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Abstract

We presenta dependenitioare TypeTheory(HTT) which
providessupportfor reasoningaboutprogramswith higher
order functions and effects, including non-termination,
statewith aliasing and pointer arithmetic. Thetypestruc-
ture encapsulategffectful commandausing a monadin-
dexed by pre- and post-conditionsin the style of Hoare
logic. The theory carefully distinguishesbetweenan ap-
propriate notion of de nitional equalityand propositional
equality in order to maintain the relative decidability of
type-hedking.

1 Intr oduction

This paperdescribesa type theoreticapproachto de-
velopinga programmindanguagdor higherorderstateful
functionstogethemith its associategrogramlogic.

Hoarelogic [10] hasbeenmostsuccessfullyemployed
to reasonabout rst-order imperative programs,whereas
extensionsto programswith proceduresand more gener
ally higherorder functions have beenknown to be sub-
tle[5,7,6, 1, 2]. Asdiscussetby Aptin hissurwey of Hoare
Logic, the problemsusuallyappeatbecausé... the seman-
tics of parameterpassingis alwaysmodeledsyntactically
by someform of variable substitutionin a program, and
this leadsto various subtle problemsconcerningvariable
clashes.Thesedif culties are especiallyacutein the pres-
enceof recuisionandstaticscoping [2, page462]. Thatis,
themodularityfeatureghatmake typedlambdacalculusso
successfubppearto be in directcon ict with Hoare-style
reasoning.

The goal of this work is to marry dependenttype
theory and Hoare logic in a fashionthat preseres the
strengthsof each. In particulay we seeka Hoare-like
logic for higherorder, imperatize programswhile retain-
ing the proof-theoretiaeasoningf the Curry-Howardiso-
morphism. To thatend, we describea systemcalledHTT
(shortfor HoareType Theory)thatrevolvesarounda pure,
dependently-typedunctional core extendedwith impera-

tive commands togetherwith the associatedype theory
which is extendedto accountfor encapsulatiorof effects
and logical speci cationsof their behaior. The speci -
cationsare basedupon the classicalwork of Cartwright
andOppen[6] ( rst-order, multi-sortedclassicalogic with
McCarthy-stylearrays[16]). We useclassical ratherthan
a substructuralogic (e.g. Separatiorlogic [22, 25, 23)),
mainly becauset hasa well-studiedproof theory andhas
beeremployedin severalpracticalveri cation systemslike
ESC/Jaa [14, 8] and Cyclone[12], but we believe the
framawork is extensibleto otherlogics.

At ary rate,our main focusand contribution is not ary
particularassertiorlogic, but the formulationof HTT asa
dependentype theory which reconcilesstateand higher
order functions. This formulation has several important
consequenceszirst, thetreatmenif variablesat the term,
command,type, and speci cation levels is handleduni-
formly whichavoidsmary incorvenientsideconditionsthat
areusuallypresenin Hoarelogics. Secondthe encapsula-
tion of effects,via anindexedmonad[17, 27, 13], makesit
possiblefor both typesand speci cationsto dependupon
terms (including effectful computations). Third, the lan-
guagetreatsheapaddressess naturalnumbers,and thus
easily supportsreasoningaboutaliasingand pointer arith-
metic. Fourth, the separatiorof de nitional and proposi-
tional equalityon termsmakesit possibleto reducethe de-
cidability of type-checkingo provability in the speci ca-
tionlogic, andsoundnessf thetypesystemo soundnesef
thespeci cationlogic. Fifth, HTT re-establishethe Curry-
Howardisomorphisnmbetweerlogic andhigherorderfunc-
tional programmingwith sideeffects,in theimportantspe-
cial casewhen the side effects in questionconcernnon-
terminationandstatewith rst-classlocationsandaliasing.
This naturallyleadsto a degreeof modularityin the speci-
cation andreasoningaboutprograms Finally, typetheory
in generahascertainadvantage®verHoarelogic. To men-
tion but an example,in type theory datainvariantscanbe
capturedn thetypesto facilitatingabstractiorandprogram
re-useIn Hoarelogic, datainvariantscanonly bespeci ed
in thepre-andpostcondition®f thecode which may make
it cumbersoméo write speci cationsthatareparametridn



the datainvariants.

To achieve the featuresdescribedabove, HTT is split
into two fragmentsThe rst fragmentconsistof constructs
for which we canemploy Hoare-like reasoningy pre-and
post-conditionsThis includesthe statefulcommandsgon-
ditionalsandrecursion.The secondragmentconsistonly
of pure, dependenthigherorderfunctions,and the equa-
tional reasoningaboutthis fragmentfollows the traditional
approactlof typetheory Statefulcomputationganbeinter
nalizedinto the purefragment by meansf amonadictype
constructorf Pgx:Af Qg. This type classi es suspended
computationghat when executedin a statesatisfyingthe
propositionP, producea valueof type A anda new state
satisfyingQ, if they terminate. The variablex namesthe
returnvalue of the computationandQ may dependon Xx.
Our approachis basedon the judgmentalpresentatiorof
monadsby PfenningandDavies [24], andwe alsoemploy
a dependentlyypedformulationwith canonicafformsand
hereditarysubstitutionsasproposedy Watkinset al. [28],
with signi cant extensionsthat are particularto our appli-
cation.

The mainmonadicjudgment,andthetypef Pgx:Af Qg
which internalizesit, may be seenasa formalizationof a
veri cation conditiongeneratoin the style of Necula[20].
This setsHTT apartfrom the usualapproacheso Hoare
logics, where the meaningof Hoaretriples is de ned se-
manticallybasedon programevaluation. Becausen HTT
theHoaretriplesaretypes,arranginghetheoryaroundver-
i cation conditiongenerationtatherthanevaluation,avoids
thecirculardependencbetweertypingandevaluation,and
preseresthepredicatve natureof the system.

