Approximately-Strategyproof and Tractable
Multi-Unit Auctions

AnshulKothari

Departmenbf ComputerScienceUniversity of California at SantaBarbara, CA93106.

David C. Parkes

Division of Engineeringand AppliedSciences33 Oxford Street,Harvard University,
Cambridg, MA 02138.

Subhasltsuri

Departmenbf ComputerScienceUniversity of California at SantaBarbara, CA93106.

Abstract

We presentan approximately-e€ient and approximately-strategypof auction mecha-
nismfor asingle-goodnulti-unitallocationproblem.Thebiddinglanguagellows mamginal-
decreasingiecavise constantcurves and quantity-basedide constraints We develop a
fully polynomial-timeapproximatiorschemeor the multi-unit allocationproblem,which
computes -approximatiorin worst-caseime , given bidseachwith
a constantnumberof pieces.We integratethis approximationschemewithin a Vickrey-
Clarke-Graves mechanismand computepaymentgor an asymptoticcost of .
The maximal possiblegain from manipulationto a bidder in the combinedschemeis
boundedby , where isthetotal surplusin theefcient outcome.

Key words: ApproximationAlgorithm, Multi-unit Auctions,Stratgyproof,
Approximately-Straigyproof, Bidding Language

Email addresseskothari@cs.ucsb .e du (AnshulKothari),
parkes@eecs.har vard .e du (David C. Parkes),suri@cs.ucsb.e  du (Subhash
Suri).

Supportedn partsby NSFgrantllS-0121562.

Supportedn partsby NSFgrantllS-0238147.

Preprintsubmittedto Elsevier Science 23May 2004



1 Intr oduction

Electronicmarketsfacilitatenev methodgor procurementhroughexpressve bid-
ding and automatedvinnerdetermination Electronicmarkets have beenusedto
sell wirelessspectrum[6], to procureschool mealsby the Chileangovernment
[8], for course-rgistrationat ChicagoGSB [13], and for the procuremenbf lo-
gisticsserviceq22]. Both economicandcomputationatonsiderationgre central
to the designof useful electronicmarkets. Economicdesideratdor markets can
include allocatve-efciency andrevenue-optimality{19]. Computationabesider
atafor markets canincludetractablebidding stratgies[26], minimal preference
elicitation[27], andtractablewinnerdeterminatiorj29].

Supportingsimpletruth-revealing bidding strategyiesin a dominant-stratgy equi-
librium hasrecevedattentionin theliterature[33,26]. This propertyis calledstrat-
egyproofnessA stratgyproof auctionis usefulbecauseat simpli es the bidding
problem:the optimal bidding stratgy is known to biddersand doesnot require
thata biddermodelsthe preferencesr stratgiesof otherparticipantsWhatoften
emegesis aninterestingradeof betweerproviding tractablevinnerdetermination
algorithmsand supportingstratgyproofnessWell known economicmechanisms
thatprovide stratgyproofnesganrequirethatthe marke-tmaler solvesintractable
winnerdeterminatiorproblems andtruth-revelationcanquickly unravel whenap-
proximationsareintroduced25]. Ourresultsarepositive: we presenauctionmod-
elsthataretractableandfor which truthful biddingis almostthe dominantstrateyy
for abidder

We considera multi-unit allocation problem,that modelsboth the problemof a

sellerwith multiple identicalunits of a goodandthe problemof a buyerthatseeks
to procuremultiple identicalunits of a good. The problemis motivatedby recent
trendsin electroniccommercejfor instance,corporationsare increasinglyusing
auctionsfor their stratgic sourcingof commoditygoods[15]. We provide a com-

pactand expressve bidding languagethat allows maginal-decreasingiecevise

constantprice-schedulesogetherwith quantity-basedide constraints Our main

contrikbution is to presenta fully polynomial-timeapproximationschemethatis

bothapproximatelyef cient andapproximatelystrategyproof.

In the procuremensettingwe considera buyer with value for  units
of a good,and supplierseachwith a maginal-decreasingieceavise-constant
costfunction. The bidding languagealso allows eachsupplierto expressan up-
per bound(or capacityconstraint)on the numberof units shecan supply This
allows a supplierto expressan in nite askprice for supplyinglarge numbersof
units that are beyond her capacityandis an importantconsideratiornin practical
settings As a concreteexample,the procuremenauctionmodelsthe procurement
of circuit boardsin e xible sizedlots from multiple supplierseachof which can
statea capacityconstraint.



In the forward auctionsettingwe considera sellerwith  units of a good, and

buyerseachwith a maginal-decreasingiecavise-constantaluationfunction.
Here, the languagealso allows a buyer to expressa lower bound (or minimum
lot size)on the numberof units that shewill buy. This allows a buyer to submit
a bid price of zerofor initial units,andis animportantconsiderationn practical
settings.As a concreteexample,our forward auctionmodelsa settingin which a
PC manugcturerwould lik e to sell excessinventoryin e xible-sizelots andeach
buyerhasa minimal numberof unitsthatshemustprocure.

We considerthe computationaktompleity of implementingthe Vickrey-Clarke-
Groves (VCG) [32,5,14] mechanisnfor this multi-unit allocationproblem.The
VCG mechanismis strateyproof for suppliersin the procurementauctionand
stratgyprooffor buyersin the forward auction,andsupportsallocatve-efciency
suchthat purchasingselling) decisionsaremadeto maximizethe total economic
surplusin the economy Thereis an asymmetrybetweerthe procurementandthe
forward auctiondirectionsbecausave modelthe buyerin the procuremensetting
with a nite valuefor thegoods,while thesellerin theforwardauctionis assumed
to have no intrinsic valuefor the goodson sale.This asymmetrylimits the appli-
cationof our procurementwuctionto thosein which the total paymentscollected
by suppliersarelessthanthe buyer's value.No suchrestrictionis requiredin the
forwardauctiondirection.

Thewinnerdeterminatiorproblemin the multiunit allocationproblemis (weakly)
intractableandhastheclassidd/1 knapsaclproblemasaspeciakase Thequantity-
basedsideconstraintprecludethe adoptionof a simplegreedyallocationscheme.
Thewinnerdeterminatiorproblemis a novel andinterestinggeneralizatiorof the
classicknapsaclproblem We provideafully polynomial-timeapproximatiorscheme,
computinga -approximationn worst-casdime , Whereeach
bid hasa x ednumberof piecavise constanpieces.

We demonstratehat the approximateVCG mechanismjn which this -
schemes usedfor winnerdeterminatiorandto computgpaymentss — -strategyproof.
This meanghata biddercangainatmost —  from a non-truthfulbid, where

is thetotal surplusfrom the ef cient allocation.As such,this is anexampleof
a computationally-tractable-dominanceresult. In practice,we canhave good
con dencethat bidderswithout goodinformation aboutthe bidding strategies of
otherparticipantswill have little to gainfrom attemptsat manipulation.Formally,
we canjustify truthful biddingin equilibriumby modelingbiddersasindifferentto
paymentghatarewithin —  of eachothet

However, this may not be anexampleof whatFeigenbaun& Shenler [10] referto asa
tolerably-manipulablenechanisnbecausave have not tried to boundthe effect of sucha
manipulationon the ef ciency of the outcome.VCG mechanisndo have a natural“self-
correcting”property though,because usefulmanipulatiornto anagents areportedvalue
thatimprovesthetotal value of the allocationbasedon the reportsof otheragentsandthe
agents own value.



