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This supplementary doaument presents two extensonsof the mathematical modd, as
well as amore detailed description of the Drosophila experimental data. In addition, we
present some clarificationson thegraph modd and a detailed methodssection.
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1. Graph Modd: Derivation in the Presence of Boundary Conditions

In the pgper we approximate s, the average numbe of sides per cell at generationt as:
s! 2e/f;i= 2(&-1 + 3ft-1) [ 2f1 = (S[-]_ / 2) + 3 (1)

We solve this recurrence to get:

5! 6+ 2(s5D6) (2)

However, thisequaionfor s isonly an uppe bound approximation because it doubke
counts edges onthebounday of theepithdium. If we accountfor bounday cells, then
theexact equdionfor s is:

s=(2a-e"/fi=6+ 2 (s D6)-a™/f (3)

where ™ isthenumber of bounday edges and f; is the number of cells at generationt.
Thisbasicaly isthe same as equaion (1) but corrects for theover counied edges.

In a2D epithdium comprised of similarly-sized cells, the nunber of bounday edges
approximately measures the perimeter and the number of cells approximately measures
area. Hence 8™ ~ O(r) andf; ~ O(r?), wherer is the radius of the epithdium (in cells).
Thethird term in equaion (3) istherefore O(1/r) and this approaches zero ast geslarge
and the epithdium geslarge Thisimpliestha theaveragenunber of neighbous pe
cell will approadh six frombdow. Infact, theconvegence rate is exponential since f; ~



0O(2") and @™ ~ O(" f,). [Note that this would notbetruefor astrip of cellstha proliferate
in asingle direction since then & ~ O(f;) ]

Thus theorigind approximate formulafor s in (2) is still asymptotically correct. For a
roughly circular region of 200cells, thedifference between equaions(2) and (3) isless
than 4% andfor 30,000celIsit islessthan 0.4%. Therefore equaion (2) isagood
approximation for thesizes of epithdia regionswe sample, and avery good
approximation for theimagind disc itself, which eventudly has well over 30,000cells.

An important aspect of thisandysisisthat it isindependent of cleavage plane orientation
(condition 6), andisingead a degper implication of theformation of mogly tricellular
junaions(vertices of degree 3). Notice however that this result by itself is not sufficient
to explain the predomnance of hexagonsor even thar existenceDfor example, a planar
graph with equd numbers of octagonsand quadrilaterals has only tricellular jundions
and an average of six neghbous, but no hexagons

2. Extended Markov Model: Error in Interface Formation

Oneof thediscrepandes between the mathematically predicted distribution and the
experimentally observed distributionis the absence of 4-sided cells. The Markov modd
allowsthe creation of 4-sided cells throughdivision but assumes tha at theend of a
roundof division each cell has ganed exactly oneedge Asaresult all 4-sided cells
become 5-sided in each round after ganing edges from neghbas, and thusthe modd
predicts no 4-sided cells. In our experimental data, a small fraction of 4-sided cells are
obrved (2-3%). There are severa potential factorsthat can explain thedifference
between the prediction and observation:

1. Theexpeimental daadoes notrepresent theend of aroundof divison,and
therefore notall cellswill have ganed aneghborin the current round Thusone
should expect to see some 4-sided cells tha have been created throughsplitting
butnot ganed an edgefrom anaghbor yet.

2. IntheMarkov modd, we assume tha each cell gansexactly oneedge However
in reality acell may gan more or less. More precisely, the numbe of sides added
vianeghbordivisonisarandomvariable obeying a particular distribution. We
provetha this distribution has amean of exactly 1. By usng theshift matrix Swe
are making themean-field approximation, i.e. tha this mean is @oodenoughQo
calculate the equilibrium distribution. Our experiments with aged and mitotic
cells suggest tha the mean-field approximation isreasonable. This approximation
likely addsa small amountof error to the prediction for all cell types, butis most
obviousfor 4-sided cells.

3. Our modd assumes tha all divisionsresult in theformation of a new interface
between the daughters (condtion 3). However, it is possible tha thisfails with
some small rate as shown in our data on the occurrence of non-interface forming
clones (Text Fig. 1). While we cannoteasily measure the exact rate of failure, we



can modd the effect of different error rates in interface formation, as shown
bdow

Experimental data on interface formation

In thetext we definethree types of cell division, Typel, Il and Il (Text Fig. 1). Typel is
adivisontha resultsin theformation of anomal interface between daughiers. Typell
divisonresultsin two daughters but no new interface is formed so they are connected
only at avertex. Typelll smilarly has two daugherstha fail to form anew interface but
also get sepaated.