We have proven progressandpreserationtheoremsor
thelanguagewith respecto a standardcall-by-valueinter-
pretation thusestablishinghe soundnessf HTT (relative
to the soundnessf the underlyinglogic of assertionsised
in theHoaretriples). Thedetailedtechnicaldevelopmenbf
HTT is presentedn theaccompawing report[18].

2 Overview

In this sectionwe describethe constructof our Hoare
type theory the intuition behind our memorymodel, and
de ne several differentnotionsof substitutionthat will be
usedin the later sectionsto provide the semanticfounda-
tions. We startby presentinghe HTT syntaxin Table 1.

Typesand propositions. The primitive typesof HTT are
naturalnumbersandbooleans.We alsohave the unit type
1, functiontype x:A: B (whereB candependnthevari-
ablex) andcomputatiortypef P gx:Af Qg.

Thetypef P gx:Af Qg classi escomputationghat exe-
cuteundera preconditionP and,if they terminatereturna
valuex:A andapostconditiorQ. Here,P andQ arepropo-

Types A;B;C := booljnatjlj x:A:B |jfPgx:AfQg
Propositions
P;Q;R;l1 == Ida(M;N) jHId(H;G) jindom(H;M)

j>j?jP*QjP_QjP Qj:P
j 9x:A: P j 8x:A: P j9h:heap P j 8h:heap P

Heaps H;G = hjempjupd,(H;M;N)
ElimtermsK;L = xjK M jM : A
Intro terms

M;N;O = Kj()j x M jdiaE jtrue| false
jegM;N)jzjsM jM+NjM N
Computations

E;F =

Commands c ::

M jletdiax= K inE jcE

x = alloca(M)jx=[M]a
jIM]a = N jx=ifa(M;E1;E2)
ix= xa(fiy:F;M)

Variablecontxts = | ;XA
Heapcontets = j ;h
Prop contexts = j ;P

Table 1. Syntax of HTT.

sitionsthatdescribeandrelatethepropertieof thememory
(i.e., the heap)at the beginning andthe end of the compu-
tation. The variablex is boundin the type, andits scope
extendsthroughthe postconditiorQ.

The syntactic cateyory of propositions contains the
primitive propositions lda(M;N), HId(H;G) and
indom(H;M). The rst assertsthe equality of terms
M andN of type A, andwe referto it as propositional
equality The secondassertshe equality of the heapsH
andG,; it is propositionalheapequality The third asserts
that the heapH allocatesa chunk of memoryat address
given by the integer M ; however, it doesnot statethe
type of the value storedat that address. The rest of the
propositional constructsincludes the standardclassical
connectves, togetherwith quanti cation over types and
guanti cation over heaps. Keepingwith the tradition of
Hoarelogic, we will frequentlyreferto propositionsused
in the computationtypesas assertionsThe assertioriogic
is multi-sorted,wherethe sortsinclude heapsand all the
elementof thetypehierarchy

Locations and the memory model. Eachheapis a nite
collectionof assignmentdM 7!a N, whereA is atype,
M is a naturaldenotingan addressn the heap,andN is
an elementof type A. If a heapcontainsan assignment
M 7!'a N, we saythatthe M pointsto N. Heapsare
partial functions,aseachaddressanpoint to at mostone
term.

The syntax of HTT provides the following con-
structsto representheaps: emp is the empty heap, and
upd, (H; M; N) is a heapin which thelocationM points
toN of typeA, but all the otherassignmentsqualthoseof



theheapH . We useh to rangeover heapvariables.
We now de ne several propositionsthat will appear
prominentlyin HTT assertions.

seleq (H;M;N) = 9h:heap HId(H;upd, (h; M;N))
seleq (H;M; ) = O9x:A: seleq (H;M;Xx)

M 2 dom(H) = indom(H;M)

M 62dom(H) = : (M 2 dom(H))

Terms. Termsform the purefragmentof HTT, and con-

tain the basic operationson primitive types(e.g. equal-
ity, arithmetic),aswell asthe constructsfor introduction
andeliminationof non-primitivetypeslikel, x:A: B and
f Pgx:Af Qg. Following Watkinsetal. [28], we separat¢he
syntacticcategoriesof introductionterms(or intro terms)
andeliminationterms(or elim terms).

This distinctionallows thata signi cant amountof type
informationmaybeomittedfrom the programsbecaus¢he
typesof elim termscanbeinferredautomatically For intro
terms,the type informationmay be provided explicitly by
theconstructM : A, if needed Mostimportantly this for-
mulationnaturallyleadsto a syntacticcriterionfor normal-
ity of terms: atermis in normal form iff it doesnot con-
tain a betaredex iff it doesnot containthetermconstructor
M :A.

Computations. Computationgorm the effectful fragment
of HTT. They correspondathercloselyto programsin a
genericimperatve and sequentiaprogramminglanguage.
Intuitively, eachcomputationss a semicolon-separatese-
guenceof commandshatperformeffectsandreturnwith a
resultthatis subsequentlypoundto a designatedrariable.
The commandsof HTT are: (1) x = alloca (M), which
allocatesa portion of the heap,and initializes it with the
value of M. The addressof the heapsementis bound
to x; (2) x = [M]a, looks up the contentsof the loca-
tion M, andstoresthe valuein x. Beforethe lookup can
be performed,we mustprove thatM pointsto a value of
typeA; (3) [M]a = N, mutatesthe contentsof the heap
spaceassignedo the location M, by writing N (of type
A) into it; (4) x = ifa(M;Ej;E), is a conditionalwith
branches€; andE, guardedby the BooleantermM ; (5)
x = xa(f:y:F;M) is arecursionconstruct,adaptedor
the monadicpresentatiorof HTT. HereA is a type of the
formA = z:B:fR1gx:CfR20. Thesemanticof x rst
de nes the functionf of type A, which is the least x ed
point of the equationf = vy : diaF. The functionf is
immediatelyappliedto M : B to obtaina computatiorthat
is subsequenthexecutedand its result (of type [M =Z]C,
where[M =z] is a capture-goiding substitutionof M for z)
is boundto x; (6) The computationthat simply consistof
thetermM is thetrivial computationthatimmediatelyre-
turnsM , without performingary effects;(7) The construct
letdiax = K in E sequentialljcomposeshe computation

encapsulateth thetermK , with the computatiorE . This
construcis the eliminationform for the computatiortypes.