The maininnovationin this paperis to provide a fastmethodto integratethe ap-
proximationalgorithmfor winnerdeterminatiorinto the calculationof VCG pay-
ments A straightforvardschemavould requireanasymptotidime to com-
pute paymentsto all  bidders.Our schemedeterminesapproximateVCG pay-
mentsin worst-casdime , Where is a constantthat quanti es
areasonabléno-monopoly” assumptionSpeci cally, in the reverseauction,sup-
posethat is the minimal costfor procuring  unitswith all suppliers , and

is the minimal costwithout supplier . Then,the constant is de ned as
anupperboundfor theratio , overall suppliers . Thisupperbound
tendsto 1 asthe numberof suppliersancreases.

Section2 formally de nestheforward andreverseauctionsandde nestheVCG

mechanismsWe also prove our claimsabout -stratgyproofnessSection3 pro-

videsthe generalizedknapsacKormulationfor the multi-unit allocationproblems
andintroduceghefully polynomialtime approximatiorschemeSectiond de nes

the approximationschemefor the paymentsin the VCG mechanismSection5

concludes.

1.1 RelatedWork

Therehasbeenconsiderablénterestin recentyearsin characterizingpolynomial-
time or approximablespecialcasesof the generalcombinatorialallocationprob-
lem,in whichtherearemultiple differentitems.Thecombinatoriabllocationprob-
lem (CAP) is both NP-completg29] andinapproximablg[30]). Although some
polynomial-timecaseshave beenidenti ed for the CAP (e.g.[7]), introducingan
expressve exclusive-omiddinglanguageguickly breakghesespecialcasesin this
work we identify a non-trivial but approximableallocationproblemwith an ex-

pressve exclusive-or bidding language—thdid taker in our settingis allowedto

acceptat mostonepointonthebid curve.

Theideaof usingapproximationsvithin the allocationrulesof mechanismsyhile
retainingeitherfull-strategyproofnes®r -dominancehasreceved someprevious
attention.For instance Lehmannet al. [23] proposea greedyand stratgyproof
approximationto a single-mindedcombinatorialauction problem.Nisan & Ro-
nen[25] discussedpproximateVCG-basedmechanismsbut either appealedo
particularmaximal-in-ange approximationgo retainfull stratgyyproofnessor to
resource-boundeahentsvith informationor computationalimitationsontheabil-
ity to computestrateies.

Feigenbaun& Shenler [10] have de ned the conceptof strategically faithful ap-
proximations andproposedhe studyof approximationasanimportantdirection
for algorithmicmechanisndesign.Schummef31] andParkesetal. [28] have pre-
viously considered -dominanceijn the context of economicampossibility results,



for examplein combinatorialexchangesArcheretal. [1] adoptsimilar notionsof
approximate-stragg/proofnessn their work on single-mindeccombinatorialauc-
tions.

A recentcharacterizatiomlueto Lavi et al. [21] suggestghatit is in fact neces-
saryto relaxfull stratgyproofnesandconsiderapproximate-stratg/proofnessn

our multi-unit problem:their analysissuggestshatno worst-casgolynomialtime

algorithm can be stratgyproof and have good approximationpropertiesfor the
multi-unit allocationproblem.

Esoet al. [9] have studieda similar procurementproblem, but for a different
volume discountmodel. This earlier work formulatesthe problemas a general
mixedintegerlinear program,andgivessomeempiricalresultson simulateddata.
Kalagnananetal. [18] addressloubleauctionswheremultiple buyersandsellers
submitdemandandsupplycurvesfor adivisiblegood andinvestigatecompetitive-
equilibriumoutcomedor myopically-rationabgents.

Ausubel[2] hasproposedan ascending-pricanulti-unit auctionfor buyerswith

maiginal-decreasingaluesandno lower-boundsonlot size,with aninterpretation
asaprimal-dualalgorithm[3]. Iwasakietal. [17] generalizéAusubels methodgo

allow generalvaluationsin this multi-unit auctionproblem,andthustheir auction
appliesto themodelsin thecurrentpaper However, the primaryfocusin lwasakiet

al. is on providing robustnesgo false-naméids[34] in which biddersparticipate
undermultiple identities. Their auctionrunsin pseudo-polynomiaiime, but does
not provide ary worst-casepproximatiorguarantees.

2 Approximately-Strategyproof VCG Auctions

In this section,we rst describethe maginal-decreasingieceavise bidding lan-
guagethatis usedin our forward andreverse(procurementauctions.Continuing,
we introducethe VCG mechanisnfor the problemandthe -dominanceresults
for approximationgo VCG outcomesWe alsodiscusghe economigpropertieof
VCG mechanism# theseforward andreverseauctionmulti-unit settings.

2.1 Marginal-DecreasingPiecaviseBids

We provide a piecavise-constanand maiginal-decreasingpidding languageThis
bidding languages expressve for a haturalclassof valuationandcostfunctions:
x ed unit pricesover intervals of quantities.SeeFigure 1 for an example.We re-
lax the maginal-decreasingequiremento allow a bidderin the forward auction
to statea minimal purchaseamount to re ect a zerovaluefor quantitiessmaller



thanthatamount.Similarly, a supplierin the reverseauctioncanstatea capacity
constaint to re ect an (effectively) in nite costto supplyquantitiesin excessof a
particularamount.
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Fig. 1. Marginal-decreasingiecavise constanbids.In theforwardauctionbid, thebidder
offers$10perunit for quantityin therange , $8perunitin therange , and$7
in therange . Hervaluationis zerofor quantitiesoutsidethe range . In the
reverseauctionbid, the costof thesupplieris  outsidetherange

In detail, in a forward auction, a bid from buyer can be written as a list of

(quantity-rangeunit-price)tuples, , With an
upperbound on the quantity The interpretationis that the bidder's valuation
in the (semi-open)jguantityrange is  for eachunit. Additionally, it is

assumedhatthe valuationis O for quantitieslessthan  aswell asfor quantities
morethan . Thisis implementedby addingtwo dummy bid tuples,with zero
pricesin therange and . We interpretthebid list asde ning aprice
function, , if , Where . In orderto
resolhe the boundarycondition,we assumehatthe bid price for the upperbound
quantity is

A suppliers bid is similarly de ned in the reverseauction.The interpretationis
that the bidder's costin the (semi-open)quantity range is for each
unit. Additionally, it is assumedhatthe costis  for quantitieslessthan as
well asfor quantitiesmorethan . Equivalently, the unit pricesin the ranges
and arein nity . Weinterpretthebid list asde ning apricefunction,

, if

We assumequasilinearutility functions,with , for a buyer
with valuation for unitsatprice , and for a supplier

with cost atprice . Thisis a standardassumptionn the auctionliterature,
and equivalentto assumingisk-neutralagentg19]. We will usethe term payof
interchangeablyor utility.