In our experimental dataontwo-cell clones, 94%of the divisionsare unanbiguousy
Typel. However thisis a consrvative estimate, and the remaining cases are not
unambiguousy Typell/Ill. Thisis primarily because it is difficult to distinguish Typell
from cytokinesis tha has notyet resolved into an interface. More importantly, itisaso
difficult to distinguish a Typelll divisonfromtwo independent cloneevents tha occur
within a 1-cell radius (which was our scoring criteriafor Typelll). For these
expeiments, clones were tested within a 10-hou period, during which they arelikely to
divideonce. However, some cells may not divideand some cell clones may occur close
to each other. Therefore there are asmall number of single cells and larger clones. If we
congder only two-cell clones, then thefraction of nonTypel eventsis < 3%, whereas
usngal clonesresultsin 6% nonTypel events. Induding thelarger clones increases the
likelihoodthat indgpendent events are mistaken for Typelll divisons In summary, the
failure rateis difficult to measure unambiguousy, however we expect it to belessthan
6% and mog likely around2%.

Modding error in interface formation

While our Markov modd is parameterless, it is possible to introduce parametersto
investigae failures in the conditionsundelying the modd. We introduce a parameter 1
equd to the probability tha a cell divides withoutforming anew interface (i.e. Typell or
[11). Hence with probability (1-p) thecell divides normally, forming an interface between
daughter cells (i.e. Typel). Our expeaimental daasuggeststha 1 is between 2-6%.

We can modd this process as a Markov Chan with thefollowing division matrix:
Pu =@! p)R +uk,

where P, isthenomalized Pascal Matrix defined in thetext for Typel divisons(Text
Box 1) and Py isanew matrix that accounts for Typell/lll divisonswherein a new
interface is notformed. If thetwo daughtersfail to form anew interface then they endup
with oneless sde each. Thusthe number of sides of adaughter in anoninterface
forming divisonisjug oneless than an interface-forming one



Pu (i,j) = Pi(i,j+1) fori >= 4.

ThusPy,i lookslike P, but shifted onecolumn to theleft:

1

1

1 1
(unnomalized) B,,,, =1 2 1

1 3 3 1

1 4 6 4 1

1 510 10 5 1

Notice that the new Markov Chain is defined onthe state space {3,4,5,6,E} because the
division of a4-sided cell can result in theformation of 3-sided daughters when interface
formationfails. Thedivisontrangtion matrices P, and Py, have the extra provisonthat
a3-sided cell dividesto form two 3-sided cells, to avoid the degenerate case of a 2-sided
daughter cell.

Modding only Typell divison effects: In Typell divisons thetwo neghbaing cells
tha are cut by the cleavage planewill gan oneside each, regardless of whether anew
interface isformed or not  Thusthe shift matrix does notchange and S, = S whee S is
smply the standad shift matrix fromthetext.

Theoveral transtion matrix is Ty, = P,S, and by the Perron-Frobeniustheorem the
overall process p™? = p® T, conveges to an equilibrium distribution p” where p’ isthe
prindpd eigenvector of T,,. Usu ng MATLAB, wecalculate p*(u) for severa val ues of M
(Supplemental Figure 1). For small i, aspinareases, ps and ps |ncreasewhllep6 7,
Ps , Po decrease. Thisleadsto adecrease in average sdednessi.e. s (M) < 6 for > 0.
Thisis expected since a highe pimplies less new sides are formed and thusan overall
decrease in sdedness. At the extreme when p=1, i.e. an epithdiumwith purely non
interface forming divisions al cells eventudly become 4-sided.

Thisandysis shows tha, for small values of u tha are consstent with experimental
estimates, the equilibrium polygondistributon E isrobug (Supplementary Fig. 1a).

Modding Typelll divison effects. Inthecase of Typelll divisons naghbourng cells
gan two edges each, rathe than asingle edge Thus we mug modify the shift matrix to
allow +2 sdesto thenaghbaing cellsfor such divisons Let pr = probability tha a cell
hasdivisontypeT, where T isoneof {I,I1,I11}. A fraction (p, + py) of cells contribute +1
sideto each of thar neéghbastha are cut by the cleavage-planein Typel/Il divisons A
fraction (py; ) of cells contribute +2 to each such neighbor(Text Fig. 1). Hence, the new
shift matrix is:

S(P Py Py ) =(P +Py)S + Py S|2



whee S istheorigind shift matrix fromthe pgoer [Text Box 1].