In the usualpresentatiorof the monadiclambdacalcu-
lus [17, 27, 13], thelasttwo constructsabove correspond
to the monadicunit andbind, respectrely. Theterm con-
structordia E suspendss computationE, and coercesit
into the pure fragment. This is the introductionform for
themonadictypes. The HTT formulationresultsin aneas-
ier proof theory andis directly adoptedfrom the work of
PfenningandDavies[24].

Reductions, expansionsand substitutions. The equa-
tional theory of HTT is basedon betareductionsand eta
expansiongor the variousnon-primitive types. In caseof
the unit type andfunctiontypes,thereductionsandexpan-
sionsareratherstandardln the caseof computatiortypes,
etaexpansionis givenasin the equationbelow, wherewe
assumehaty is notafreevariableof M : f P gx:Af Qg.
M :fPgx:AfQg =) dia(letdiay= M : fPgx:AfQginy)
Betareductionfor computationsis a bit more involved,
asit needsto implementa sequentiacompositionof two
computations.To this end,we de ne anappropriateauxil-
iary operationof monadicsubstitutionhE =x : AiF, which
compose£ andF sequentially The operationis de ned
by inductionon the structureof E, andwe againfollow the
presentatiomf PfenningandDavies[24].

hM=x:AiF = [M : A=x]F
Hetdiay = K inE=x: AiF = letdiay = K inhE=x: AiE
hc, E=x: AiF = c hE=x:AIF

With the monadicsubstitutionde ned, the betareduction
for computatiortypesis givenas:
letdiax = diaE : fPgy:AfQginF =) hE=x:AiF
Examples.Our rst examplepresentsheHTT versionof a
functionfor swappingthecontentsf two (possiblyaliased)
locations. We allow the preconditionsn the computation
typesto dependn oneheapvariablememwhich standgor
theheapat thetime whenthe computatiorstarts.The post-
conditionmaydependntwo heapvariables:init standgor
the heapprior to the computationand mem standsfor the
heapobtainedafterthe computation.Thesethreevariables

areassumedoundby the preconditionand postcondition
respectiely.

swap : x:nat. y:nat.
f seleg(mem, x, -)  seleq(mem, vy, -)gr: 1
f8 V1:A, v2:A. seleq(init, X, v1) ~ seleq(init, y, v2)
Hid(mem, upd(upd(init, x, v2), y, v1))g =
X. Y. dia(vl =[x]; v2 = [y];

vl =v1; [X] =v2; ()

The function swap takesthe locationsx andy, andthen
returnsa suspendedomputation,which, when activated,



binds the contentsof x andy to variablesv; andv, re-
spectvely, and writes them backinto the memory but in
a swappedorder We have implicitly assumedhatall the
selegandupd constructoutof x andy areindexedby some
typeA (which we omit for brevity).

Activationof suspendedomputationss forcedwith the
letdia construct,asin the following function which swaps
the contentf two locations,andthenswapsthemagain:

identity :  x:nat. y:nat.
f seleg(mem, x, -) * seleg(mem, vy, -)gr: 1
f HId(init, mem)g =

X. Y. dia(let diau=swap xy

diav =swap xyin ()

The typesof thesetwo functionsdeseresfurther com-
ments.For example thepreconditionn theHoaretypesre-
quiresthatx andy arelocationsthatareactuallyallocated
whenthe computationstarts. If this conditionis not satis-

ed, thecomputatiorwill getstuckbecausét dereferences
x andy.

The preconditiondoesnot specifythe valuesthatx and
y pointto. It is thejob of the postconditiorto describehow
thesevaluesmay be changedby the computation. More
generallythepostconditiorrelatethe startingheapwith the
endingheapof thecomputation.

At this point we would like to relate our approachto
computationtyping, with the classicalapproachof Hoare
logic [10, 11, 3, 25]. In most variantsof Hoare logic,
the programlike swap x y that swapsthe contentsof lo-
cationsx andy would be speci ed with the precondition
selegmem x; vi) * seledgmeny; v,) andthe postcondi-
tion seledmen x; v2) A selegmenty; vi), wherethevari-
ablesv; andv, arenot boundarywhereandcanappearin
theassertionsbut notin the programitself. Suchvariables
arefrequentlycalledlogic variables.Becauseahe scopeof
logic variabless global, they canappeassimultaneouslyn
thepreconditiorandthepostconditionthusestablishinghe
connectionbetweenthe starting and ending statesof the
computation. Logic variablesare somavhat cumbersome
to reconcilewith the type theoreticapproachpreciselybe-
causethey cannotappearin programs,so we avoid them
in HTT andinsteadrelatethe input and outputheapsof a
computatiorvia thepostconditionasdiscussecbore.