2.2 VCG-BasedVulti-Unit Auctions

We constructhetractableandapproximately-stratgyproofmulti-unitauctionsaround
astandard/CG mechanismin theforwardauctionwe modelasellerwith  units
andnointrinsic valuefor theitems.Givenasetof bidsfrom agentsl|et de-
note the maximalvalue given bids, and subjectto the conditionthat at mostone
point on the bid curve canbe selectedrom eachagentandno morethan  units

of theitem canbe sold. Let denotethe solutionto this winner
determinatiorproblemwhere isthenumberof unitssoldto agent . Let

denotethe maximalvalueto the sellerwithout bidsfrom agent . TheVCG mech-
anismfor this problemhasthefollowing steps:

(1) Collect piecavise-constanbid curves and capacityconstraintsfrom all the

buyers.
(2) Implementtheoutcome, |, thatsolvesthewinnerdeterminatiorproblem.
(3) Collectpayment from eachbuyer, and

passhe paymentgo the seller

In this forward auction,the VCG mechanisms strategyproof for buyers,which
meanghattruthful biddingis adominantstratey andutility maximizingwhatever
thebids of otherbuyers.In addition,the VCG mechanisms allocatively-efcient,
andthe total paymentsmaximizethe revenueto the sellerin expectationacross
all ef cient auctionsgvenallowing for Bayesian-Nasimplementation$20]. Each
buyerpayslessthanits value,andrecevespayof in equilibrium.
This s preciselythe maginal-valuethatbuyer contributesto theeconomy

In the reverse(or procurementiuctionwe modela buyer with value to
purchaseatleast unitsandno valueotherwiseand suppliers.Eachsupplier
hasa maminal-decreasingostfunction, subjectto a capacityconstraint.To sim-
plify the mechanisndesignproblemwe assumea straightforvard buyer that will
truthfully announcehis valueto the mechanism. The VCG mechanisnremains
stratgyprooffor supplierswithout this assumptionput the ef ciency of the out-
comecanbecompromised.

Thewinnerdeterminatiorproblemis to determindheallocation, ,thatminimizes
the costto the buyer, andforfeit tradeif this minimal costis greaterthanvalue,
Let denotethe minimal costgivenbids from all suppliers,andlet
denoteheminimal costwithoutbidsfrom supplier . Whenthereareno gainsfrom
tradethe outcomeof the VCG mechanisnis no tradeandno paymentsAssume
otherwise,with . The VCG mechanismimplementsthe outcome
that minimizescostbasedon bids from all suppliers,andthen provides payment
to eachsupplier The

Without this assumptionthe Myerson-Satterthaite [24] impossibility resultwould al-
readyimply thatwe shouldnotexpectanef cient tradingmechanismn this setting.



total paymentis collectedfrom the buyer The payof to eachsupplieris equalto
themaginal valuecontributedto the systemandprecisely when
for all suppliers.

Thetotal paymentdo suppliersn thereverseVCG auctioncanbegreaterthanthe
buyer's valuefor thegoods.Thisis nota problemwith theVVCG auctionper sebut
rathera problemwith the ef cient multi-unit allocationproblemin this reversedi-
rection.The single-item,onebuyerandoneseller baigainingproblemis a special
caseof this problem,anda settingin which thewell known Myerson-Satterthaite
[24] impossibilityresultholds.It is notpossibleto constructinef cient mechanism
for the bagaining problem,that satis es participation(i.e. with the buyer paying
lessthanhervalue),withoutsometimesunningatade cit. In fact,theVCG mech-
anismmaximizegheexpectedevenueto thebuyeracrossall ef cient auctiong20]
andtherecanbe no ef cient auctionin which the buyeralwayspayslessthanher
valuewhenthe VCG mechanisnfails to satisfythis property

Formally, thetotal paymentcollectedby suppliersn theVCG mechanisnin equi-
librium is lessthan the buyer's value for the itemsif and only if the following
conditionholds:

(1)

This statesthat the total payof to the suppliersis no greaterthanthe total payof
from the ef cient allocation.In particular we needthatthereareno “pivotal” sup-
pliersfor which thereis no ef cient tradewithoutthe supplier(i.e.

but . A pivotal suppliers paymentprovidesherwith all there-
portedsurpluswhichis the outcomethatshecouldachiese in someequilibrium of
the underylingbaigaining problem.In the absencef pivotal suppliers,condition
(1) simpli es to:

(2)

This conditionstateghat mamginal valuecontributedby eachsupplierto the econ-
omy, summedacrossall suppliersmustbe lessthanthe maiginal value provided
by the supplierswhenthey actasa singlecoalition. In this casethe buyer's pay-
mentwill be no greaterthanhervaluefor the outcomeandthe ef cient tradecan
beimplemented.

Consideranexamplewith 3 agents ,and and .Con-
dition (2) holds when and , but not when
and . In the rst case,the agentpayofs

This conditionis implied by agentsare substituteg4], whichis necessarandsufcient
to supportvVCG paymentsn the corein acombinatoriabllocationproblem.



, WwhereO denoteghe buyer, are . In thesecond
casethepayofs are andthebuyer's paymenis $10greater
thanhervalue.Pragmaticallythe buyer needsan opt-outto cancelthe auctionin
this secondcaseand avoid purchasingthe items at a loss. However, this would
affect stratgyyproofnesson the sell-side.For instancejf the auctionwasnever to
berepeatedhanseller3 would preferto understatdéercostfor supplyinggoodsin
combinatiorwith sellerl sothat . Theeffectwouldbeto adjustpayofs
to (with supplier2 receving a smallerpayment).

Thusthe consequencef thisasymmetrbetweerthereverseandforwardauctions
is that the reverse(procurementiuctionis only applicablein settingsin which
suppliercostsandthe buyer's valueis suchthatcondition(2) is sureto hold.

2.3 -Stratggyproofness

We now considetthestratgic consequenceas introducinganapproximatiorschemes
into the VCG mechanismlt is well known thatary approximatiornthat doesnot
remainoptimalon some x edrangeof outcomesnustleadto afailureof full strat-
egyproofnesq25]. However, we derive a simple -stratgyproofnesgesult, that
boundsthe maximalgainin payof thatan agentcanexpectto achieve througha
unilateraldeviation from following a simpletruth-revealing strategy. We describe
theresultfor theforwardauctionproblem,but it is quitea generalbbsenation.

Let and denotethevalueof theallocationcomputedvith anapprox-
imationschemeandassumehatthe approximatiorsatis es:

for some . We provide suchan approximatiorschemedor our settinglaterin
thepaperLet denotethe allocationimplementedoy the approximatiorscheme,
andconsiderthe VCG mechanisnwith this approximationThe payof to agent ,
for announcingraluation |, is:

®3)

The nal termis independenof the agents announcedialue,andcanbeignored
in anincentive analysisHowever, agent cantry to improveits payof throughthe
effect of its announcedalueon the allocation implementedoy the mechanism.
In particulay agent wantsthe mechanisnto select to maximizethe sum of
its true value, , andthe reportedvalue of the otheragents, f
the mechanisns allocationalgorithmis optimal, thenall the agentneedsto do is
truthfully stateits valueandthe mechanisnwill do the rest.However, facedwith



anapproximateallocationalgorithmandthereportsof otheragentsthe agentcan
try toimproveits payof by announcingvaluethatcorrectsfor theapproximation.

Let denotethe total value of the efcient allocationgiventhe reported
values of agents , andgiventhetruevalueof agent . We sayamechanism
is -stratgyproofif anagentcangainatmost throughsomenon-truthfulstrateyy.