Thedivison trandtion matrix P(pi, pi, pm) isjus Py with p= (1-p). Using P(pi, pi, pii)
and S, pu, pi), we can calculate p* for severa values of p;, pi, and pyy wherep=p; +
pi = 6%. Once agan, we find that theequilibrium distribution E remainsrobug to small
errors, whether Typell or Typelll (Supplementary Fig. 1b).

In summary,

1. Foran errorrate of p = 2-6%, theequilibriumdistribution remainslargdy
undfected. Thisistruefor both Typell and 1l errors. Thusthe system isrobug
to small errorsin interface formation.

2. Caseswhere | = 6% predict that asmall percentage of 4-sided cells (~2%) will be
formed, which is consstent with observed percentages of 4-sided cells (~3%).

3. Lastly, thisandysis suggests how onecan create parameterized versionsof the
modd to investigae small deviationsfromtheidedized conditions
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Supplemental Figure 1.

(a) Equilibrium polygondistribution (E) as afundion of therate of noninterface-
forming divisions . As pincreases, thefrequency of 4- and 5-sided cellsincreases while
6-, and highe-sided cells decrease implying tha the overall mean decreases. For small
rates of face-formation error, E isrobug.

(b) Equilibrium polygondistribution (E) as afundion of therate of Typell and Typelll
nonface-formingdivisons(p, and py), for afixed total error rate p=6%. Eisrobug to
small rates of Typell/lll face formation errors



3. Extended Markov Model: Alternate Cleavage Plane M odels

Here we examine alternae modds of cleavage plane choice tha illudrate howthe .
trangtion probabilitiesin the divison matrix P affect thefind equilibrium distributonp .
In particular, we show tha changesin P lead to noticeable changesinp .

Uniformly at randomsides: Consder adivision modd where each cell @hoossOtwo
non-adjacent sides uniformly at random More specifically (1) choo® sides; at random
fromall n sides of acell (2) choo® sides; uniformly at randomfrom then-3 remaining
non-adjacent sides (3) Create a cleavage plane between s; and s,. This modd hasthe
following divisontrangtion matrix:

(unnomalized) R, =

e e
e
s

1
11

Note tha Py only differs from the Pascal matrix Py in rows 3 and highe. The shift matrix
Sy remainsthe same as the standad shift matrix S. Using MATLAB, we calculate the
equilibrium distribution for the overall Markov process with trangtion matrix Ty = PySy

andget p* =[ 0.3679 0.3679 0.1839 0.0613 0.0153 0.0031 0.0006]
(Supplemental Fig. 2; uniform).

Randomly distributed junctions, allowing 3-sided cells. In this case we modify the
origind divisonmodd (Text Box 1) to allow the case where a 3-sided daughter can be
formed. We still disallow 2-sided cells (which could occur if nojundionfalsononeside
of the cleavage plane). In this case thetrangtion probability is defined as Pr(i,j) =
Comb(i-2, j-3) where Comb(n k) = nl/k!(n-k)!, the number of k-subsets of a set of n
elements. We can calculate the equilibrium distribution for the overall Markov process
with transtion matrix Tt = PrSr andget p =[0.00000.0835 0.2682 0.3360 0.2144
0.0782 0.0197](Supdementary Fig. 2; binomal with triangles). This shows tha the
condition disallowing 3-sided cellsisimportant, even thoughwe do not yet know the
gpecific mechanisms tha prevent it.

Equal junction split. Another smple modd of divisionis equd jundion split where a
cell aways dividesitstricellular jundionsas equdly as possible beween daughters. For
even-sided cells Pg(i,i/2) = 1 and for odd-sided cells Pe(i,(i-1)/2) = Pe(i,(i+1)/2) = 1/2.
For example, a 6-sided cell gives 3 tricellular jundionsto each daughter whilea 7-sided
cell givesonedaughter 3 tricellular jundionsand the other daughter 4 tricellular
jundions This system is predicted to convageto a popuktion of all hexagons Inredlity,
neghbois can gan more or less than oneside andthereforeit is unlikely that onewill
observe apefect hexagond lattice. However the system is driven to a much tighter
distribution than the previousmodds.