3 Normal forms and hereditary substitutions

Equationalreasoningabouttermsin type theoriesusu-
ally requireshattermsbe corvertedinto somekind of nor
mal form beforethey canbe comparedfor equality The
corversionto normalform is usuallyde ned only on well-
typed terms, making the equationalreasoningand type-
checkingmutually dependenbn eachother For HTT, we
adoptthe approachdueto Watkinset al. [28], whereequa-

tional reasoningandtypecheckingare disentangledessen-
tially by allowing normalizatiorof termsthatarenotneces-
sarily well typed. This leadsto signi cant conceptuakim-
pli cations of the systemandits metatheory

The main ideais to considerthe syntacticstructureof
(not necessarilywell-typed) normaltermsand de ne sub-
stitutionswhich presere this structure. For example,in
placeswhere ordinary capture-aoiding substitutionof a
normalterminto anothemormalterm createsa rede, like
(x: M) N, we needto continuethe substitutionprocess
by substitutingN for x in M . Thismayproduceanothere-
dex, which mustbeimmediatelyreducedinitiating another
substitutionandsoon. Following [28], we call this kind of
repeatedsubstitutionoperationhereditary substitution To
ensuretermination,hereditarysubstitutionsare parameter
ized by a metric basedon typeswhich is reducedas the
substitutionproceeds.

Hereditary substitutionswill operateonly on normal
terms.As explainedin Section2, normaltermsdo not con-
tain betaredexes, or equivalently, they do not containthe
constructoM : A. Here,we extendthe notion further by
requiringthattermsof aprimitivetypearein assimpleform
aspossible For example,anintegerexpressiorsM + N, is
notconsidemormalizedandit reducesos(M + N). More
generallytermsM + N andM N arenormalonly if M
andN arenormal, but differentfrom z or s M ° for some
term M % Similarly, the comparisoneqM ;N ) is normal
only if at leastoneof the agumentsM , N doesnot start
withzors.

We denoteby [M=x]g( ) the hereditarysubstitution
that substitutesa hormal expressionM for a variable x
into a given agument. The superscript rangesover
fa;p; k; m; e;hg and determineghe syntacticcategory of
theargument(type,proposition elim term,intro term,com-
putationor a heap respectrely). The subscriptS is a sim-
ple type which is the decreasingnetric that preventsthe
hereditarysubstitutiondrom diverging. In the typing judg-
mentsin Section4, S is the dependeng-freeversionof the
type associateavith M andx. We alsohave a hereditary
monadicsubstitutionhE =xi s( ) into computations.

Hereditarysubstitutionsarede ned by nestednduction,
rst on the structureof S, and secondon the structureof
the expressionbeing substitutednto. For illustration, we
only presentherethe casesfor the hereditarysubstitution
[M=x]§( ) into elim terms, which may either return an
elim term, or anintro term decoratedvith atype S°. From
this de nition, it shouldbe clear that hereditarysubstitu-
tionsarewell-de ned, aswe alwayseitherdecrease¢hein-
dex type S (in which casethe expressionwe substitutento
may becomelarger), or the index type remainsthe same,



but the expressionglecrease.

M=xK(x) =M :S

M=x]§(y) =y ifyeé x

M=x]§(K N)= KON if [M=x]§(K) = K°
and[M=x]$(N) = N°

IM=x]§(K N)= Q°: Sy if [M=x]§(K)= y:M%: S, ! S,
whereS; ! S; is sub&pressiorof S
and[M=x]§(N) = N°
and0®= [N=y]%, (M9

[M=x]5 (K9 fails  otherwise

Theorem 1 (Termination of hereditary substitutions)

1. If[M=x]$(K) = N°: Sy, thenS; is asubepressiorof S.

2. [M=x]s( ), andrE=xis( ) terminate,eitherby re-
turningaresult,or failing in a nite numberof steps.

We write [M =x], ( ) insteadof [M=x]s( ) whenS is
thesimpletype obtainedby erasinghe dependencies A.

4 Typesystem

The HTT type systemusescanonicalformsto facilitate
equationakeasoning28]. Canonicalform is betanormal
andetalong (i.e. all of its intro subtermsareetaexpanded),
so that comparingtwo termsfor equality modulobetare-
ductionandetaexpansiorcanbedoneby simplycomparing
therespectie canonicaformsfor alphaequivalence.

Thetyping judgmentsof HTT synthesizehe canonical
formsof termsin parallelwith type checking,andthe syn-
thesisemploys hereditarysubstitutions.Hereditarysubsti-
tutionswerede ned on normalforms, but herewe restrict
themto canonicalforms. In [18], we show that heredi-
tary substitutionsover canonicalforms producecanonical
results.

Thetype systemconsistof thefollowing judgments.

“K) A[NY Coctx

M ( AMY ; potx

; P E) x:A:QIEY * P ( prop[PY
P E( x:A:Q[EY * A ( type[AY
s 1=) 2 ; " H ( heapH

The rst four judgmentson theleft areexplicitly oriented,
sothateachof theinvolvedexpressionss eitherconsidered
givenasinput, or is synthesizedas output. The judgment

" K ) A[N9infersthecanonicakypeA of the elimi-
nationtermK , andsynthesizethecanonicaformN %of K .
Of courseK isarbitraryi.e.,it isnotnecessarilganonical.

Thejudgment ~ M (A [M 9 chekswhetherintro
termM matchesagainstthe canonicaltype A. Naturally,
M andA areinputs. If thetwo match,the canonicaform
M Cis synthesizedsoutput.

Similarly, ; P E) x:A: Q[EYinfersthestrongest
postconditionQ for the input computatiorE. The precon-
dition P andthetypeA areinputs(assumedanonical)and

Q and E° are outputs,which will alsobe canonical. The
judgment; P E ( x:A: Q[E9 checksthatP andQ
are a pre- and postconditionfor E, but Q is not required
to be strongest.The computationE is arbitrary A, P and
Q arecanonicalinputs, and E° is the outputwhich is the
canonicaformof E.

Thejudgment; ; 1=) » denesasequentalcu-
lus for a multi-sortedvariantof classical rst-order logic.
Here is a list of heapvariables,and i, , arelists
of propositions. The judgmentholdsif assumingthat all
propositiondn i aretrue,oneof the propositionsn ; is
true.