Theorem1 AVCG-basednedanismwith a -allocationschemeis
— -strategyprooffor agent givenbids  fromotheragents.

PROOF. Recallfrom Eq. (3) thattheagents payof, givenoutcome , is
. Thus the maximal bene t to agent from reportinga
non-truthful occurswhen the initial approximationis as bad as possi-
ble given the approximationbounds.This occurswhen the value from solution
is . In this case,agent canhopeto report thatwill cause

the winnerdeterminatioralgorithmto selectoutcome thatmaximizes
andachiesestotal value . Theagents gainin utility in this

casejn comparisorwith truthful bidding,is

Formally, we interpretapproximatestratgyproofnessas a statementhat truth-

revelationis adominantstratgy equilibriumfor anagenthatis indifferentbetween
paymentghatarewithin where is themaximalvaluefrom trade
acrossall possibleeconomies.

Notethatalthoughwe do not needto boundthe accurag of the estimatedptimal
valuewithoutagent to demonstrat@pproximatestrateyproofnessthis boundis
requiredto provide a good approximationto the revenuepropertiesof the VCG
mechanism.

3 The GeneralizedKnapsack Problem

In thissectionwe desigrafully polynomialapproximatiorschemédor thegeneral-
izedknapsackyhich modelsthewinnerdeterminationn the multi-unit allocation
problem.We describeour resultsfor thereverseauctionvariation,but theformula-
tion is completelysymmetricfor the forward-auction.

In describingour approximatiorschemewe begin with a simpleproperty(the An-
chor property) of an optimal knapsacksolution. We usethis propertyto reduce
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our problemto a simplerbut restrictedproblem.We presenia 2-approxmatiorfor

the restrictedproblemand then use this basic approximationto develop a fully

polynomial-timeapproximationscehmeor this restrictedproblem(FPTAS). Lat-
terwe usethe FPTAS for therestrictedproblemto developan FPTAS for thegen-
eralizedknapsackproblem.

Oneof the major appealsof our piecavise bidding languagas its compactrepre-
sentationof thebidder's valuationfunctions.We striveto presere this, andpresent
anapproximatiorschemehatwill dependonly onthe numberof bidders,andnot
the maximumquantity , demandedy the buyer, which canbe very large in
realisticprocuremensettings.

The FPTAS implementsan approximationto the optimal solution , in
worst-casdime , Where is the numberof bidders,andwherewe
assumehatthe piecevise bid for eachbidderhas pieces.Thedependencen

the numberof piecesis alsopolynomial:if eachbid hasa maximumof pieces,
thentherunningtime canbe derivedby substituting for eachoccurrencef

3.1 Preliminaries

Beforewe bagin, let usrecallthe classicO/1 knapsackproblem:we aregivena set
of items,wheretheitem hasvalue andsize , andaknapsackof capacity

; all sizesareintegers.The goalis to determinea subsetf itemsof maximum
valuewith total sizeatmost . Sincewe wantto focuson a reverseauction,the
eqguialentknapsackproblemwill beto choosea setof itemswith minimumvalue
(i.e. cost)whosesizeexceeds . Thegenerlizedknapsak problemof interestto
uscanbede ned asfollows:

GeneralizedKnapsack:
Instance: A target , andasetof lists,wherethe th list hastheform

where areincreasingwith and aredecreasingvith , and are
positive integers.

Problem: Determineasetof integers suchthat
(1) (Oneperlist) At mostone is non-zerdor ary

(2) (Membership) implies :
(3) (Tamet) . and
(4) (Objectve) is minimized.

This generalizedknapsackKormulationis a cleargeneralizatiorof the classicO/1
knapsackln thelatter, eachlist consistf a singlepoint
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Theconnectiorbetweerthegeneralizednapsaclandourauctionproblemis trans-
parent.Eachlist encodesa bid, representingnultiple mutually exclusivequantity
intervals,andonecanchooseary quantityin aninterval, but at mostoneinterval
canbe selected Choosinginterval hascost perunit. Thegoalis to
procureat least  units of the good at minimum possiblecost. The generalized
knapsackproblemhassome a vor of the continuousknapsackroblem.However,
therearetwo majordifferenceghatmake our problemsigni cantly moredif cult:
(1) intervals have boundariesandsoto chooseinterval requiresthat at
least andatmost units mustbetaken; (2) unlike the classicknapsackwe
cannotsorttheitems(bids) by value size,sincedifferentintervalsin onelist have
differentunit costs.

In fact, becausef the “one perlist” constraintthe generalizegroblemis closer
in spirit to the multiple choiceknapsa& problem[11], wherethe underlingsetof

itemsis partitionedinto disjointsubsets , andonecanchooseatmost
oneitemfrom eachsubsetPTAS doexist for themultiple choiceknapsackroblem
[12], andindeed,onecancorvertour probleminto a huge instanceof this problem,
by creatingonegroupfor eachlist; puta(quantity price)pointtuple for eath

possiblequantity for a bidderinto his group (subset).However, this conversion
explodesthe problemsize,makingit infeasiblefor all but themosttrivial instances.

3.2 Andor Property

We beggin with a de nition. Given an instanceof the generalizecknapsackwe
call eachtuple an andhor. Recallthat thesetuplesrepresenthe
breakpointsn the piecavise constanturve bids. We saythatthe sizeof ananchor

is , theminimum numberof units availableat this anchors price . Thecost
of theanchor is de nedto bethe minimumtotal priceassociateavith thistuple,
namely if ,and

In a feasiblesolution of the generalizedknapsackwe say that
an element is an anchorif , for someanchor . Otherwise,we
saythat is midrange. We obsene thatan optimalknapsacksolutioncanalways
be constructedso that at mostone solutionelementis midrange.lf therearetwo
midrangeelements and , for bidsfrom two differentagentswith , then
we canincrement anddecrement , until oneof thembecomesananchor See
Figure2 for anexample.

Lemma 1l [Anchor Property] There existsan optimal solution of the geneanlized
knapsak problemwith at mostone midrange elementAll other elementsare an-
chors.
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Fig. 2. (i) An optimal solutionwith morethanonebid not anchored2,3); (i) anoptimal
solutionwith only onebid (3) notanchored.

3.3 AlgorithmRoadmap

Firstwe considerarestrictedyeneralizedknapsaclkproblem wherewe assumehat
the midrangeelementcorrespondingdo the optimal solutionis known. By anchor
property we know thatary otherelement, , is goingto be oneof theanchormoint
in thelist of thegeneralizeknapsackproblem.Thereforetherestrictedoroblem
is very similar to the multiple choiceknapsackproblem.We usethe approxima-
tion schemefor multiple choiceknapsackproblemto develop an approximation
schemefor the restrictedproblem. The approximationschemefor the restricted
problem,in turn, is usedto develop an approximationschemefor the generalized
knapsackproblem.This is doneby iteratingover all the choicesfor midrangeele-
ment,solvingthe correspondingestrictedoroblemandchoosingthe solutionwith
the minimum costasthe nal solution.Following pseudo-cod@resentghe high
levelidea.ln thepseudaode thetuple representamidrangeslementwhere
liesin

for =1tondo
for inlist of generalizeknapsacldo
Solve the problemassuming asmidrangeelementLet bethe
solution.
Return

3.4 2-appioximation

Let usassumehatthe midrangeelementcorrespondingo the optimal solutionis
known. Supposehat, in the optimal solution, is midrangeelementand agent
lies in its th range, . Now we canreducethe generalizecknapsack
problemto a simplerproblemwhere hasto lie between andary other
hasto beeitherzeroor oneof theanchorpointsin list . Theobjectve of thenew
problemis sameastheoriginal problem,thatis, to obtain  unitsatthe minimum
cost. It is worth noting that an optimal solutionfor this restrictedproblemis also
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goingto beanoptimalsolutionfor the generalizeknapsackproblem.

