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Abstract

Wepresenta dependentHoareTypeTheory(HTT)which
providessupportfor reasoningaboutprogramswith higher-
order functions and effects, including non-termination,
statewith aliasing andpointerarithmetic. Thetypestruc-
ture encapsulateseffectful commandsusing a monadin-
dexed by pre- and post-conditionsin the style of Hoare
logic. The theory carefully distinguishesbetweenan ap-
propriate notion of de�nitional equalityand propositional
equality, in order to maintain the relative decidability of
type-checking.

1 Intr oduction

This paperdescribesa type theoreticapproachto de-
velopinga programminglanguagefor higher-orderstateful
functionstogetherwith its associatedprogramlogic.

Hoarelogic [10] hasbeenmostsuccessfullyemployed
to reasonabout �rst-order imperative programs,whereas
extensionsto programswith proceduresand more gener-
ally higher-order functions have beenknown to be sub-
tle [5, 7,6, 1,2]. As discussedby Apt in hissurvey of Hoare
Logic, theproblemsusuallyappearbecause“ ... theseman-
tics of parameterpassingis alwaysmodeledsyntactically
by someform of variable substitutionin a program, and
this leadsto varioussubtleproblemsconcerningvariable
clashes.Thesedif�culties are especiallyacutein thepres-
enceof recursionandstaticscoping” [2, page462]. Thatis,
themodularityfeaturesthatmaketypedlambdacalculusso
successfulappearto be in direct con�ict with Hoare-style
reasoning.

The goal of this work is to marry dependenttype
theory and Hoare logic in a fashion that preserves the
strengthsof each. In particular, we seek a Hoare-like
logic for higher-order, imperative programswhile retain-
ing theproof-theoreticreasoningof theCurry-Howardiso-
morphism. To that end,we describea systemcalledHTT
(shortfor HoareTypeTheory)thatrevolvesarounda pure,
dependently-typedfunctional core extendedwith impera-

tive commands,togetherwith the associatedtype theory
which is extendedto accountfor encapsulationof effects
and logical speci�cationsof their behavior. The speci�-
cationsare basedupon the classicalwork of Cartwright
andOppen[6] (�rst-order, multi-sortedclassicallogic with
McCarthy-stylearrays[16]). We useclassical,ratherthan
a substructurallogic (e.g. Separationlogic [22, 25, 23]),
mainly becauseit hasa well-studiedproof theory, andhas
beenemployedin severalpracticalveri�cation systems,like
ESC/Java [14, 8] and Cyclone [12], but we believe the
framework is extensibleto otherlogics.

At any rate,our main focusandcontribution is not any
particularassertionlogic, but the formulationof HTT asa
dependenttype theory which reconcilesstateand higher-
order functions. This formulation has several important
consequences:First, thetreatmentof variablesat the term,
command,type, and speci�cation levels is handleduni-
formly whichavoidsmany inconvenientsideconditionsthat
areusuallypresentin Hoarelogics. Second,theencapsula-
tion of effects,via anindexedmonad[17, 27, 13], makesit
possiblefor both typesandspeci�cationsto dependupon
terms(including effectful computations). Third, the lan-
guagetreatsheapaddressesas naturalnumbers,and thus
easilysupportsreasoningaboutaliasingandpointerarith-
metic. Fourth, the separationof de�nitional andproposi-
tional equalityon termsmakesit possibleto reducethede-
cidability of type-checkingto provability in the speci�ca-
tion logic,andsoundnessof thetypesystemto soundnessof
thespeci�cationlogic. Fifth, HTT re-establishestheCurry-
Howardisomorphismbetweenlogic andhigher-orderfunc-
tional programmingwith sideeffects,in theimportantspe-
cial casewhen the side effects in questionconcernnon-
terminationandstatewith �rst-class locationsandaliasing.
This naturallyleadsto a degreeof modularityin thespeci-
�cation andreasoningaboutprograms.Finally, typetheory
in generalhascertainadvantagesoverHoarelogic. To men-
tion but an example,in type theory, datainvariantscanbe
capturedin thetypesto facilitatingabstractionandprogram
re-use.In Hoarelogic, datainvariantscanonly bespeci�ed
in thepre-andpostconditionsof thecode,whichmaymake
it cumbersometo write speci�cationsthatareparametricin



thedatainvariants.
To achieve the featuresdescribedabove, HTT is split

into two fragments.The�rst fragmentconsistof constructs
for which we canemploy Hoare-like reasoningby pre-and
post-conditions.This includesthestatefulcommands,con-
ditionalsandrecursion.Thesecondfragmentconsistsonly
of pure,dependent,higher-order functions,and the equa-
tional reasoningaboutthis fragmentfollows thetraditional
approachof typetheory. Statefulcomputationscanbeinter-
nalizedinto thepurefragment,by meansof amonadictype
constructorf Pgx:Af Qg. This type classi�es suspended
computationsthat when executedin a statesatisfyingthe
propositionP, producea valueof type A anda new state
satisfyingQ, if they terminate. The variablex namesthe
returnvalueof the computation,andQ may dependon x.
Our approachis basedon the judgmentalpresentationof
monadsby PfenningandDavies [24], andwe alsoemploy
a dependentlytypedformulationwith canonicalformsand
hereditarysubstitutionsasproposedby Watkinset al. [28],
with signi�cant extensionsthat areparticularto our appli-
cation.

Themainmonadicjudgment,andthetypef Pgx:Af Qg
which internalizesit, may be seenasa formalizationof a
veri�cation conditiongeneratorin thestyleof Necula[20].
This setsHTT apart from the usualapproachesto Hoare
logics, wherethe meaningof Hoaretriples is de�ned se-
manticallybasedon programevaluation. Becausein HTT
theHoaretriplesaretypes,arrangingthetheoryaroundver-
i�cation conditiongeneration,ratherthanevaluation,avoids
thecirculardependencebetweentypingandevaluation,and
preservesthepredicativenatureof thesystem.

We have provenprogressandpreservationtheoremsfor
thelanguagewith respectto astandard,call-by-valueinter-
pretation,thusestablishingthesoundnessof HTT (relative
to thesoundnessof theunderlyinglogic of assertionsused
in theHoaretriples).Thedetailedtechnicaldevelopmentof
HTT is presentedin theaccompanying report[18].

2 Overview

In this sectionwe describethe constructsof our Hoare
type theory, the intuition behindour memorymodel, and
de�ne several differentnotionsof substitutionthat will be
usedin the later sectionsto provide the semanticfounda-
tions. We startby presentingthe HTT syntaxin Table1.

Typesand propositions. The primitive typesof HTT are
naturalnumbersandbooleans.We alsohave theunit type
1, functiontype� x:A: B (whereB candependonthevari-
ablex) andcomputationtypef Pgx:Af Qg.