From Supplementary Fig. 2, it is clear tha for each different modd, the equilibrium
distributionsdeviates significantly from p, and thusthe Markov modd can discriminae
between these cases. Notice tha all the systems mug have a mean of 6. However, which
cell typeis predominant and what percentage of predominant cell typeis observed can
vary consderably. Importantly, while we cannot provetha no othe divison mechanism
will generate po , thedistribuionsmay indicate which division mechanisms are
insufficient to generate po . Thusin cases where we cannotobserve the division process
directly, we may beableto gan some ingghtinto potentia cell-level mechanisms.
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Supplemental Figure 2. Equilibrium polygondistribution (E) as afundion of cleavage
plane choice. Allowing 3-sided cells increases the variance and decreases the skew of E.
Choosng cleavage planes uniformly at random as oppo®d to binomally, inaeases the
variance by increasing thefrequency of 5-sided cells while decreasing the frequency of 6-
sided cells. ThusE is sengtive to changes in cleavage plane choice.



4. Imaginal Disc Polygonal Cell Counts

In the pgper we present average and standard deviation results from couning the
polygond cell typesin fixed Drosophila imagind discs. Here we present the datafrom
theindividud imagind discs. Thedataisfromtwelveimagind discs at thethird ingar
larval stage, collected ontwo separate days. For each disc we examined an arbitrary
region of ~100-300cells in the presumptive bladeregion (excluding thewing margin
territory).

The scoring of late-third ingar imagind disc cells was performed by hand on high-
resolution digital images (raw datain Supplementary Table 1). While scoring polygon
class for mog cells was unambiguous some errorsin couning are likely. Images were
ambiguousfor anumber of reasons 1) Focal planeeffects dueto which the septate
junaionwas not clearly resolved; 2) Variationin thelength of cell sides; and 3) Cells
adjoining mitotic cells were distorted, making it difficult to discern cell contacts.

Despite these caveats, the scored images showed aremarkably congstent distribution
with a small deviation fromthe average (Supplementary Fig. 3). Importantly, each disc
exhibited similar propeties: no cells with less than four sides or more than ninesides
were obrved, the median cell sdedness was six, and the percentage of seven-sided cells
was always lower than tha of five-sided cells.
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Supplemental Figure 3. Empiricaly observed pdygondistributionsfor 12 imagind
discsin thelate third ingar stage (100-200cells pe disc). Note tha disc-to-disc
variationsin thedistribution are small and do not affect the overall characteristic shgpe



Polygon
distribution/

disc 3 4 5 6 7 8 9 total cells
1 0 3.11 29.81 4472 16.15 6.21 0 161
2 0 0 28.44 44 .95 24.77 1.83 0 109
3 0 2.86 26.86 48.57 17.14 4 0.57 175
4 0 1.62 25.95 48.65 21.62 2.16 0 185
5 0 0 24.58 49.15 20.34 5.93 0 118
6 0 3.98 30.11 40.91 20.45 3.98 0.57 176
7 0 4.09 28.07 47.95 16.37 3.51 0 171
8 0 2.65 29.65 43.81 21.24 2.65 0 226
9 0 2.46 29.1 43.85 22.54 2.05 0 244
10 0 5.31 25.66 44 .25 22.12 2.65 0 113
11 0 3.21 26.2 46.53 21.39 2.67 0 187
12 0 4.23 28.01 46.25 18.89 2.28 0.33 307
average 0 2.79 27.7 45.8 20.25 3.33 0.12 2172
std. dev. 0 1.55 1.75 2.39 2.53 1.4 0.22
max. 0 5.31 30.11 49.15 24.77 6.21 0.57
min. 0 0 24.58 40.91 16.15 1.83 0
Markov
model 0 0 28.9 46.4 20.9 3.6 0

Supplemental Table 1. Frequency counts of data shown in Supplemental Figure 3,
presented as polygondistributionsper disc for twelve imagind discs. No 3-sided or 10-
sided cells are observed. Themedian is 6 and thefrequency of 5-sided cellsis greater
than 7-sided cellsfor al discs. Summary statistics pe polygonclass and oveal are

shown.



5. Detailed Methods
Confocal Timelapse

Imagind discs were dissected in droplets of Ringa@ solution on siliconized dides and
immediately tranderred into culture media on standad glass dides. Stripsof doulde-
stick tape were employed as spacers to create a shdlow chamber between the coverdip
and the specimen. For short duration ex vivo culture of imagind discs, it was possible to
track mitotic cell jundion dynamicsin avariety of media. We used standad Ringa®@
Solution (130mM NaCl, 5mM KClI, 1.5 mM MgCl,) aswell as Shieldsand Sang M3
Insect Media (Sigma-Aldrich; modified with 10% Fetal Bovine Serum, 10 mU/L inaulin,
10U/mL penicillin, 10 ug/mL streptomycin) to obtain movies over culture periodsof 1.5
2 hours at maximum. Movies were collected and processed usng the Leica TCS SP2
AOBS Confocal Microscopesystem.