Thenew problemcontains groups.Thereare groupsof potentialanchors,
where th groupcontainsall the anchorsof thelist in the generalizecknapsack.
The groupfor agent containstwo elementsThe rst element, , is the anchor
point . The secondelement, , representshe interval , and
theassociatednit-price . Since liesbetween and , any solutionshould
choose to ensurethat is atleast . The secondelement, , representshe
excessnumberof unitsthatcanbetakenfrom agent in additionto , which has
alreadybeencommitted.In arny othergroup,we canchooseat mostoneanchor

Thefollowing pseudo-codeescribesur algorithmfor this restrictedgeneralized
knapsackoroblem. is theunionof all thetuplesin  groups,includingtuple
for agent . The sizeof this specialtupleis de ned as , andthe costis
de nedas . isthenumberof unitsthatremainto beacquired. is
thesetof tuplesacceptedn thecurrenttentatve solution.Sinceary solutionshould
contain , weadditto andinitialize tobe : is the bestsolution
foundsofar. Variable is only usedin the proof of correctness.

Algorithm Greedy

(1) Sortall tuplesof intheascendingrderof unit price;in caseof ties,sortin
ascendingprderof unit quantities.
(2) Set , for all lists
Initialize : , .
(3) Scanthetuplesin in thesortedorder Supposéehe next tupleis , i.e.the
th anchorfrom agent .

If , ignorethistuple;
otherwisedo thefollowing steps:
if and
return ;
if and
return ;
if and
add to ; Set to if cost
improves;
if then
add to ; ; Subtract from

The approximationalgorithmis very similar to the approximationalgorithm for
knapsacK16]. Sincewe wish to minimizethetotal cost,we considerthetuplesin
orderof increasingper unit cost.If thesizeof tuple is smallerthan , thenwe
additto ,update ,anddeletefrom all thetuplesthatbelongto thesamegroup
as .If is greaterthan ,then alongwith formsafeasiblesolution.
However, this solutioncanbefar from optimalif thesizeof is muchlargerthan

14



.If totalcostof and is smallerthanthe currentbestsolution,we update
Oneexceptionto thisrule is thetuple . Sincethistuple canbetakenfractionally,
we update if thesumof 'scostandfractionalcostof isanimprovement.

The algorithm terminatesin either of the rst two casesor whenall tuplesare
scannedln particular it terminateswvheneer we nd a  suchthat is
greaterthan but is lessthan , or whenwe reachthetuple and
it givesafeasiblesolution.

Lemma2 Suppose is an optimal solution of the generlized knapsak with
element being midrange. Then,the solution , returnedby Greedyis a 2-
approximationto

PROOF. Let be the valuereturnedby Greedy Considerthe set at the
terminationof Greedy Therearetwo casego considereithersometuple

isalsoin , ornotuplein isin .Inthe rst caselet bethetentatve
solution atthetime wasaddedto . Because then ,
and togethemwith formsafeasiblesolution,andwe have:

Again,because then , andwe have .
Ontheotherhand,since isincludedin , wehave . Thesetwo in-
equalitieamply thedesiredoound:

In the secondcase,imaginea modi ed instanceof the problem,which excludes
all thetuplesof the set . Sincenoneof thesetupleswereincludedin  , the
optimal solution for the modi ed problemshouldbe sameas one for the origi-

nal. Supposeour approximationalgorithmreturnsthe value  for this modi ed

instance.

Let bethelasttuple consideredy the approximatioralgorithmbeforetermina-
tion of themodi ed instanceandlet  bethecorrespondingentative solutionset
in thatstep.Runningthegreedyalgorithmfor themodi ed instancecanbethought
asrunningit for the original problemexceptinsteadof addinga tupleto , we
ignoreit. Thereforegvenfor the original problem, is goingto bethe lasttuple
considerechnd is goingto becorresponingentatve solution.Sincethe of
the modi ed problemremainsempty the for the modi ed instanceremains
NULL. Therefore, is thesumof thecostof and . Ontheotherhand,

is theminimumof thesamesumand for theoriginal problem.There-
fore,
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Also, for the modi ed instance aswe considertuplesin orderof increasingper
unit price,andnoneof the tuplesaregoingto be placedin the set , We must
have because is the optimalway to obtain in
themodi ed problem.

We alsohave . Therefore,

This completeghe proof of Lemmaz2.

Sofar, we have consideredherestrictedoroblemwherewe assumehatthemidrange
elementcorrespondingo the optimalsolutionis known. We corvertthe 2 approx-
imationalgorithmfor therestrictedporoblemto onefor generalizedknapsackprob-
lem by usingthe ideapresentedn the section3.3. We run the algorithm Greedy
oncefor eachtuple asacandidatdor midrangeelementandchoosehesolu-
tion with the minimumcostasour nal solution.

Thereare tuplesandwe executethe algorithmGreedyfor eachof them.lt is
easyto seethat,afteraninitial sortingof thetuples,thealgorithmtakes time.
Also thesortingneeddo bedoneonly onceandhencehetotal costof thealgorithm
is . Thus,we have our rst polynomialtime approximatioralgorithm.

Theorem 2 A 2-appioximationof the generlizedknapsak problemcanbe found
in time , Whee is numberofitemlists (ead of constantength).

The dependencen the numberof piecesis also polynomial: if eachbid hasa
maximumof piecesthentherunningtimeis

3.5 AnApproximationSdheme

We now usethe 2-approximatioralgorithm presentedn the precedingsectionto
develop a fully polynomialapproximation(FPTAS) for the generalizecknapsack
problem.Thehighlevelideais fairly standardbut thedetailsrequiretechnicalkare.
Similar to the 2-approximatioralgorithm,we rst considertherestrictedproblem
wherethe midrangeelements known.

Let the midrangeelementbe , which falls in the range . Our FPTAS
runsin two phasesin the rst phasewe solve a multiple choiceknapsackprob-
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lem, mKnapsackwherewe constructadynamicprogrammingableto computethe
minimumecostatwhich atleast unitscanbeobtainedusingtheremaining

listsin thegeneralizedknapsackln the secondphasewe gothroughthelast
row of the dynamicprogrammingable,searchingor the entry, which alongwith
the midrangeelementminimizesthe costof obtainingat leastM units.

Suppose denotesthe maximum numberof units that can be obtainedat
costat most usingonly the rst lists (ignoring the th list) in the generalized
knapsackThen,the following recurrenceelationdescribeow to constructthe
dynamicprogrammingable:

where , isthe setof anchordor agent .
As convention,agent will index therow, andcost will index thecolumn

This dynamicprogrammingalgorithmis only pseudo-polynomiakincethe num-
berof columnin thedynamicprogrammingabledependsiponthetotal cost.How-
ever, we cancorvertit into a FPTAS by scalingthe costdimension.