The type f Pgx:Af Qg classi�escomputationsthat exe-
cuteundera preconditionP and,if they terminate,returna
valuex:A andapostconditionQ. Here,P andQ arepropo-

Types A; B ; C ::= bool j nat j 1 j � x:A: B j f Pgx:Af Qg
Propositions

P; Q; R; I ::= IdA (M ; N ) j HId(H ; G) j indom(H ; M )
j > j ? j P ^ Q j P _ Q j P � Q j : P
j 9x:A: P j 8x:A: P j 9h:heap: P j 8h:heap: P

Heaps H ; G ::= h j emp j updA (H ; M ; N )
Elim terms K ; L ::= x j K M j M : A
Intro terms

M ; N ; O ::= K j ( ) j �x: M j dia E j true j false
j eq(M ; N ) j z j s M j M + N j M � N

Computations
E ; F ::= M j let dia x = K in E j c; E

Commands c ::= x = allocA (M ) j x = [M ]A
j [M ]A = N j x = if A (M ; E1 ; E2)
j x = �x A (f :y:F; M )

Variablecontexts � ::= � j � ; x:A
Heapcontexts 	 ::= � j 	 ; h
Propcontexts � ::= � j � ; P

Table 1. Syntax of HTT.

sitionsthatdescribeandrelatethepropertiesof thememory
(i.e., theheap)at thebeginningandtheendof thecompu-
tation. The variablex is boundin the type, and its scope
extendsthroughthepostconditionQ.

The syntactic category of propositions contains the
primitive propositions IdA (M ; N ), HId(H ; G) and
indom(H; M ). The �rst assertsthe equality of terms
M and N of type A, and we refer to it as propositional
equality. The secondassertsthe equality of the heapsH
andG; it is propositionalheapequality. The third asserts
that the heapH allocatesa chunk of memoryat address
given by the integer M ; however, it does not state the
type of the value storedat that address. The rest of the
propositional constructsincludes the standardclassical
connectives, togetherwith quanti�cation over types and
quanti�cation over heaps. Keepingwith the tradition of
Hoarelogic, we will frequentlyrefer to propositionsused
in the computationtypesasassertions.The assertionlogic
is multi-sorted,wherethe sortsinclude heapsand all the
elementsof thetypehierarchy.

Locations and the memory model. Eachheapis a �nite
collectionof assignmentsM 7! A N , whereA is a type,
M is a naturaldenotingan addressin the heap,andN is
an elementof type A. If a heapcontainsan assignment
M 7! A N , we say that the M points to N . Heapsare
partial functions,aseachaddresscanpoint to at mostone
term.

The syntax of HTT provides the following con-
structs to representheaps: emp is the empty heap,and
updA (H ; M ; N ) is a heapin which the locationM points
to N of typeA, but all theotherassignmentsequalthoseof
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theheapH . We useh to rangeoverheapvariables.
We now de�ne several propositionsthat will appear

prominentlyin HTT assertions.

seleqA (H ; M ; N ) = 9h:heap: HId(H ; updA (h; M ; N ))

seleqA (H ; M ; � ) = 9x:A: seleqA (H ; M ; x)

M 2 dom(H) = indom(H ; M )

M 62dom(H) = : (M 2 dom(H))

Terms. Termsform the purefragmentof HTT, andcon-

tain the basic operationson primitive types (e.g. equal-
ity, arithmetic),as well as the constructsfor introduction
andeliminationof non-primitivetypeslike1, � x:A: B and
f Pgx:Af Qg. FollowingWatkinsetal. [28], weseparatethe
syntacticcategoriesof introductionterms(or intro terms)
andeliminationterms(or elim terms).

This distinctionallows thata signi�cant amountof type
informationmaybeomittedfrom theprograms,becausethe
typesof elim termscanbeinferredautomatically. For intro
terms,the type informationmay be providedexplicitly by
theconstructM : A, if needed.Most importantly, this for-
mulationnaturallyleadsto a syntacticcriterionfor normal-
ity of terms: a term is in normal form iff it doesnot con-
taina betaredex iff it doesnot containthetermconstructor
M : A.

Computations. Computationsform theeffectful fragment
of HTT. They correspondratherclosely to programsin a
genericimperative andsequentialprogramminglanguage.
Intuitively, eachcomputationsis a semicolon-separatedse-
quenceof commandsthatperformeffectsandreturnwith a
result that is subsequentlyboundto a designatedvariable.
The commandsof HTT are: (1) x = allocA (M ), which
allocatesa portion of the heap,and initializes it with the
value of M . The addressof the heapsegment is bound
to x; (2) x = [M ]A , looks up the contentsof the loca-
tion M , andstoresthe valuein x. Beforethe lookup can
be performed,we mustprove that M points to a valueof
type A; (3) [M ]A = N , mutatesthe contentsof the heap
spaceassignedto the location M , by writing N (of type
A) into it; (4) x = if A (M ; E1; E2), is a conditionalwith
branchesE1 andE2 guardedby the Booleanterm M ; (5)
x = �x A (f :y:F; M ) is a recursionconstruct,adaptedfor
the monadicpresentationof HTT. HereA is a type of the
form A = � z:B :f R1gx:Cf R2g. Thesemanticsof �x �rst
de�nes the function f of type A, which is the least�x ed
point of the equationf = �y : dia F . The function f is
immediatelyappliedto M : B to obtaina computationthat
is subsequentlyexecutedand its result (of type [M =z]C,
where[M =z] is acapture-avoidingsubstitutionof M for z)
is boundto x; (6) The computationthat simply consistof
the termM is the trivial computationthat immediatelyre-
turnsM , without performingany effects;(7) Theconstruct
let dia x = K in E sequentiallycomposesthecomputation

encapsulatedin thetermK , with thecomputationE. This
constructis theeliminationform for thecomputationtypes.

In the usualpresentationof the monadiclambdacalcu-
lus [17, 27, 13], the last two constructsabove correspond
to the monadicunit andbind, respectively. The term con-
structordia E suspendsa computationE, and coercesit
into the pure fragment. This is the introductionform for
themonadictypes.TheHTT formulationresultsin aneas-
ier proof theoryand is directly adoptedfrom the work of
PfenningandDavies[24].

Reductions, expansionsand substitutions. The equa-
tional theory of HTT is basedon betareductionsand eta
expansionsfor the variousnon-primitive types. In caseof
theunit typeandfunctiontypes,thereductionsandexpan-
sionsareratherstandard.In thecaseof computationtypes,
etaexpansionis givenasin the equationbelow, wherewe
assumethaty is nota freevariableof M : f Pgx:Af Qg.

M : f Pgx:Af Qg =) � dia (let diay = M : f Pgx:Af Qg in y)

Beta reductionfor computationsis a bit more involved,
as it needsto implementa sequentialcompositionof two
computations.To this end,we de�ne anappropriateauxil-
iary operationof monadicsubstitutionhE=x : Ai F , which
composesE andF sequentially. The operationis de�ned
by inductionon thestructureof E , andweagainfollow the
presentationof PfenningandDavies[24].

hM =x : Ai F = [M : A=x]F
hlet dia y = K in E =x : Ai F = let dia y = K in hE =x : Ai E
hc; E =x : Ai F = c; hE =x : Ai F

With the monadicsubstitutionde�ned, the betareduction
for computationtypesis givenas:

let dia x = dia E : f Pgy:Af Qg in F =) � hE=x : Ai F

Examples.Our �rst examplepresentstheHTT versionof a
functionfor swappingthecontentsof two (possiblyaliased)
locations. We allow the preconditionsin the computation
typesto dependononeheapvariablememwhichstandsfor
theheapat thetimewhenthecomputationstarts.Thepost-
conditionmaydependontwo heapvariables:init standsfor
theheapprior to thecomputation,andmemstandsfor the
heapobtainedafter thecomputation.Thesethreevariables
areassumedboundby the preconditionandpostcondition
respectively.

swap : � x:nat. � y:nat.
f seleq(mem, x, -) ^ seleq(mem, y, -)g r : 1
f8 v1:A, v2:A. seleq(init, x, v1) ^ seleq(init, y, v2) �

HId(mem, upd(upd(init, x, v2), y, v1))g =
� x. � y. dia(v1 = [x]; v2 = [y];

[y] = v1; [x] = v2; ())

Thefunctionswap takesthe locationsx andy, andthen
returnsa suspendedcomputation,which, when activated,
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binds the contentsof x and y to variablesv1 and v2 re-
spectively, andwrites them back into the memory, but in
a swappedorder. We have implicitly assumedthat all the
seleqandupd constructsoutof x andy areindexedby some
typeA (which weomit for brevity).