The judgmentson theright side of the above tabledeal
with formationof canonicalkontets, propositioncontexts,
propositionstypesandheapsrespectiely. In thelastthree
casesthe judgmentseturnthe canonicaform of theinput
expression.

Terms. We only presenthe rulesfor the derivedtypesof

HTT, astherulesfor boolsandnatsaretrivial. We rst need
two auxiliary functions: apply, (M ;N ) andexpand (N ).

In apply, (M; N), A is acanonicatype,andthearguments
M andN arecanonicalintro terms. The functionnormal-
izestheapplicationM N, if it is well-typed.

apply, (K; M) = K M if K isanelimterm
apply, (x: N;M)=N® whereN°= [M=x]{ (N)
apply, (N; M) fails otherwise

In thefunctionexpand, (N ), A is acanonicatype,andthe

argumentN isaterm. ThefunctionturnsN into acanonical
intro term (if it is not already)by computingits etalong
form.

expand, (K)
expand (K)
expand X:Aq: AZ(K)
x: expand,,(K M)
eXpaangx:Ang(K) =
dia(letdiax = K inM)
expand, (N) = N

K if aisaprimitivetype

0

whereM = expand, , (x)
andx 62FV(K)

whereM = expand, (x)
if N isanintroterm

Now we canpresenthe maintyping rules.

var —— unit
x) A[X] 0 1[0]
XATM( B[MY

XA 1

x: M ( xA:B[x: MY !

“K) x:A:BINY M ( AMY
T K M) [M°x](B) [apply, (N MO
“K) AN9Y A=B
" K (B [expand, (N9)]

TA( type[Al M ( A°MI
M :A) A°MQ




The introductionforms are associatedvith the checking
judgment,andthustherule | checksthattheterm x: M
hasthe given function type. The rule also computesthe
canonicaform x: M©,

The elimination rule E rst synthesizesthe type

x:A: B andthe canonicalform N © of the function part
of the application. Then the synthesizedype is usedin
checkingthe argumentpart of the application. The result
type is synthesizedising hereditarysubstitutionsn order
to remove the dependeng of thetype B on thevariablex.
Noticethatthe agumentgo this hereditarysubstitutionare
canonical. Finally, we computethe canonicalform of the
wholeapplicationwith the auxiliary functionapply.

In therule)( , we arecheckingan elim form against
atypeB. But for elim formswe canalreadysynthesizea
type A, sowe simply checkif A andB areactuallyequal
canonicatypes.Thecanonicaform synthesizedrom K in
the premise,may not be anintro form (becaus& itself is
elim), sowe mayneedto appropriatelyexpandit.

Intherule() ,if M checksagainsthetypeA, we we
returnthe canonicaform A° asatypesynthesizedor M .

Computations. Before we statethe rules for the com-
putationjudgmentswe needseveral additionalconstructs.
We rst introducetheauxiliary functionreduce, (M ; x: E)
whichnormalizeghetermlet diax = M inE:
reducey (K;x: E) =
letdiax =K inE
reduce (diaF;x: E) = E® whereE®= HF=xia (E)
reducey (N;x: E) fails otherwise
Given the propositionsP and Q, we write P;Q for
9h:heap [h=memP » [h=init]Q. Thisnew connectvecap-
tureshow the heapevolveswith the computationasP; Q
holds of the currentheapmem if Q is true of mem and
thereexist aprior heaph of which P wastrue.

We cannow presentthe typing rulesfor computations,
which are essentiallya formalizationof a veri cation con-
dition generatorthat works by computingstrongestpost-
conditions. We startwith the rulesthat correspondo the
monadictypes,andthenproceedwith therulesfor theindi-
vidual effectful commands.

i PTE) x:AR[ET

i P E( x:A:QIEY
M ( AMI

i PT M) x:A: P~ Ida(expand, (x);M%Y[M

: Hid(init;mem) ~ P> E ( x:A: Q[EY

f
* diaE ( fPgx:AfQgdiaEf
K ) fRigGAfR2g[NY ;o oinit; memP =) R;
iX:A;P;R. E) yiB:QIEY
; P letdiax =K inE
) y:B: (9x:A: Q)[reduce (N%x: EY]

if K isanelimterm

(XA Nt memR=) Q

consq

comp

gl

f gE

The consqrule coercesthe inferencejudgmentE )
X:A: R into thecheckingiudgmentE ( x:A: Q, if theas-
sertionlogic canestablisithatR impliesQ. In otherwords,
this rule allows wealeningof the consequeninto an arbi-
trary postcondition.

Thecompruletypesthetrivial computatiorthatimmedi-
atelyreturnstheresultx = M andperformsno changego
theheap.Thus,the generategbostconditiorequalsthe pre-
conditionextendedwith thepropositionstatingtheequality
betweerthe canonicaformsof x andM .

Thef gl ruleinternalizeghe monadicjudgmentinto the
computatiortype. A suspendedomputatiordia E hasthe
typef Pgx:Af Qgif E isacomputatiorwith aprecondition
P anda postconditionQ. Beforetypecheckinge we need
to establisithatP marksthe startingheapof the computa-
tion, by equatinghe heapvariablememfrom P to theheap
variableinit from Q.