Let denotethe 2-approximatiorto the generalizedknapsackproblem,with to-
tal cost, . Let denotethe desiredapproximationfactor We computethe
scaledcostof atuple , denoted , as

(4)

This scalingimprovesthe running time of the algorithm becausehe numberof
columnsin the modi ed tableis at most - , andindependenbf the total cost.
However, the computedsolutionmight not be an optimal solutionfor the original
problem.We shaw thatthe errorintroducedis within a factorof of the optimal
solution.

As a preludeto our approximationguaranteewe rst shaw thatif two different
solutionsto the mKnapsackproblemhave equal scaledcost, thentheir original
(unscaled}ostscannotdiffer by morethan

Lemma3 Let and betwo distinctfeasiblesolutionsof mKnapsacklf and
have equal scaledcosts,thentheir unscaledcostscannotdiffer by more than
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PROOF. Let and ,respectiely, denoteheindicatorfunctionsassociateavith
theanchorvectors and —thereis 1in position if the . Since and
hasequalscaledcost,

(5)

However, by (4), the scaledcostssatisfythefollowing inequalities:

(6)

Substitutingthe upperboundon scaledcostfrom (6) for , thelower-bound
on scaledcostfrom (6) for , andusingequality(5) to simplify, we have:

Thelastinequalityusesthe factthatat most component®f anindicatorvector
arenon-zerothatis, ary feasiblesolutioncontainsatmost tuples.

Finally, giventhe dynamicprogrammingablefor mKnapsackwe considerall the

entriesin thelastrow of thistable, . Theseentriescorrespondo optimal
solutionswith all agentsexcept , for differentlevelsof cost.In particular we con-
siderthe entriesthatprovide atleast units. Togethemwith a contribution

from agent , we choosethe entryin this setthat minimizeshetotal cost,de ned
asfollows:

where is theoriginal, unscaledcostassociatedavith entry
Thefollowing lemmashavsthatwe achieve a -approximation.

Lemma4 Suppose is an optimal solution of the generlized knapsa& prob-
lem,and supposehat element is midrange in the optimalsolution.Then,the
solution fromrunningour FPTASsatis es

PROOF. Let denotethevectorof theelementsn solution  withoutelement
. Then,by de nition, . Let bethe
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scaledcostassociatedvith thevector . Now considethedynamicprogramming
tableconstructedor mKnapackandconsideiits entry .Let denotehe
2-approximatiorto the generalizecknapsackproblem,and denotethe solution
from our FPTAS.

Suppose is the solution associatedvith this entry in our dynamicprogram,;
thecomponent®f thevector  arethe quantitiesfrom differentlists. Sinceboth
and have equalscaledcosts,by Lemma3, their unscaleccostsarewithin

of eachother;thatis,

Now, de ne : this is the contribution needed

from to make a feasiblesolution. Among all the equalcostsolutions,
our dynamicprogrammingableschooseshe onewith maximumunits. Therefore,

Therefore,jt mustbe the casethat . Because is alsoa feasible
solution,if ouralgorithmreturnsa solutionwith cost , thenwe musthave

wherewe usethefactthat

The presentedschemeassumeghat the midrangeelementis known. Using the

ideaspresentedn section3.3, we cornvertthe approximationrschemeor restricted
problemto onefor the generalizeknapsackproblem.The approximationrscheme
for generalizedknapsackproblemsolves restrictedproblemscorresponding
to choicesof midrangeelementandchoose®newith the minimum costas

the nal solution.

For a given midrange,the most expensve stepin the algorithmis the construc-
tion of dynamicprogrammingable,which canbedonein time assuming
constanintervalsperlist. Thus,we have thefollowing result.

Theorem 3 We cancomputean approximationto the solutionof a gener
alizedknapsak problemin worst-casdime

The dependence®n the numberof piecesis also polynomial: if eachbid hasa
maximumof piecesthentherunningtime canbe derivedby substituting for
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eachoccurrencef

4 Computing VCG Payments

A naive approachto computingthe VCG paymentsrequiressolving the alloca-
tion problem times,removing eachagentin turn. We extendour approximation
schemefor the generalizedknapsackanddetermineall paymentsan total time
, Where , for aconstanupperbound,

and isthecompleity of solvingthe allocationproblemonce.This -boundcan
be justi ed asa “no monopoly” condition,becauseat boundsthe mamginal value
thata singlebuyer bringsto the auction.Similarly, in the reversevariationwe can
computethe VCG paymentdo eachsupplierin time , Where
boundstheratio forall .

Ouroverallstrateyy will beto build two dynamicprogrammingablesoneforward
andonebackward, for eachmidrangeelement , andusethesetablesto solve
all subproblemsvithout eachagent.The forward tableis built by consideringthe
agentsin the orderof their indices,whereasthe backward tableis built by con-
sideringthemin thereverseorder The optimalsolutioncorrespondingo
canbebrokeninto two parts:onecorrespondingdo the rst ( ) agentsandthe
othercorrespondingo thelast( ) agentsAs the( )th row of the forward
tablecorrespondso thesupplierswith the rst ( ) indices,anapproximatiorto
the rst partwill becontainedn ( )th row of theforwardtable.Similarly, the

th row of the backwardtablewill containanapproximatiorfor the second
part. We rst presenta simple but inef cient way of computingthe approximate
valueof , Which senesto illustratethe mainideaof our algorithm.Then
we presentanimproved schemewhich usesthe factthatthe elementsn the rows
aresorted to computethe approximatevaluemoreef ciently .

In thefollowing, we concentratencomputinganallocationin which  ismidrange,
andsomeagent removed. Thiswill beacomponenin computinganapprox-
imationto , the valueof the solutionto the generalizeknapsackvithout
bidsfrom agent . We begin with the simplescheme.

4.1 A SimpleApproximationSdheme

Let mKnapsack  bethemultiple choiceknapsackroblem,when is con-
sideredasthe midrangeelementWe implementthe scaleddynamicprogramming
algorithmfor mKnapsack  with two alternateorderingsover the othersuppli-
ers, , onewith suppliersordered , andonewith suppliersordered

. We call the rst tabletheforward table,anddenoteit , andthe
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secondablethe backward table,anddenoteit . Thesubscript remindsusthat
theagent is midrange.

In building thesetables we usethe samescalingfactorasbefore;namely the cost
of atuple isscaledasfollows:

where is theupperboundon , givenby our 2-approximatiorscheme.
In this case because canbe times , the scaledvalue of
canbeatmost . Thereforethecostdimensiorof ourdynamicprogramstable
will be
1 2 3. m-1 m 1 2 3 m-1 m
1 n-1
n-2
i 9 | R(i-1) Bi(n-) | h n-i
n-1 1
Table F, Table B,

Fig. 3. ComputingVCG payments. —

Now, supposeave wantto computea -approximatiorto thegeneralizedknap-
sackproblemrestrictedo element midrange andfurtherrestrictedo remaore
bidsfrom somesupplier . Call this problemgKnapsack

Recallthatthe th row of our dynamicprogammingtable storesthe bestsolution
possibleusingonly the rst agentsxcludingagent , all of themeitherclearedat
zero,or onanchorsTheserst agentsarea differentsubsef agentsn the for-
wardandthe backwardtables By carefullycombiningonerow of ~ with onerow
of  wecancomputeanapproximatiorto gknapsack . We considetherow
of thatcorrespondso solutionsconstructedrom agents , Skip-
ping agent . We considertherow of  thatcorrespondso solutionsconstructed
from agents , againskippingagent . The rows are labeled
and respectrely. The scaledcostsfor acquiringtheseunits

We could label the tableswith both and , to indicatethe th tupleis forcedto be

midrangebut omit to avoid clutter
To be precisetheindex of therows are and for and when ,
and and , respecirely, when
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arethe columnindicesfor theseentries.To solve gKnapsack we chooseone

entryfrom row andonefrom row suchthattheir total quantity

exceeds andtheircombinedcostis minimumoverall suchcombinations.