Activationof suspendedcomputationsis forcedwith the
letdia construct,asin the following function which swaps
thecontentsof two locations,andthenswapsthemagain:

identity : � x:nat. � y:nat.
f seleq(mem, x, -) ^ seleq(mem, y, -)g r : 1
f HId(init, mem)g =
� x. � y. dia(let dia u = swap x y

dia v = swap x y in ())

The typesof thesetwo functionsdeservesfurther com-
ments.For example,thepreconditionin theHoaretypesre-
quiresthatx andy arelocationsthatareactuallyallocated
whenthecomputationstarts. If this conditionis not satis-
�ed, thecomputationwill getstuckbecauseit dereferences
x andy.

Thepreconditiondoesnot specifythevaluesthatx and
y point to. It is thejob of thepostconditionto describehow
thesevaluesmay be changedby the computation. More
generally, thepostconditionrelatethestartingheapwith the
endingheapof thecomputation.

At this point we would like to relateour approachto
computationtyping, with the classicalapproachof Hoare
logic [10, 11, 3, 25]. In most variantsof Hoare logic,
the programlike swap x y that swapsthe contentsof lo-
cationsx andy would be speci�ed with the precondition
seleq(mem; x; v1) ^ seleq(mem; y; v2) and the postcondi-
tion seleq(mem; x; v2) ^ seleq(mem; y; v1), wherethevari-
ablesv1 andv2 arenot boundanywhereandcanappearin
theassertions,but not in theprogramitself. Suchvariables
arefrequentlycalledlogic variables.Becausethescopeof
logic variablesis global,they canappearsimultaneouslyin
thepreconditionandthepostcondition,thusestablishingthe
connectionbetweenthe startingand endingstatesof the
computation. Logic variablesare somewhat cumbersome
to reconcilewith thetypetheoreticapproach,preciselybe-
causethey cannotappearin programs,so we avoid them
in HTT andinsteadrelatethe input andoutputheapsof a
computationvia thepostcondition,asdiscussedabove.

3 Normal forms and hereditary substitutions

Equationalreasoningabouttermsin type theoriesusu-
ally requiresthattermsbeconvertedinto somekind of nor-
mal form beforethey can be comparedfor equality. The
conversionto normalform is usuallyde�ned only on well-
typed terms, making the equationalreasoningand type-
checkingmutually dependenton eachother. For HTT, we
adopttheapproachdueto Watkinset al. [28], whereequa-

tional reasoningandtypecheckingaredisentangled,essen-
tially by allowing normalizationof termsthatarenotneces-
sarily well typed. This leadsto signi�cant conceptualsim-
pli�cations of thesystemandits metatheory.

The main idea is to considerthe syntacticstructureof
(not necessarilywell-typed)normal termsandde�ne sub-
stitutionswhich preserve this structure. For example, in
placeswhere ordinary capture-avoiding substitutionof a
normalterm into anothernormaltermcreatesa redex, like
(�x: M ) N , we needto continuethe substitutionprocess
by substitutingN for x in M . Thismayproduceanotherre-
dex, whichmustbeimmediatelyreduced,initiating another
substitution,andsoon. Following [28], we call this kind of
repeatedsubstitutionoperationhereditary substitution. To
ensuretermination,hereditarysubstitutionsareparameter-
ized by a metric basedon typeswhich is reducedas the
substitutionproceeds.

Hereditary substitutionswill operateonly on normal
terms.As explainedin Section2, normaltermsdonot con-
tain betaredexes,or equivalently, they do not containthe
constructorM : A. Here,we extendthenotion furtherby
requiringthattermsof aprimitivetypearein assimpleform
aspossible.For example,anintegerexpressionsM + N , is
notconsidernormalized,andit reducesto s(M + N ). More
generally, termsM + N andM � N arenormalonly if M
andN arenormal,but different from z or s M 0 for some
term M 0. Similarly, the comparisoneq(M ; N ) is normal
only if at leastoneof the argumentsM , N doesnot start
with z or s.

We denoteby [M =x]�S (� ) the hereditarysubstitution
that substitutesa normal expressionM for a variable x
into a given argument. The superscript� rangesover
f a; p;k; m; e;hg anddeterminesthe syntacticcategory of
theargument(type,proposition,elim term,intro term,com-
putationor a heap,respectively). ThesubscriptS is a sim-
ple type which is the decreasingmetric that preventsthe
hereditarysubstitutionsfrom diverging. In thetyping judg-
mentsin Section4, S is thedependency-freeversionof the
type associatedwith M andx. We alsohave a hereditary
monadicsubstitutionhE=xi S (� ) into computations.

Hereditarysubstitutionsarede�ned by nestedinduction,
�rst on the structureof S, andsecondon the structureof
the expressionbeingsubstitutedinto. For illustration, we
only presentherethe casesfor the hereditarysubstitution
[M =x]kS (� ) into elim terms, which may either return an
elim term,or anintro termdecoratedwith a typeS0. From
this de�nition, it shouldbe clear that hereditarysubstitu-
tionsarewell-de�ned, aswe alwayseitherdecreasethein-
dex typeS (in whichcasetheexpressionwe substituteinto
may becomelarger), or the index type remainsthe same,
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but theexpressionsdecrease.

[M =x]kS (x) = M : S
[M =x]kS (y) = y if y 6= x
[M =x]kS (K N ) = K 0 N 0 if [M =x]kS (K ) = K 0

and[M =x]kS (N ) = N 0

[M =x]kS (K N ) = O0 : S2 if [M =x]kS (K ) = �y : M 0 : S1 ! S2

whereS1 ! S2 is subexpressionof S
and[M =x]kS (N ) = N 0

andO0 = [N 0=y]mS1
(M 0)

[M =x]kA (K 0) fails otherwise

Theorem1 (Termination of hereditary substitutions)
1. If [M =x]kS (K ) = N 0 : S1 , thenS1 is a subexpressionof S.

2. [M =x]�S (� ), andhE=xi S (� ) terminate,eitherby re-
turninga result,or failing in a �nite numberof steps.

We write [M =x]�A (� ) insteadof [M =x]�S (� ) whenS is
thesimpletypeobtainedby erasingthedependenciesin A.

4 Typesystem

TheHTT typesystemusescanonicalformsto facilitate
equationalreasoning[28]. Canonicalform is betanormal
andetalong (i.e. all of its intro subtermsareetaexpanded),
so that comparingtwo termsfor equalitymodulobetare-
ductionandetaexpansioncanbedoneby simplycomparing
therespectivecanonicalformsfor alphaequivalence.