Animal Husbandry and I maging

Drosophila stocks were maintained using standard methodsat 25°C. GFP-expressing
mutant clones were indueed with a 15-minute heat shodk at 37°C followed by a 10-hour
recovery period. For immunog/tochemistry and Phalloidin staining, imagind discs were
fixed in 4% paraformaldenydein PBS at roomtemperature for 30-40 minutes. All
subsequent steps were performed according to standad protocols. Phdloidin-546
(Molecular Probes) was used at adilution of 1:250 Mous anti-Discs Large
(Developmental Studies Hybridoma Bank) was used at 1:500. Seconday antibodies
were God anti-Mous Alexa 647 or Goa anti-Rabbit Alexa 647 (1:500; Molecular
Probes). Polygon counts were taken from ninelate third ingar larval imagind discs.
Xenopustadpoles, approximately stage 44-50°°, were obtsined live (CarolinaBiological
Supply) andimmediately fixed in cold 4% paraformaldehydein PBS. Tails were
removed and stained overnightin 1:200Phaloidin-546 at 4°C in PBT and then rinsed 3X
in PBT at roomtemperature for 2 hous. For examinaion, the epidermis was dissected
away from themuscle prior to mouning. Countswere taken from five samples. Wild-
caughtHydra popuktions(CarolinaBiological Supply) were maintained in Poland
Spring Water in plastic dishes on adiet of freshly-hached brine shrimp nauplii (Carolina
Biological Supply). For fixation, animals were pamitted to engage themselves with
shrimp larvae and then fixed whole with 4% paraformaldenydein Poland Spring Water.
Staining was overnightat 4°C in a 1:200dilution of Phdloidin-546in PBT, followed by 3
rinsesin PBT over 2 hous at roomtemperature. Polygoncounts were taken fromfive
samples. All specimenswere mounted in 70% glycerol/PBS udng spacers as appropriate.
Images were collected onalLeica TCS SP2 AOBS Confocal Microscopesystem and
processed usng AdobePhotoshop 7.0 software.

Clonal analysis and polygondistributions

Cloneswere induced in flies of thegenotype yw hs-flp*?% Actins5c> >Gal4, UAS
GFP/+. Polygondistributions were determined by eye in confoca micrographs; error
was estimated as the average standad deviation between counts from different images.



Empiricdly, it was not possible to systematicaly account for certain rare butinevitable
irregularitiesin rea epithdia, such as occasiond 4-way point junctionsand dying or
grossly misshapen cdlls. Indeed, such irregularities were most common in Xenopus
epidermis, which deviated themog significantly from expectations. There are clearly
regulative mechanisms and spatid irregularities in epithdianot accounted for by the
present study, and overal polygoncounts must therefore be taken as approximationsthat
illustrate genera design principles of default-state epithdid mondayers. Theraw counts
for cells of different sidedness are as follows: Drosophila disc columnar epithdium (4- 64;
5- 606 6- 993 7- 437, 8- 69; 9- 3). Hydra (4- 16, 5- 159 6- 278 7- 125 8- 23, 9- 1).
Xenopus(3- 2; 4- 40, 5- 305 6- 451; 7- 191, 8- 52, 9- 8; 10- 2). Drosophia peripodid
controls (4- 11; 5- 106 6-198 7-86; 8- 10, 9- 0). Drosophia peripodid string clones
(only cdlsontheclore periphey were scored: 3- 3; 4- 27, 5- 134 6-105 7-21; 8- 5; 9-
0).

Markov Chain convergence and equilibrium distribution calculation

The Perron-Frobenius Theorem in Markov Chan theory guarantees the convegence of
pY to a uniquestable equilibrium distributionp” independent of theinitial distribution
p©, provided tha thechain isirredudble and aperiodic. Notethat in our case all
probability mass leaves state 4 of owr Markov chanin 1iteration (Text Fig. 2). Hence the
Markov chan istechnically defined only on states 5 and highe, with state 4 as a trangent
state. Restricted to this smaller state set, it is both irredudble and aperiodic and thusthe
theorem guarantees the existence of a uniquestable equilibriun?. Furthermore the
equilibrium distribution is thefirst eigenvector of thetrangtion matrix T, and the second
eigenvduedeerminestherate of convagence. We truncated theinfinite trangtion matrix
T down to 20 rows and 20 columns and then used Matlab to calculate p” astheprincpd
eigenvector of T. We also used Matlab to compute! ,, thesecondlargest eigenvadueof T
as 0.5, which implies tha thetopology approaches the predicted equilibrium distribution
exponentially fast.