Thef gE rule describeshow a suspendedomputation
K ) fRigx:AfR2g is sequentiallycomposedwith an-
othercomputatiorE. Thetwo canbe composedf thethe
assertiorogic provesthatthe preconditionR ; for K isim-
plied by the preconditionP for the compositecommand,
andif the computationE checksagainstthe postcondition
P; Rz, which shouldhold of the heapafter the computa-
tion encapsulatetty K is executed. The normalform of
the whole computationis obtainedby invoking the auxil-
iary functionreduce BecausghetypeB whichis theresult
typeof thecomputation€ andlet diax = K in E isanin-
putof thetypingjudgmentswe implicitly assumehatB is
well-formedin thecontext , andin particular B doesnot
dependnthevariablex. Thus,therule doesnotneedneed
to make ary specialconsiderationsboutx when passing
from the premiseaboutthe typing of E to the conclusion.
No suchcorventionappliesto the postconditionQ, sowe
needto existentially abstractx in the postconditionof the
conclusions.A similar remarkappliesto the rulesfor the
speci c effectful constructghatwe presenbelow.

Therulesfor allocation,lookup and mutation rst com-
pute the canonicalforms of the involved typesandterms.
Then, in orderto composea commandwith an arbitrary
computatiorE , we needto checkE againsta precondition
obtainedasa postconditionof the command.But rst, we
de ne the strongest postconditiondor eachof thesecom-
mands.

sp(x = alloca (M)) = HId(mem; upd, (init;x; M)) ~
x 62dom(init)
sp(x = [M]a) = Hld(mem;init) »
seleq, (mem; M ; expand, (x))
Sp([M ]a = N) = Hid(mem; upd, (init; M ; N))

Thepostconditiorfor acommands apropositionthatmost
precisely capturesthe relationshipbetweenthe heapinit
prior to the executionof the commandandthe heapmem
obtainedafterthe execution. Dually, the commandmay be



seemsawitnessfor its strongespostconditionln the def-
inition of sp we assumethat all the involved expressions
are canonical. The strongestpostconditionfor allocation
x = alloca (M) statesthatthe new heapinit differsfrom
the old heapmemin thatthereis a locationx pointing to
atermM . Thelocationx is fresh,becauset doesnot ap-
pearin thedomainof init. The strongespostconditiorfor
lookupx = [M]a stateshatthe new andthe old heapare
equal,but the variablex equalsthe value storedin the lo-
cationM . Becausehe propositionswe considerhereare
in canonicalform, insteadof x, we mustusethe canoni-
cal form expand (x) in the de nition of sp(x = [M]a).
The strongesipostconditiorfor mutation[M Ja = N sim-
ply statesthatthe new heapextendsthe old heapwith an
assignmenivhereM pointsto N .
Now we canstatethetypingrules.

T A ( type[A9 "M ( A°M
;x:nat; P;sp(x = allocao(M %)~ E) y:B: Q[E(
P x=alloca(M); E
) y:B:(9x:nat: Q) [x = allocao(M 9%; EQ

* A ( type[AT M ( nat[M9
;init; mem; P =) seleqo(mem;MO; )
XA%P;sp(x = [M%a0) " E) yB:QIE]
P> x=[M]a;E) y:B:(9xA%Q)[x = [M%Ya0EY

* A ( type[AY M ( nat[MY N ( A°N
. init; mem P =) selego(memM?% )
; Pisp(M%a0=N%" E) yB:Q[E]
; PP [MJa=N;E) yB:Q[M%0=N%E]

In the casesof lookup and mutation, the sequent
; init;mem P =) seleqo(memM % ) is usedto prove
thatthe locationbeingdereferencear updateds actually
allocatedn the currentheap,andis initialized with avalue
of anappropriatetype. The sequenis invoked with para-
metric heapvariablesinit andmembecausehesemay ap-
pearin theinvolvedpropositions.

Thetypingrulefor x = ifa(M;Eq;E>2) rst checksthe
two branches€; andE, againstthe preconditionsstating
the two possibleoutcomesof the booleanexpressionM .
Therespectie postcondition$?; andP, aregeneratedand
their disjunctionis taken as a preconditionfor the subse-
guentcomputatiorE.

*A( type[AY M ( bool[M9
;P A ldhoo(M % true) © Ex ) x:A% P [EY)
i P A ldhoa(M%false) ~ Ez) x:A% P2 [ES]
x:A%P _PC E) y:B:QIE(
P x=ifa(M;E1;E2); E
) y:B:(9x:A%Q)[x = ifao(M%ED;ED); EY

The recursionconstructrequiresthe body of a recursve
functionf: x: E, andtheterm M which is suppliedas
the initial agumentto the recursve function. The body
of the function may dependon the functionitself (variable
f) and one agument(variablex). As an annotation,we
also needto presentthe type of f , which is a dependent
functiontype x:A: fR1gy:Bf R,g, expressingthatf is
afunctionwhoserangeis a computatiorwith precondition
R1 andpostconditiorR .

x:A:fR1gy:BfR2g ( type[ x:A%fR%gy:B%RIg]
M ( A°MQ
;init;mem P =) [M %=x]} o(RY)
f x:A% fRIgy:B¥RIg; x:AL
Hid(init; mem) ~ R~ E ( y:B% RY[E]
Ty %=x]20(B%; P [M %=x]R0(R3) * F ) z:C: Q[F

P™y= X xatrigyBirg(f XE;M)F
) 2:C: (9y:IM=xX0(BY:Q)
[y= x x:AO:fR?gy:BOngg(f:X:EO;MO);FO]

BeforeM canbeappliedto therecursvefunction,andthe
obtainedcomputationexecuted we needto checkthat the
main preconditionP implies R;. Becauseafterthe recur
sive call we arein a heapof which R, holds,the computa-
tion following therecursve call is checledwith aprecondi-
tion P; R,. Of coursepecauseherecursve call wasstarted
with usingM for the argumentx, we needto substituteM
in R1, B andR; for x everywhere.

Sequents. The sequentalculusof the the assertioriogic
formalizes a multi-sorted rst-order logic with equality
wherethe sortsinclude naturals(with the usualPeanoax-
ioms), bools, heaps,functions (with extensionality) and
computationsWe presentereonly the rulespertainingto
heaps.asall the othersortsareratherstandard.Currently
HTT hasno axiomsdealingwith computationsbecausén
this paperwe do not considerpropositionsover computa-
tions(excepttheequalityld, whichis applicableo ary type,
andis axiomatizedparametricallyin this type).