The typing judgmentsof HTT synthesizethe canonical
formsof termsin parallelwith typechecking,andthesyn-
thesisemploys hereditarysubstitutions.Hereditarysubsti-
tutionswerede�ned on normalforms,but herewe restrict
them to canonicalforms. In [18], we show that heredi-
tary substitutionsover canonicalforms producecanonical
results.

Thetypesystemconsistsof thefollowing judgments.

� ` K ) A [N 0]
� ` M ( A [M 0]
�; P ` E ) x:A: Q [E 0]
�; P ` E ( x:A: Q [E 0]
�; 	; � 1 =) � 2

` � ctx
�; 	 ` � pctx
�; 	 ` P ( prop[P 0]
� ` A ( type[A 0]
�; 	 ` H ( heap[H 0]

The�rst four judgmentson theleft areexplicitly oriented,
sothateachof theinvolvedexpressionsis eitherconsidered
given asinput, or is synthesizedasoutput. The judgment
� ` K ) A [N 0] infersthecanonicaltypeA of theelimi-
nationtermK , andsynthesizesthecanonicalform N 0of K .
Of course,K is arbitrary, i.e.,it is notnecessarilycanonical.

Thejudgment�� ` M ( A [M 0] checkswhetherintro
term M matchesagainstthe canonicaltype A. Naturally,
M andA areinputs. If the two match,thecanonicalform
M 0 is synthesizedasoutput.

Similarly, �; P ` E ) x:A: Q [E 0] infersthestrongest
postconditionQ for the input computationE. Theprecon-
dition P andthetypeA areinputs(assumedcanonical),and

Q andE 0 areoutputs,which will alsobe canonical. The
judgment�; P ` E ( x:A: Q [E 0] checksthatP andQ
area pre- andpostconditionfor E , but Q is not required
to be strongest.ThecomputationE is arbitrary, A, P and
Q arecanonicalinputs,andE 0 is the outputwhich is the
canonicalform of E .

The judgment�; 	; � 1 =) � 2 de�nes a sequentcalcu-
lus for a multi-sortedvariantof classical�rst-order logic.
Here 	 is a list of heapvariables,and � 1, � 2 are lists
of propositions. The judgmentholds if assumingthat all
propositionsin � 1 aretrue,oneof thepropositionsin � 2 is
true.

The judgmentson the right sideof theabove tabledeal
with formationof canonicalcontexts,propositioncontexts,
propositions,typesandheaps,respectively. In thelastthree
cases,thejudgmentsreturnthecanonicalform of theinput
expression.

Terms. We only presentthe rulesfor the derived typesof
HTT, astherulesfor boolsandnatsaretrivial. We�rst need
two auxiliary functions:applyA (M ; N ) andexpandA (N ).
In applyA (M ; N ), A is acanonicaltype,andthearguments
M andN arecanonicalintro terms.The functionnormal-
izestheapplicationM N , if it is well-typed.

applyA (K ; M ) = K M if K is anelim term
applyA (�x: N ; M ) = N 0 whereN 0 = [M =x]mA (N )
applyA (N ; M ) fails otherwise

In thefunctionexpandA (N ), A is acanonicaltype,andthe
argumentN isaterm.ThefunctionturnsN into acanonical
intro term (if it is not already)by computingits eta long
form.

expanda (K ) = K if a is a primitive type
expand1(K ) = ( )
expand� x :A 1 : A 2

(K ) = whereM = expandA 1
(x)

�x: expandA 2
(K M ) andx 62FV(K )

expandf P gx :A f Q g (K ) = whereM = expandA (x)
dia (let dia x = K in M )

expandA (N ) = N if N is anintro term

Now wecanpresentthemaintyping rules.

� ; x:A; � 1 ` x ) A [x]
var

� ` () ( 1 [()]
unit

� ; x:A ` M ( B [M 0]

� ` �x: M ( � x:A: B [�x: M 0]
� I

� ` K ) � x:A: B [N 0] � ` M ( A [M 0]

� ` K M ) [M 0=x]aA (B ) [applyA (N 0; M 0)]
� E

� ` K ) A [N 0] A = B

� ` K ( B [expandA (N 0)]
)(

� ` A ( type[A 0] � ` M ( A0 [M 0]

� ` M : A ) A0 [M 0]
()
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The introductionforms areassociatedwith the checking
judgment,andthustherule � I checksthattheterm�x: M
hasthe given function type. The rule also computesthe
canonicalform �x: M 0.

The elimination rule � E �rst synthesizesthe type
� x:A: B and the canonicalform N 0 of the function part
of the application. Then the synthesizedtype is usedin
checkingthe argumentpart of the application. The result
type is synthesizedusinghereditarysubstitutionsin order
to remove thedependency of thetypeB on thevariablex.
Noticethattheargumentsto this hereditarysubstitutionare
canonical. Finally, we computethe canonicalform of the
wholeapplication,with theauxiliary functionapply.

In the rule )( , we arecheckingan elim form against
a type B . But for elim forms we canalreadysynthesizea
typeA, sowe simply checkif A andB areactuallyequal
canonicaltypes.Thecanonicalform synthesizedfrom K in
thepremise,maynot bean intro form (becauseK itself is
elim), sowemayneedto appropriatelyexpandit.

In therule () , if M checksagainstthetypeA, we we
returnthecanonicalform A0 asa typesynthesizedfor M .

Computations. Before we state the rules for the com-
putationjudgments,we needseveraladditionalconstructs.
We �rst introducetheauxiliary functionreduceA (M ; x: E)
whichnormalizesthetermlet dia x = M in E:

reduceA (K ; x: E ) = if K is anelim term
let dia x = K in E

reduceA (dia F; x: E ) = E 0 whereE 0 = hF=xi A (E )
reduceA (N ; x: E ) failsotherwise

Given the propositionsP and Q, we write P; Q for
9h:heap: [h=mem]P ^ [h=init]Q. Thisnew connectivecap-
tureshow theheapevolveswith the computation,asP; Q
holdsof the currentheapmem, if Q is true of mem, and
thereexist aprior heaph of whichP wastrue.

We cannow presentthe typing rulesfor computations,
which areessentiallya formalizationof a veri�cation con-
dition generatorthat works by computingstrongestpost-
conditions. We startwith the rules that correspondto the
monadictypes,andthenproceedwith therulesfor theindi-
vidualeffectful commands.
�; P ` E ) x:A: R [E 0] � ; x:A; init ; mem; R =) Q

�; P ` E ( x:A: Q [E 0]
consq

� ` M ( A [M 0]

�; P ` M ) x:A: P ^ IdA (expandA (x); M 0) [M 0]
comp

�; HId(init ; mem) ^ P ` E ( x:A: Q [E 0]

� ` dia E ( f Pgx:Af Qg[dia E 0]
f gI

� ` K ) f R1gx:Af R2g [N 0] �; init ; mem; P =) R1

� ; x:A; P ; R2 ` E ) y:B : Q [E 0]

�; P ` let dia x = K in E
) y:B : (9x:A: Q) [reduceA (N 0; x: E 0)]

f gE

The consq rule coercesthe inferencejudgmentE )
x:A: R into thecheckingjudgmentE ( x:A: Q, if theas-
sertionlogic canestablishthatR impliesQ. In otherwords,
this rule allows weakeningof the consequentinto an arbi-
trarypostcondition.