Formally, let , and denoteentriesin eachrow, with
, , denotingthe numberof units and and denoting

the unscalecbostassomatedwth theentry We computethefollowmg subjectto
theconditionthat and satisfy

(7)

Lemmab5 Suppose isanoptimalsolutionofthegenealizedknapsak problem
withoutbidsfromagent , and supposehat element Is the midrange element
in the optimal solution. Then,the expressionin Eq. 7, for the restrictedproblem
gKnapsack , computes -approximationto

PROOF. Fromearlier we de ne . We cansplit the optimal
solution, ,intothreedisjointparts: correspond$o the midrangesupplier
correspondso rst suppliers(skippingagent if ),and  corresponds
to last supplierg(skippingagent if ). We have:

Let and .Let and  Dbethe solutionvectors
correspondindo scaledcost and  in and , respectrely.
FromLemma3 we concludethat,

where is theupperboundon computedwith the 2-approximation.

Amongall equalscaledcostsolutions,our dynamicprogramchooseshe onewith
maximumunits. Thereforewe alsohave,

wherewe useshorthand to denotetotal numberof unitsin all tuplesin
Now, de ne . Fromthe precedingin-
equalities,we have . Since is also a feasiblesolutionto the

generalizeknapsackproblemwithout agent , the valuereturnedby Eq. 7 is at
most
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This completeghe proof.

A naive implementatiorof this schemewill beinefcient becauset might check

pairs of elementsfor any particularchoiceof andchoiceof dropped
agent . In the next section,we presentan ef cient way to computeEq. 7, and
eventuallyto computethe VCG payments.

4.2 ImprovedApproximationSdeme

Our improved approximationschemefor the winnerdeterminatiorproblemwith-
outagent useghefactthatelementsn and aresorted;specif-
ically, bothunscaled  andquantity(i.e. ) increase$rom left toright.

Asbeforelet and denotegenericentriesin and respectely.
To computeEg. 7, we considerall the tuple pairs,and rst divide the tuplesthat
satisfycondition into two disjoint sets.For eachset

we computethe bestsolution,andthentake the bestbetweerthetwo sets.
[casel: ]

Theproblemreducedo

(8)
Wede ne apair to befeasiblef . Now to compute
Eqg. 8, wedoaforwardandbackwardwalk on and respectrely.
We startfrom the smallesindex of andmoveright, andfrom the highest
index of andmoveleft. Let bethecurrentpair. If is feasible,

we decrement 's pointer (thatis, move backward) otherwisewe increment 's
pointer The feasiblepairsfound during the walk are usedto computeEq. 8. The
compleity of this stepis linear in sizeof , Whichis

[casell: ]

Theproblemreducedo
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To computethe above equationwe transformthe above problemto anotherprob-
lem usingmodi ed cost,whichis de ned as:

Thenew problemis to compute

(9)

Themodi ed costsimpli es the problem but unfortunatelythe elementsn
and arenolongersortedwith respecto . However, theelements
arestill sortedin quantityandwe usethis propertyto computeEqg. 9. Call a pair
feasibleif . De ne thefeasible
setof astheelements thatarefeasiblegiven . As the elements
aresortedby quantity thefeasiblesetof is acontiguousubsebf and
shiftsleft as increases.

1 2 3 4 5 ¢
10| 20/ 30/40| 50| 60| F(-1)

1 2 3 4 5 6
15| 20| 25| 30| 35/ 40| B(n-)

Begin End

Fig. 4. Thefeasiblesetof , de nedon , IS when
and . and representhe startandendpointersto the feasibleset.

Thereforewe cancomputeEq. 9 by doingaforwardandbackwardwalk on

and respectrely. Wewalk on , Startingfrom thehighestindex,
using two pointers, and , to indicatethe startand end of the current
feasibleset.We maintainthe feasiblesetasa min heap wherethe key is modi ed
cost. To updatethe feasibleset,whenwe increment 's pointer(mawe forward),
we walk left on , rst using to remove elementsrom feasiblesetwhich
are no longerfeasibleand thenusing to add new feasibleelementsFor a
given , theonly elementwhich we needto considerin 'sfeasiblesetis the one
with minimummodi ed costwhich canbecomputedn constantime with themin
heap So,themaincompleity of the computationiesin heapupdatesSince,ary
elementis addedor deletedat mostonce,thereare  — heapupdatesandthe
time compl«ity of thisstepis @ —  — .
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4.3 CollectingthePieces

Puttingthis altogetherthe algorithmfor to implementthe VCG mechanismn our
procuremensettingworks asfollows. First, usingthe 2 approximationalgorithm,
we computean upperboundon . We usethis boundto scaledown the tuple
costsUsingthescaledcostswe build theforwardandbackwardtablescorrespond-
ing to eachtuple . Theforwardtablesareusedto compute . To compute

, We iterateover all the possiblemidrangetuplesandusethe correspond-
ing forwardandbackwardtablesto computethelocally optimalsolutionusingthe
above scheme Among all the locally optimal solutionswe chooseone with the
minimumtotal cost.

The mostexpensve stepin the algorithmis computationof . Thetime
complity of thisstepis — ~ — aswehaveto iterateoverall choices
of , for all , andeachtime usetheabove schemdo computeEq. 7. In the
worst case we might needto compute for all suppliers,jn which case
the nal complity of thealgorithmwill be —  — .

Theorem 4 We cancomputean -strategyproof approximationto theVCG
medanismin theforward andreversemulti-unitauctionsn worst-casdime  —

It is interestingto recall that — is thetime compleity of the FPTAS to
thegeneralizedknapsackroblemwith all agentsOurcombinedschemeomputes
an approximationto the completeVCG mechanismincluding paymentgo
agentsjn time compleity , takingthe no-monopolyparameter
asaconstant.

Thus,our algorithmperformsmuchbetterthanthe nave schemewhich computes
the VCG paymentfor eachagentby solving a new instanceof generalizeknap-
sackproblem.The speedup comesfrom theway we solve gKnapsack . The
time compleity of computinggKnapsack by creatinga new dynamicpro-
grammingtablewill be  — but by usingthe forward andbackward tables,the
complity isreducedo - - . We canfurtherimprove the time compleity
of ouralgorithmby computingeq. 7 moreef ciently . Currently thealgorithmuses
heap which haslogarithmicupdatetime. In worstcase we canhave two heapup-
dateoperationdor eachelementwhich makesthetime compleity superinear. If
we cancomputeEg. 7 in lineartime thenthe compleity of computingthe VCG
paymentwill be sameasthe compleity of solving a singlegeneralizeknapsack
problem.
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5 Conclusions

We have presentedh fully polynomial-timeapproximationschemefor the single-
goodmulti-unit auctionproblem,usinga maginal-decreasingiecavise-constant
biddinglanguagevith quantity-basedideconstraintsOurschemaes bothapproxi-
matelyef cient andapproximatelystratgyproofwithin arny speci edfactor

As suchit is anexampleof computationallytractable -dominanceesult,aswell as
anexampleof a non-trivial but approximableallocationproblem.lt is particularly
interestingthatwe areableto computethe paymentdo agentsan a VCG-based
mechanisnin worst-casdime , Where isthetime compleity to com-
putethesolutionto a singleallocationproblem.