Heapsthat differ up to the permutationof assignments
areconsidereckqual.

v 17) ldhat(M 1y M2);
Hld(upd, (updg (H;M1;N1); M2; N2);
updg (upds (H;M2;N2);M1;N1)); 2

If a heapupdateghe sameaddresgwice, only the latter
assignmentounts.

1 =) Hid(upd, (updg (H;M:N1): M N2):
upds (H;M;N2)); 2

Eachaddressn aheapcanpointto atmostoneterm.

1; Hid(upd, (H1; M ; Ny);

upd, (H2; M;N2)) =) 1da(N1;N2); 2



Empty heapsdo not containany assignments.

1;Hid(emp upd, (H;M;N)) =) >

If anaddresgointsto somethingthenit is in the heaps
domain.

;5 1 HId(H1;updy (H2; M5 ) =) indom(Hy;M); 2
We note here that the sequentcalculus proves the
usual McCarthy-style axioms about heaps [16], e.qg.
seleq (upd, (H; M;N);M;N), andseleq (H;M1; N1)?
11d(M1;M2)  seleg (upda (H;M2;N2); M1;Ny).

Examples. Considerthe function double belovr, which
takestwo integerlocationsand doublestheir contents be-
fore returningthe sumof the original contents. We anno-
tatedthe function with propositiongenclosedn /slashes/)
thataregenerateét the variouscontrol pointsduringtype-
checking.We denoteby P andQ respectiely, the precon-
dition andthepostconditiodistedbelaw. For simplicity, we
usethedecimalinsteadof Peanmumerals.

double: x:nat. y:nat.
f seleg(mem,x,-) * seleq(mem,y,-) " : Id(x,y)g r : nat
f8 vl:nat, v2:nat. seleq(init, x, v1) * seleq(init, y, v2)
Id(r, vi+v2) A
Hld(mem, upd(upd(init, x, 2 v1),y,2 v2))g=
X. y. dia (/P/
wl = [x];
/P1 = P; HId(mem,init)* seleg(mem, x, wl)/
[X] =wl+wl;
/P2 = P1; HId(mem, upd(init, X, 2 w1))/
w2 = [y];
/P53 = Py; Hld(mem, init)" seleq(mem, y, w2)/
[y] = w2 +w2;
/P4 = P3; Hid(mem, upd(init, y, 2 w2))/
wl + w2)

Typecheckingrequiresthat the following sequentsbe
proved, which correspondto the veri cation condition
of double The sequentscan easily be proved, af-
ter expanding the de nition of the operator“;”: (1)
P =) seledmenx; ) so that x can be dereferenced
in the rst command; (2) P;=) selegmemx; ) so
that x can be updatedin the second command; (3)
P, =) selegmemy; ) so thaty can be dereferenced
in the third command. (4) P3=) selegmemy; ) so
that y can be updatedin the fourth command,and (5)
9w ; wo:nat: P4 Id(r; wy + wp) =) Q sothatQ isavalid
postcondition.

As a secondexample, considera function that loops
throughthe rst n naturals,and computegtheir sum. We
assumethe primitive ordering relations( , <, >, ),
and their implementationsas booleanfunctions (<=, <,
> > = respectrely). We assumehatthe relationsandthe
booleanfunctionsare tied throughthe assertionogic, so

thatx <=y canbeprovedequalto true iff x vy is prov-
ableasa propositionof theassertiorfogic. We usethe cus-
tomaryif M thenE elseF insteadof if (M ; E; F).

sumfunc: n:nat. ftruegr : nat
fHId(mem, init)» 1d(2 r,n (n+1))g=
n. dia(y = x(f. x. /Po = Hid(init, mem)" true/
t=if x> nthen
IP1 = Po; HId(init, mem) ~ x> n/
0
else
/P2 = Po; HId(init, mem) * x  n/
letdias=f(x+1)
in
IP3 = P2; [x + 1/%, sly]h(Q)/
S+ X
end;
/P4 = (P1 ” 1d(t, 0)) _
(9s:nat. P3 ~ Id(t, s + X))/
t, 1);
IPs = Po; [1/X]ha(Q)/
y)

Recursionrequiresa type annotationfor the function
variablef . In thiscasethetypeis

x:nat: f truegy:natf Hld(menn init) »
(X n Id2 y+x x;n
(x>n 1d(y;0)g

essentiallyexpressinghatthe xpoint constructcomputes
thesumy = x + (x + 1) + + n. We denoteby

Q the postconditionfrom this type. The sequentsgen-
eratedduring typecheckingare: (1) P, =) true, so that
the computationobtainedfrom f (x + 1) can be exe-
cuted,(2) P4 ™ Id(y;t) =) Q, sothatthe body of the re-

cursive function satis es the speci ed postcondition,(3)

Ps~ 1d(r;y) =) HIld(mentinit)~ 1d(2 r;n (n+ 1)),

sothatthefunctionsumfuncsatis esthespeci ed postcon-
dition.

(n+ 1)+ x)"

5 Properties

In this sectionwe presentthe two most characteristic
propertiesof HTT. For the thoroughdevelopment,nclud-
ing the substitutionprinciplesandall the proofs, we refer
thereaderto theaccompaying technicalreport[18].

The rst propertyestablisheshe decidabilityof the typ-
ing judgmentsof HTT, underthe assumptiorof an oracle
thatdecidegshe sequent®f theassertiorlogic.

Theorem 2 (Relative decidability of type checking)

If the validity of every assertion logic sequent
;3 1=) 2 can be determined, then all the typ-
ing judgmentof the HTT aredecidable.