Thecompruletypesthetrivial computationthatimmedi-
atelyreturnstheresultx = M andperformsno changesto
theheap.Thus,thegeneratedpostconditionequalsthepre-
conditionextendedwith thepropositionstatingtheequality
betweenthecanonicalformsof x andM .

Thef gI rule internalizesthemonadicjudgmentinto the
computationtype. A suspendedcomputationdia E hasthe
typef Pgx:Af Qg if E is acomputationwith aprecondition
P anda postconditionQ. BeforetypecheckingE we need
to establishthatP marksthestartingheapof thecomputa-
tion, by equatingtheheapvariablememfrom P to theheap
variableinit from Q.

The f gE rule describeshow a suspendedcomputation
K ) f R1gx:Af R2g is sequentiallycomposedwith an-
othercomputationE. The two canbecomposedif the the
assertionlogic provesthatthepreconditionR1 for K is im-
plied by the preconditionP for the compositecommand,
andif thecomputationE checksagainstthepostcondition
P; R2, which shouldhold of the heapafter the computa-
tion encapsulatedby K is executed. The normal form of
the whole computationis obtainedby invoking the auxil-
iary functionreduce. BecausethetypeB whichis theresult
typeof thecomputationsE andlet diax = K in E is anin-
putof thetyping judgments,we implicitly assumethatB is
well-formedin thecontext � , andin particular, B doesnot
dependon thevariablex. Thus,theruledoesnotneedneed
to make any specialconsiderationsaboutx whenpassing
from thepremiseaboutthe typing of E to the conclusion.
No suchconventionappliesto the postconditionQ, so we
needto existentially abstractx in the postconditionof the
conclusions.A similar remarkappliesto the rules for the
speci�c effectful constructsthatwepresentbelow.

Therulesfor allocation,lookupandmutation�rst com-
putethe canonicalforms of the involved typesandterms.
Then, in order to composea commandwith an arbitrary
computationE, we needto checkE againsta precondition
obtainedasa postconditionof thecommand.But �rst, we
de�ne the strongestpostconditionsfor eachof thesecom-
mands.

sp(x = allocA (M )) = HId(mem; updA (init ; x; M )) ^
x 62dom(init )

sp(x = [M ]A ) = HId(mem; init ) ^
seleqA (mem; M ; expandA (x))

sp([M ]A = N ) = HId(mem; updA (init ; M ; N ))

Thepostconditionfor acommandis apropositionthatmost
preciselycapturesthe relationshipbetweenthe heapinit
prior to theexecutionof thecommand,andtheheapmem
obtainedafter theexecution.Dually, thecommandmaybe
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seenasa witnessfor its strongestpostcondition.In thedef-
inition of sp we assumethat all the involved expressions
are canonical. The strongestpostconditionfor allocation
x = allocA (M ) statesthat the new heapinit differs from
the old heapmemin that thereis a locationx pointing to
a termM . The locationx is fresh,becauseit doesnot ap-
pearin thedomainof init. Thestrongestpostconditionfor
lookupx = [M ]A statesthat thenew andtheold heapare
equal,but the variablex equalsthe valuestoredin the lo-
cationM . Becausethe propositionswe considerhereare
in canonicalform, insteadof x, we must usethe canoni-
cal form expandA (x) in the de�nition of sp(x = [M ]A ).
Thestrongestpostconditionfor mutation[M ]A = N sim-
ply statesthat the new heapextendsthe old heapwith an
assignmentwhereM pointsto N .

Now we canstatethetyping rules.

� ` A ( type[A 0] � ` M ( A0 [M 0]

� ; x:nat; P ; sp(x = allocA 0(M 0)) ` E ) y:B : Q [E 0]

�; P ` x = allocA (M ); E

) y:B : (9x:nat: Q) [x = allocA 0(M 0); E 0]

� ` A ( type[A 0] � ` M ( nat [M 0]

�; init ; mem; P =) seleqA 0(mem; M 0; � )

� ; x:A0; P ; sp(x = [M 0]A 0) ` E ) y:B : Q [E 0]

�; P ` x = [M ]A ; E ) y:B : (9x:A 0: Q) [x = [M 0]A 0; E 0]

� ` A ( type[A 0] � ` M ( nat [M 0] � ` N ( A0 [N 0]

�; init ; mem; P =) seleqA 0(mem; M 0; � )

�; P ; sp([M 0]A 0 = N 0) ` E ) y:B : Q [E 0]

�; P ` [M ]A = N ; E ) y:B : Q [[M 0]A 0 = N 0; E 0]

In the casesof lookup and mutation, the sequent
�; init; mem; P =) seleqA 0(mem; M 0; � ) is usedto prove
that the locationbeingdereferencedor updatedis actually
allocatedin thecurrentheap,andis initialized with a value
of an appropriatetype. The sequentis invoked with para-
metricheapvariablesinit andmembecausethesemayap-
pearin theinvolvedpropositions.

Thetyping rule for x = if A (M ; E1; E2) �rst checksthe
two branchesE1 andE2 againstthe preconditionsstating
the two possibleoutcomesof the booleanexpressionM .
TherespectivepostconditionsP1 andP2 aregenerated,and
their disjunctionis taken as a preconditionfor the subse-
quentcomputationE.

� ` A ( type[A 0] � ` M ( bool [M 0]

�; P ^ Idbool(M 0; true) ` E1 ) x:A0: P1 [E 0
1 ]

�; P ^ Idbool(M 0; false) ` E2 ) x:A0: P2 [E 0
2 ]

� ; x:A0; P1 _ P2 ` E ) y:B : Q [E 0]

�; P ` x = if A (M ; E1 ; E2); E

) y:B : (9x:A 0: Q) [x = if A 0(M 0; E 0
1 ; E 0

2); E 0]

The recursionconstructrequiresthe body of a recursive
function f : x: E , and the term M which is suppliedas
the initial argumentto the recursive function. The body
of the functionmaydependon thefunction itself (variable
f ) and one argument(variablex). As an annotation,we
also needto presentthe type of f , which is a dependent
function type � x:A: f R1gy:B f R2g, expressingthat f is
a functionwhoserangeis a computationwith precondition
R1 andpostconditionR2.

� ` � x:A: f R1gy:B f R2g ( type[� x:A 0:f R0
1gy:B 0f R0

2g]

� ` M ( A0 [M 0]

�; init ; mem; P =) [M 0=x]pA 0(R0
1)

� ; f :� x:A 0: f R0
1gy:B 0f R0

2g; x:A0;

HId(init ; mem) ^ R0
1 ` E ( y:B 0: R0

2 [E 0]

� ; y:[M 0=x]pA 0(B 0); P ; [M 0=x]pA 0(R0
2) ` F ) z:C: Q [F 0]

�; P ` y = �x � x :A: f R 1 gy :B f R 2 g (f :x:E ; M ); F

) z:C: (9y:[M =x]pA 0(B 0):Q)

[y = �x � x :A 0: f R 0
1 gy :B 0f R 0

2 g (f :x:E 0; M 0); F 0]

BeforeM canbeappliedto therecursivefunction,andthe
obtainedcomputationexecuted,we needto checkthat the
main preconditionP implies R1. Becauseafter the recur-
sive call we arein a heapof which R2 holds,thecomputa-
tion following therecursivecall is checkedwith aprecondi-
tion P; R2. Of course,becausetherecursivecall wasstarted
with usingM for theargumentx, we needto substituteM
in R1, B andR2 for x everywhere.