References

[1] AaronArcher, ChristosPapadimitriouKunalTalwar, andEvaTardos An approximate
truthful mechanisnfor combinatorialuctionswith singleparameteagents.In Proc.
14th ACM-SIAMSymposiunon Discrete Algorithms pages205-2142003.

[2] LawrenceM AusubelandPaul R Milgrom. Ascendingauctionswith packagedidding.
Frontiers of Theoetical Economics1:1-42,2002.

[3] SushilBikhchandaniSvende Vries, JamesSchummerandRakeshV Vohra. Linear
programmingand Vickrey auctions. In BrendaDietrich and RakeshVohra, editors,
Mathematicof the Internet: E-Auctionand Markets pages’5-116.IMA Volumesin
Mathematicsandits Applications,SpringefVerlag,2001.

[4] SushilBikhchandanandJosephM Ostrgy. The packageassignmenimodel. Journal
of EconomicTheory 107(2):377-4062002.

[5] EH Clarke. Multipart pricing of public goods.Public Choice 11:17-331971.

[6] PeterCramton. Spectrumauctions. In Martin Cave, Sumit Majumdar and Ingo
Vogelsangeditors,Handbookof Telecommunication&conomics Elsevier Science
B.V., Amsterdam2002.

[7] Swven de Vries and RakeshV Vohra. Combinatorialauctions:A suney. Informs
Journal on Computing 15(3):284—-3092003.

[8] RafaelEpstein,LysetteHenriquez JaimeCatalanGabrielY Weintraub,andCristian
Martinez. A combinatorialauctionimproves schoolmealsin Chile. Interfaces
32(6):1-142002.

[9] Marta Eso, SoumyadipGhosh,JayantR Kalagnanamand Laszlo Ladaryi. Bid
evaluationin procurementuctionswith piece-wiselinear supply curves. Technical
ReportRC 22219,IBM TJ WatsonResearclCentey 2001. Submittedto Journalof
Heuristics.

26



[10] JoanFeigenbaunmand Scott Shenler. Distributed Algorithmic MechanismDesign:
RecentResultsand Future Directions. In Proceedingsof the 6th International
Workshop on Discrete Algorithms and Methods for Mobile Computing and
Communicationgpagesl—13,2002.

[11] MichaelR Garegy andDavid S JohnsonComputes andIntractability: A Guideto the
Theoryof NP-Completenes®V.H.FreemarandCompary, New York, 1979.

[12] GV GensandE V Levner Computationatompleity of approximationalgorithms
for combinatorialproblems. MathematicalFoundationsof ComputerSciencepages
292-300,1979.

[13] Robertl Graves,Linus SchrageandJayaranSankaranAn auctionmethodfor course
registration. Interfaces 23(5):81-921993.

[14] TheodoreGroves. Incentivesin teams.Econometrica41:617-6311973.

[15] A Hohner J Rich, E Ng, G Reid, A Davenport,J KalagnanamH S Lee,andC An.
Combinatorialand quantity discountprocurementwuctionsprovide beneftsto Mars
Incorporatedandits suppliers.Interfaces 2003. The Edelmanissue.

[16] O IbarraandC E Kim. Fastapproximatioralgorithmsfor the knapsackandsum of
subseproblems.JACM, 22:463-4681975.

[17] Atsushilwasaki,Makoto Yokoo, and Kenji Terada. A robust openascending-price
multi-unit auctionprotocolagainstalse-namdids. DecisionSupporiSystems2004.
Specialissue dedicatedto the Fourth ACM Conferenceon Electronic Commerce
(EC'03).

[18] JayantR KalagnanamAndrew J Davenport,andH S Lee. Computationalspects
of clearingcontinouscall doubleauctionswith assignmentonstraintandindivisible
demand Electronic Commece Journal, 1(3):221-2382001.

[19] Vijay Krishna. Auction Theory AcademicPress2002.

[20] Vijay Krishna and Motty Perry
Ef cient mechanisndesign. Technicalreport, Pennsylania StateUniversity 2000.
Availableat: http://econ.la.psu.edukrishna/vcg18.ps

[21] R Lavi, A Mu'alem,andN Nisan.Towardsacharacterizationf truthful combinatorial
auctionsin Proc.44thAnnualSymposiumn Foundationof ComputeiSciencg2003.

[22] JohnO Ledyard,Mark Olson,David Porter JosephA SwansonandDavid P Torma.
The rst useof acombinedvalueauctionfor transportatiorservicesInterfaces32:4—
12,2002.

[23] Daniel Lehmann,Liadan Ita O'Callaghan,and Yoavr Shoham. Truth revelationin
approximatelyef cient combinatorialauctions.Journal of the ACM, 49(5):577-602,
SeptembeR002.

[24] RobertB Myersonand Mark A Satterthvaite. Ef cient mechanismdor bilateral
trading. Journal of EconomicTheory 28:265-2811983.

27



[25] NoamNisanandAmir Ronen.ComputationallyfeasibleVCG mechanismsin Proc.
2ndACM Conf on Electionic Commece (EC-00) pages42—-2522000.

[26] NoamNisanandAmir Ronen.Algorithmic mechanisntesign.GamesandEconomic
Behavior 35:166—-1962001.

[27] David C. Parkes. Auction designwith costly preferenceelicitation. Annals of
MathematicandAl, 2003.SpeciallssueontheFoundation®f ElectronicCommerce,
Forthcoming.

[28] David C Parkes, JayantR Kalagnanamand Marta Eso. Achieving budget-balance
with Vickrey-basedhaymentscheme#n exchangesin Proc. 17thInternationalJoint
Confeenceon Arti cial Intelligence(IJCAI-01) 2001.

[29] Michael H Rothlopf, AleksandarPelec, and RonaldM Harstad. Computationally
manageableombinatorialuctions.ManagemeniScience44(8):1131-11471998.

[30] TuomasSandholm. Algorithm for optimal winner determinationin combinatorial
auctions.Arti cial Intelligence 135:1-542002.

[31] JamesSchummer Almost dominantstratgy implementation. Technicalreport,
MEDS DepartmentKellogg GraduateSchoolof Management2002.

[32] William Vickrey. Counterspeculationauctions,and competitve sealedtenders.
Journal of Finance 16:8-37,1961.

[33] Michael P Wellman,William E Walsh,PeterR Wurman,andJef K MacKie-Mason.
Auction protocolsfor decentralizedscheduling. Gamesand EconomicBehavior
35:271-3032001.

[34] Makoto Yokoo, Y Sakurai,and S Matsubara. The effect of false-namebids in
combinatorialauctions:New Fraudin Internet Auctions. Gamesand Economic
Behavior 46(1):174-1882004.

28



