthestartandendpointersto thefeasibleset.

Therefore,wecancomputeEq.9 by doingaforwardandbackwardwalk on -#æg.=W

Œ

/Ó5 and
Õ

æg.n-

Œ

WY5 respectively. Wewalk on
Õ

æ�.=-

Œ

W�5 , startingfrom thehighestindex,
using two pointers, ðòñHs`ùFt and uvtxw , to indicatethe start and end of the current
feasibleset.We maintainthefeasiblesetasa min heap, wherethekey is modi�ed
cost.To updatethe feasibleset,whenwe increment- 's pointer(move forward),
we walk left on

Õ

, �rst using uvtxw to remove elementsfrom feasibleset which
areno longer feasibleandthenusing ðòñHs`ùFt to addnew feasibleelements.For a
given D , theonly elementwhich we needto considerin D 's feasiblesetis theone
with minimummodi�ed costwhichcanbecomputedin constanttimewith themin
heap. So,themaincomplexity of thecomputationlies in heapupdates.Since,any
elementis addedor deletedat mostonce,thereare :<.

â�0

C

5 heapupdatesandthe
timecomplexity of this stepis :I.

â�0

C

N�O$P

â'0

C

5 .
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4.3 CollectingthePieces

Puttingthis altogether, thealgorithmfor to implementtheVCG mechanismin our
procurementsettingworksasfollows.First, usingthe2 approximationalgorithm,
we computeanupperboundon R�.˜S[5 . We usethis boundto scaledown the tuple
costs.Usingthescaledcosts,webuild theforwardandbackwardtablescorrespond-
ing to eachtuple .Íå

k

ˆ•5 . Theforwardtablesareusedto computeR�.˜S[5 . To compute
R<.�SVUKWY5 , we iterateover all thepossiblemidrangetuplesandusethecorrespond-
ing forwardandbackwardtablesto computethelocally optimalsolutionusingthe
above scheme.Among all the locally optimal solutionswe chooseonewith the
minimumtotal cost.

The most expensive stepin the algorithm is computationof R�.˜SýUžWY5 . The time
complexity of thisstepis :<.

âVy)0

C

N�O$P

â'0

C

5 aswehave to iterateoverall :<.=-Ñ5 choices
of .Íå

k

ˆ•5 , for all å È8¯W , andeachtimeusetheaboveschemeto computeEq.7. In the
worstcase,we might needto computeR<.�S½UòW�5 for all - suppliers,in which case
the�nal complexity of thealgorithmwill be :I.

â�z�0

C

N�O$P

â�0

C

5 .

Theorem 4 Wecancomputean 3

>

.e/Ñ1Z365 -strategyproofapproximationto theVCG
mechanismin theforwardandreversemulti-unitauctionsin worst-casetime :<.

â
z

0

C

N�O$P

â'0

C

5 .

It is interestingto recall that 7À8Ò:I.

â
z

C

5 is the time complexity of the FPTAS to
thegeneralizedknapsackproblemwith all agents.Ourcombinedschemecomputes
an approximationto the completeVCG mechanism,including paymentsto :I.n-�5

agents,in time complexity :I.Í7DN�O$Pq.n-

>@?

5G5 , taking theno-monopolyparameter, L ,
asaconstant.

Thus,ouralgorithmperformsmuchbetterthanthenaivescheme,which computes
the VCG paymentfor eachagentby solvinga new instanceof generalizedknap-
sackproblem.Thespeedup comesfrom thewaywesolvegKnapsack

s

j

.Íå

k

ˆ•5 . The
time complexity of computinggKnapsack

s

j

.tå

k

ˆx5 by creatinga new dynamicpro-
grammingtablewill be :I.

â
y

C

5 but by usingthe forward andbackward tables,the
complexity is reducedto :I.

â

C

N�O$P

â

C

5 . We canfurther improve thetime complexity
of ouralgorithmby computingEq.7 moreef�ciently . Currently, thealgorithmuses
heap,which haslogarithmicupdatetime. In worstcase,we canhave two heapup-
dateoperationsfor eachelement,whichmakesthetimecomplexity superlinear. If
we cancomputeEq. 7 in linear time thenthe complexity of computingthe VCG
paymentwill besameasthecomplexity of solvinga singlegeneralizedknapsack
problem.
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5 Conclusions

We have presenteda fully polynomial-timeapproximationschemefor the single-
goodmulti-unit auctionproblem,usinga marginal-decreasingpiecewise-constant
biddinglanguagewith quantity-basedsideconstraints.Ourschemeis bothapproxi-
matelyef�cient andapproximatelystrategyproofwithin any speci�edfactor ?

)ý* .
As suchit is anexampleof computationallytractable? -dominanceresult,aswell as
anexampleof a non-trivial but approximableallocationproblem.It is particularly
interestingthatwe areableto computethepaymentsto - agentsin a VCG-based
mechanismin worst-casetime :I.Í7HN�O$P•-�5 , where7 is thetimecomplexity to com-
putethesolutionto asingleallocationproblem.
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