Sequents. The sequentcalculusof the the assertionlogic
formalizes a multi-sorted �rst-order logic with equality,
wherethe sortsincludenaturals(with the usualPeanoax-
ioms), bools, heaps,functions (with extensionality)and
computations.We presenthereonly therulespertainingto
heaps,asall the othersortsareratherstandard.Currently
HTT hasno axiomsdealingwith computations,becausein
this paperwe do not considerpropositionsover computa-
tions(excepttheequalityId, whichisapplicableto any type,
andis axiomatizedparametricallyin this type).

Heapsthat differ up to the permutationof assignments
areconsideredequal.

�; 	; � 1 =) Idnat(M 1 ; M 2);

HId(updA (updB (H ; M 1 ; N1); M 2 ; N2);

updB (updA (H ; M 2 ; N2); M 1 ; N1)) ; � 2

If a heapupdatesthe sameaddresstwice, only the latter
assignmentcounts.

�; 	; � 1 =) HId(updA (updB (H ; M ; N1); M ; N2);

updA (H ; M ; N2)) ; � 2

Eachaddressin a heapcanpoint to at mostoneterm.

�; 	; � 1 ; HId(updA (H 1 ; M ; N1);

updA (H 2 ; M ; N2)) =) IdA (N1 ; N2); � 2
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Emptyheapsdonot containany assignments.

�; 	; � 1 ; HId(emp; updA (H ; M ; N )) =) � 2

If anaddresspointsto something,thenit is in theheap's
domain.

�; 	; � 1 ; HId(H 1 ; updA (H 2 ; M ; � )) =) indom(H 1 ; M ); � 2

We note here that the sequentcalculus proves the
usual McCarthy-style axioms about heaps [16], e.g.
seleqA (updA (H ; M ; N ); M ; N ), andseleqA (H ; M 1; N1) ^
: Id(M 1; M 2) � seleqA (updA (H ; M 2; N2); M 1; N1).

Examples. Considerthe function double below, which
takestwo integer locationsanddoublestheir contents,be-
fore returningthe sumof the original contents.We anno-
tatedthe functionwith propositions(enclosedin /slashes/)
thataregeneratedat thevariouscontrolpointsduringtype-
checking.We denoteby P andQ respectively, theprecon-
dition andthepostconditionlistedbelow. For simplicity, we
usethedecimalinsteadof Peanonumerals.

double : � x:nat. � y:nat.
f seleq(mem,x,-) ^ seleq(mem,y,-) ^ : Id(x,y)g r : nat
f8 v1:nat, v2:nat. seleq(init, x, v1) ^ seleq(init, y, v2) �

Id(r, v1+v2) ^
HId(mem, upd(upd(init, x, 2� v1), y, 2� v2))g =

� x.� y. dia (/P /
w1 = [x];
/P1 = P; HId(mem,init)^ seleq(mem, x, w1)/
[x] = w1 + w1;
/P2 = P1 ; HId(mem, upd(init, x, 2� w1))/
w2 = [y];
/P3 = P2 ; HId(mem, init)^ seleq(mem, y, w2)/
[y] = w2 + w2;
/P4 = P3 ; Hid(mem, upd(init, y, 2� w2))/
w1 + w2)

Typecheckingrequiresthat the following sequentsbe
proved, which correspondto the veri�cation condition
of double. The sequentscan easily be proved, af-
ter expanding the de�nition of the operator “;”: (1)
P =) seleq(mem; x; � ) so that x can be dereferenced
in the �rst command; (2) P1 =) seleq(mem; x; � ) so
that x can be updated in the second command; (3)
P2 =) seleq(mem; y; � ) so that y can be dereferenced
in the third command. (4) P3 =) seleq(mem; y; � ) so
that y can be updatedin the fourth command,and (5)
9w1; w2:nat: P4 ^ Id(r; w1 + w2) =) Q sothatQ is avalid
postcondition.

As a secondexample, considera function that loops
throughthe �rst n naturals,andcomputestheir sum. We
assumethe primitive ordering relations (� , < , > , � ),
and their implementationsas booleanfunctions(< = , < ,
> ,> = respectively). We assumethat the relationsandthe
booleanfunctionsare tied throughthe assertionlogic, so

thatx < = y canbeprovedequalto true if f x � y is prov-
ableasa propositionof theassertionlogic. We usethecus-
tomaryif M thenE elseF insteadof if (M ; E ; F ).

sumfunc : � n:nat. f trueg r : nat
f HId(mem, init) ^ Id(2� r, n� (n + 1))g =

� n. dia(y = �x(f . x. /P0 = Hid(init, mem)^ true/
t = if x > n then

/P1 = P0 ; HId(init, mem) ^ x > n/
0

else
/P2 = P0 ; HId(init, mem) ^ x � n/
let dia s = f (x + 1)
in

/P3 = P2 ; [x + 1/x, s/y]pnat(Q)/
s + x

end;
/P4 = (P1 ^ Id(t, 0)) _

(9s:nat. P3 ^ Id(t, s + x))/
t, 1);

/P5 = P0 ; [1/x]pnat(Q)/
y)

Recursionrequiresa type annotationfor the function
variablef . In this case,thetypeis

� x:nat: f truegy:natf HId(mem; init) ^
(x � n � Id(2 � y + x � x; n � (n + 1) + x))^
(x > n � Id(y; 0))g

essentiallyexpressingthat the �xpoint constructcomputes
the sum y = x + (x + 1) + � � � + n. We denoteby
Q the postconditionfrom this type. The sequentsgen-
eratedduring typecheckingare: (1) P2 =) true, so that
the computationobtainedfrom f (x + 1) can be exe-
cuted,(2) P4 ^ Id(y; t) =) Q, so that the body of the re-
cursive function satis�es the speci�ed postcondition,(3)
P5 ^ Id(r; y) =) HId(mem; init) ^ Id(2 � r; n � (n + 1)),
sothatthefunctionsumfuncsatis�esthespeci�edpostcon-
dition.

5 Properties

In this sectionwe presentthe two most characteristic
propertiesof HTT. For the thoroughdevelopment,includ-
ing the substitutionprinciplesandall the proofs,we refer
thereaderto theaccompanying technicalreport[18].

The�rst propertyestablishesthedecidabilityof thetyp-
ing judgmentsof HTT, underthe assumptionof an oracle
thatdecidesthesequentsof theassertionlogic.

Theorem2 (Relativedecidability of type checking)
If the validity of every assertion logic sequent
�; 	; � 1 =) � 2 can be determined, then all the typ-
ing judgmentsof theHTT aredecidable.
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Theproof relieson the fact that the judgmentsof HTT are
syntaxdirected,andinvolve typecheckingsmallerexpres-
sions,or decidingsyntacticequalityof types,or computing
hereditarysubstitutions,or decidingsequentsof the asser-
tion logics. Checkingsyntacticequalityis obviously a ter-
minatingalgorithm,andasshown in Theorem1, hereditary
substitutionsareterminatingaswell. Thus,if thevalidity of
eachassertionlogic sequentcanbedecided,sotoo canthe
typing judgments.

Clearly, in theabovetheorem,anoracledecidingthese-
quentsfrom the assertionlogic may potentiallybe substi-
tutedwith a proof thatservesasa checkablewitnessof the
sequent'svalidity. In thespirit of Proof-carryingcode[20],
it is possibleto embedsuchproofsintoHTT termsandcom-
putations,whichwe planto do in thefuturework.

Thesecondpropertythatwepresentshowsthatacompu-
tationdoesnotdependonhow theheapin whichit executes
mayhavebeenobtained.

Lemma 3 (Preservation of history)
Supposethat �; P ` E ( x:A: Q [E 0]. If �; init; mem `
R ( prop[R], then�; (R; P) ` E ( x:A: (R; Q) [E 0].

Weemphasizeheretherelationshipbetweenhistorypreser-
vationandthe framerule of Separationlogic [22, 25, 23].
In Separationlogic, if E is a computationsatisfying the
Hoaretriple f PgE f Qg, wecanusetheframeruletoderive
f P � Cg E f Q � Cg. HereC is anarbitrarypropositionand
� is apropositionalconnectivede�nedsothatP � Q holdsof
aheapif theheapcanbesplit into two disjointpartssothat
P holdsof the�rst andQ holdsof thesecondpart.Thus,in
essence,theframerule statesthat thepartsof theheapthat
arenot touchedby E actuallyremaininvariant.

Our preservation of history can be given a similar in-
terpretation.If E doesnot modify certainlocationsin the
heap,thenthehistoryof theselocations(andin particular,
theirpresentstate)is transferredinto thepostcondition.But
noticethatpreservationof historyis aslightly strongerthan
the framerule. The framerule statesthe invarianceof the
untouchedlocations,but doesnot sayanything aboutloca-
tionsthatmayhavebeentouched,but notnecessarilymod-
i�ed (e.g., locationsmay have only beenlooked up). In
contrast,preservationof historycanestablishtheinvariance
of untouchedaswell astouchedbut unchangedlocations.

Thisis notto saythatHTT possessesall thefacilitiesthat
make the reasoningin Separationlogic local andmodular.
In particular, in orderto fully employ Preservation of his-
tory, thepostconditionof E hasto expresstheendingheap
memin termsof theaccumulatedchangesto thebeginning
heapgiven by the variableinit. A relatedproblemis that
HTT currentlycannotspecifythatacertainheapcanbesplit
into disjoint parts,becausethis requiresuniversalquanti�-
cationover types. Theseproblemsarewell-known short-
comingsof assertionlogicsbasedonarrays,andweplanto
overcomethemin thefuturework by moving into stronger

assertionlogics which allow quanti�cation over typesand
propositions.

6 Operational semantics

In theprevioussections,wehavede�nedHTT asalogic,
with theassociatednotionsof proofequality, normalization
andcanonicalforms. We now proceedto developtheview
of HTT proofsasprogramsthat canbe executed.For that
purpose,in this sectionwe de�ne the call-by-value left-
to-right structuredoperationalsemantics,and presentthe
Preservation and Progresstheorems,which establishthat
HTT is soundwith respectto evaluation.Theproofs(here
omitted,but presentedin [18]) arerelative to the assumed
soundnessof theHTT assertionlogic. Thesoundnessof the
assertionlogic is not establishedhereandis left for future
work.

Theoperationalsemanticsassumesthefollowingsyntac-
tic categories.

Values v; l ::= ( ) j �x: M j dia E
j true j falsej z j s v

Heapvalues � ::= � j �; l 7! A v
Continuations � ::= � j x:A: E ; �
Control expressions� ::= � . E
Abstractmachines � ::= �; � . E

The de�nition of valuesis ratherstandard.We usev to
rangeover values,andl to rangeover numberswhenthey
areusedaspointersinto the heap. Heapvaluesare func-
tions assigningnaturalsto values,whereeachassignment
is indexed by a type, and two heapvaluesareconsidered
equalup to the reorderingof their assignments.We will
frequentlyneedto convert heapvaluesinto heapcanonical
forms,for reasoningpurposes,sowe introducethefollow-
ing conversionfunction from heapvaluesinto heapsfrom
Section2.

[[�]] = emp
[[�; l 7! A v]] = updA ([[� ]]; l ; M ); where� ` v ( A [M ]

We abbreviate �; mem; HId(mem; [[� ]]) =) P as �; � `
P . This judgmentdenotesthat thepropositionP holdsof
theheapvalue� .

A continuationis asequenceof computationsof theform
x:A:E , whereeachcomputationin the sequencedepends
on a boundvariablex:A. The continuationis executedby
passingavalueto thevariablex in the�rst computationE.
If thatcomputationterminates,its returnvalueis passedto
thesecondcomputation,andsoon.

A control expression� . E pairs up a computationE
anda continuation� , so that E provides the initial value
with which the executionof � can start. Thus, a control
expressionis in a sensea self-containedcomputation.

We make thesimilarity with computationsmoreexplicit
by providing a typing judgment for control expressions.
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The judgmenthasthe form �; P ` � . E ( x:A: Q,
andits meaningis similar to the onefor computations:if
executedin a heapof which the propositionP holds, the
controlexpression� = � . E resultswith a valuex:A and
aheapof which thepropositionQ holds.We omit therules
of thejudgmenthere,but it suf�ces to saythatthey closely
follow thetyping rulesfor computations.

An abstractmachine� is a pair of a heapvalue� anda
controlexpression� . E . Theideais that� . E canbeeval-
uatedagainst� , to eventuallyproducea resultandpossibly
changethestartingheap.Thetyping judgmentfor abstract
machineshasthe form ` �; � . E ( x:A: Q, whereA is
theresulttypeandQ is a propositiondescribingtheresult-
ing heap.Thejudgmentholdsif f �; P ` � . E ( x:A: Q,
whereP = HId(mem; [[� ]]). In otherwords,we �rst con-
vert theheapvalue� into a canonicalpropositionP which
uniquelyde�nes � , andthencheckthat thecontrolexpres-
sion� . E is well-typedwith respectto P, A andQ.

Evaluation. Therearethreeevaluationjudgmentsin HTT;
onefor eliminationtermsK ,! k K 0, onefor introduction
termsM ,! m M 0 and one for abstractmachines�; � .
E ,! e � 0; � 0 . E 0. Eachjudgmentrelatesan expression
with its one-stepreduct.

The evaluation rules are mostly straightforward, with
several peculiaritiesarisingfrom the syntacticstructureof
HTT. For example,HTT is dependentlytyped,sowe must
substituteinto typesandnot only into terms.Furthermore,
in substitutions,a valuemust always be pairedup with a
type, asin v : A. Substitutingthe valuealonemay result
in syntacticallyill-formed terms,becauseof the intro/elim
distinction.

Due to spaceconsiderations,herewe only presentsev-
eralcharacteristicevaluationrulesfor abstractmachines.

M ,! m M 0

�; � . M ,! e �; � . M 0

�; x:A: E ; � . v ,! e �; � . [v : A=x ]E

�; � . let dia x = (dia F ) : f Pgx:Af Qg in E

,! e �; (x:A: E ; � ) . F

� ` A ( type[A 0] l 62dom(� )

�; � . x = allocA (v); E ,! e (�; l 7! A 0 v); � . [l :nat=x]E

� ` A ( type[A 0] l 7! A 0 v 2 �

�; � . x = [l ]A ; E ,! e �; � . [v : A=x ]E

� ` A ( type[A 0]

(� 1 ; l 7! A 0 v0; � 2); � . [l ]A = v; E

,! e (� 1 ; l 7! A 0 v; � 2); � . E

Thepreservationtheorem,asusual,statesthat theeval-
uation stepon a well-typed expressionresultswith well-

typedresult.In thepurefragmentof HTT (i.e.,in thecaseof
elim andintro terms),thereis anadditionalclaim thateval-
uationpreservesthe canonicalform of theevaluatedterm,
sothatevaluationagreeswith normalization.

Theorem4 (Preservation)
1. if K 0 ,! k K 1 and` K 0 ) A [N 0], then` K 1 ) A [N 0].

2. if N0 ,! m N1 and` N0 ( A [N 0], then` N1 ( A [N 0].

3. if � 0 ,! e � 1 and` � 0 ( x:A: Q, then` � 1 ( x:A: Q.

When evaluating abstractmachines,occasionallywe
must checkthat the typesgiven at the input abstractma-
chinearewell-formed,so that theoutputabstractmachine
is well-formedaswell. The type informationdoesnot in-
�uence which rule appliesto any given abstractmachine,
but mayin�uence whethertheevaluationgetsstuck. If the
evaluationstartswith well-typedexpressions,thennostuck
statecanbereached,astheProgresstheorembelow states.
In thissense,Progresstheoremestablishesthesoundnessof
typing with respectto evaluation. But we �rst needto de-
�ne thepropertyof theassertionlogic which we call heap
soundness.

De�nition 5 (Heap soundness)
The assertionlogic of HTT is heapsound iff for every
heapvalue� , theexistenceof a derivation for the sequent
�; mem; HId(mem; [[� ]]) =) seleqA (mem; l ; � ) impliesthat
l 7! A v 2 � , for somevaluev.

We do not prove in this paperthatour assertionlogic is
heapsound,andwe leave thatproof asanimportantfuture
work, especiallysincein thefuturewe planto signi�cantly
extend the assertionlogic with second-orderfeaturesand
with inductivede�nitions, aswediscussin Section7.

In thelight of thiscomment,theProgresstheoremshould
beconsiderasa relativesoundness, becauseit relieson the
unprovedheapsoundnessof theassertionlogic.

Theorem6 (Progress)
Supposethattheassertionlogic of HTT is heapsound.If `
� 0; � 0 . E0 ( x:A: Q, theneitherE0 = v and� 0 = �, or
� 0; � 0 . E0 ,! e � 1; � 1 . E1, for some� 1, � 1, E1.

7 Relatedand futur e work

In this sectionwe compareagainstsomeof the recent
relatedwork on reasoningabout languageswith effectful
higher-orderfunctions.

Hondaet al. [11, 3] presenta successionof increasingly
powerful Hoarelogics for reasoningaboutfunctionalpro-
gramswith references.Their main featureis a proposition
assertinga total correctnessof function applications. In
HTT, functionsarepureandarenot subjectto Hoare-like
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reasoning,whichwe believe leadsto signi�cant conceptual
simpli�cations. Furthermore,HTT is atypetheory, andthus
is bettersuitedthanaHoarelogic to supportabstractionand
modularity in the speci�cation of data invariants(as dis-
cussedin the Introduction). One of the main ingredients
in this kindsof speci�cationsis the typeconstructor� for
dependentproducts,which is omitted herefor simplicity,
but shouldnotbehardto add.

Shaoet al. [26] andXi et al. [29, 30] presentdependent
type systemsfor effectful programs,basedon the separa-
tion betweenthe levels of effectful andpure terms. Only
puretermscanappearin speci�cations,andtheconnection
betweenthe two languagelevels is establishedvia single-
ton types. In HTT, all terms(including the encapsulated
effectful computations)can be usedin the speci�cations,
obviating theneedfor singletontypes.

Mandelbaumet al. [15] presenta theoryof type re�ne-
mentsfor reasoningaboutbehavior of effectful programs.
Herethepuretermscorrespondto thecustomaryML-style
type system,while reasoningabout effectful terms em-
ploysHoare-likepre-andpostconditions.Theassertionsare
drawn from a substructurallogic, andcanbeparametrized
with respectto variouseffectful commands.The assertion
logic, however, is ratherrestrictedin order for typecheck-
ing to be decidable,so it is not clearwhetherit canbe ex-
tendedwith equationalreasoningaboutprogramswith state
andaliasing.Thelanguagesupportsa variantof dependent
typingvia singletontypes,somewhatsimilarin natureto the
systemsdiscussedpreviously [29, 26].

HamidandShao[9] andNi andShao[21] considerrea-
soning frameworks for assemblyprograms,and [21] al-
lows embeddedcodepointers(andthushigher-orderfunc-
tions).Themaintechnicalfeatureof thelateris a predicate
expressingthe safetyof jumping to a given codepointer
if a certainpreconditionis satis�ed. All suchpredicates
arelater interpretedandprovedcorrectwith respectto the
whole-programheap. In HTT, we usea type, ratherthan
a propositionto capturethesemanticsof Hoaretriples,and
thesemanticsof Hoaretriplesis establishednotby interpre-
tation,but directlyasametatheoremexpressingthesubsti-
tutionpropertiesfor computations.

Recently, a type theoreticapproachto Separationlogic
hasbeenadvocatedby Birkedaletal. [4]. Thiswork is sim-
ilar to ours– at leastin spirit – in thesensethat it contains
dependenttypesanda typeof statefulcomputations.How-
ever, it is alsosigni�cantly restricted;for example,theinte-
gerexpressionsthatcanappearin thedependenttypesareto
bestrictly second-classin thesensethatthey cannotappear
asfunctionargumentsor bereturnedasfunctionresults.No
suchrestrictionsexist in HTT.

Abadi and Leino in [1] describea logic for reasoning
aboutobject-orientedprogram,where,as in HTT, speci�-
cationsare treatedin a similar way as types. One of the

describedproblemswith this logic concernsthe treatment
of local variables;certainspeci�cationscannotbe proved
becausethe inferencerules for let val x = E in F do not
allow suf�cient interactionbetweenthespeci�cationsfor E
andF .

In HTT, the problemwith local variablesdoesnot ap-
pear, as witnessedby our substitutionprinciples, but we
would like to mentionthatHTT currentlycannottypecom-
putationswith local state.Thedif�culty is that the typeof
Hoaretriples caneffectively describeonly the statethat is
reachablefrom the local variablesin � , or from the result
of the computation,whereaswe would like to have com-
putationsthatmanipulatestatereachablefrom anonymous
pointers.Weplanto addressthisquestionin futurework by
enrichinga computationtype into f Pg� 0; x:Af Qg, where
� 0 is acontext from whichall of thelocal stateof thecom-
putationis reachable.This systemwould be similar to the
Contextualmodaltypetheorypresentedin [19]. A truly lo-
cal statemay thenbe obtainedby introducingparameters
thatabstractovercontexts,asalsobrie�y discussedin [19].
Two computationsthat sharethe samecontext parameter
will sharethesamelocal state.

A further issuethat we plan to addressin the future
involves the addition of data structures,reasoningabout
which will also require introduction of inductive predi-
catesinto the assertionlogic. We will also considerspa-
tial propositionalconnectives, in the style of Separation
logic [22, 25, 23], to supportassertionsaboutdisjointness
of heaps.
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