The proofrelieson the factthatthejudgmentsof HTT are
syntaxdirected,andinvolve typecheckingsmallerexpres-
sions,or decidingsyntacticequalityof types,or computing
hereditarysubstitutionspr decidingsequent®f the asser
tion logics. Checkingsyntacticequalityis obviously ater

minatingalgorithm,andasshowvn in Theoreml, hereditary
substitutionareterminatingaswell. Thus,if thevalidity of

eachassertioriogic sequentanbe decided sotoo canthe
typingjudgments.

Clearly, in theabore theoremanoracledecidingthe se-
guentsfrom the assertionlogic may potentially be substi-
tutedwith a proof thatsenesasa chedkablewitnessof the
sequens validity. In the spirit of Proof-carryingcode[20],
it is possibleo embedsuchproofsinto HTT termsandcom-
putationswhichwe planto doin thefuturework.

Thesecondropertythatwe presenshavsthatacompu-
tationdoesnotdependn how theheapin whichit executes
may have beenobtained.

Lemma 3 (Presewation of history)
Supposghat ; P E ( x:A: Q[EQ. If ; init;mem"
R ( prop[R], then; (R;P)" E ( x:A: (R;Q)[EY.

We emphasizderetherelationshipbetweerhistory preser
vation andthe framerule of Separatioriogic [22, 25, 23].
In Separationogic, if E is a computationsatisfyingthe
Hoaretriplef Pg E f Qg, we canusetheframeruletoderive
fP CgE fQ Cg. HereC isanarbitrarypropositionand
is apropositionatonnectvede nedsothatP Q holdsof
aheapif theheapcanbe splitinto two disjoint partssothat
P holdsof the rst andQ holdsof thesecondart. Thus,in
essencethe framerule stateghatthe partsof the heapthat
arenottouchedby E actuallyremaininvariant.

Our presenration of history can be given a similar in-
terpretation.If E doesnot modify certainlocationsin the
heap,thenthe history of theselocations(andin particulay
their presenstate)is transferrednto thepostcondition But
noticethatpreserationof historyis aslightly strongetthan
the framerule. The framerule statesthe invarianceof the
untouchedocations,but doesnot sayanything aboutloca-
tionsthatmayhave beentouched put not necessarilynod-
ied (e.g.,locationsmay have only beenlooked up). In
contrastpreserationof historycanestablisitheinvariance
of untouchedaswell astouchedbut unchangedocations.

Thisis notto saythatHTT possessedll thefacilitiesthat
malke the reasoningn Separatioriogic local andmodular
In particulay in orderto fully employ Preseration of his-
tory, the postconditiorof E hasto expressthe endingheap
memin termsof theaccumulateathangego the beginning
heapgiven by the variableinit. A relatedproblemis that
HTT currentlycannotspecifythatacertainheapcanbesplit
into disjoint parts,becausehis requiresuniversalquanti -
cation over types. Theseproblemsare well-known short-
comingsof assertiorlogicsbasedn arrays,andwe planto
overcomethemin the future work by moving into stronger

assertionlogics which allow quanti cation over typesand
propositions.

6 Operational semantics

In theprevioussectionsye havede ned HTT asalogic,
with theassociatedotionsof proofequality normalization
andcanonicafforms. We now proceedo developthe view
of HTT proofsasprogramsthat canbe executed. For that
purpose,in this sectionwe de ne the call-by-value left-
to-right structuredoperationalsemantics and presentthe
Preseration and Progressheorems,which establishthat
HTT is soundwith respecto evaluation. The proofs(here
omitted, but presentedn [18]) arerelative to the assumed
soundnessf theHTT assertioriogic. Thesoundnessf the
assertiorlogic is not establishedereandis left for future
work.

Theoperationabemanticassumethefollowing syntac-
tic categories.

Values v;lz=()j xx M jdiaE
jtruej falsej zj sv

Heapvalues = 1AV

Continuations = jx:AE;

Contmwol expressions = .E

Abstractmadines =, .E

Thede nition of valuesis ratherstandard.We usev to
rangeover values,andl to rangeover numberswhenthey
are usedas pointersinto the heap. Heapvaluesare func-
tions assigningnaturalsto values,whereeachassignment
is indexed by a type, andtwo heapvaluesare considered
equalup to the reorderingof their assignments.We will
frequentlyneedto corvertheapvaluesinto heapcanonical
forms, for reasoningourposessowe introducethe follow-
ing corversionfunction from heapvaluesinto heapsfrom
Section2.

[1=-emp
[ 17'a vl=upds ([ I:15M);

We abbreviate ; memHld(mem[ J)=) P as;
P. This judgmentdenoteghatthe propositionP holds of
theheapvalue .

A continuationis asequencef computationsf theform
x:A:E, whereeachcomputationin the sequencealepends
on a boundvariablex:A. The continuationis executedby
passingavalueto thevariablex in the rst computatiorE.
If thatcomputatiorterminatesits returnvalueis passedo
thesecondcomputationandsoon.

A control expression . E pairs up a computationE
anda continuation , sothat E providesthe initial value
with which the executionof  canstart. Thus,a control
expressioris in a sensa self-containecomputation.

We make the similarity with computationsnoreexplicit
by providing a typing judgmentfor control expressions.

where ~ v( A[M]



The judgmenthasthe form ; P ° . E ( xA: Q,
andits meaningis similar to the onefor computations:if
executedin a heapof which the propositionP holds, the
control expression . E resultswith avaluex:A and
aheapof whichthe propositionQ holds.We omit therules
of thejudgmenthere,but it sufces to saythatthey closely
follow thetyping rulesfor computations.

An abstracimachine is a pair of aheapvalue anda
controlexpression . E. Theideaisthat . E canbeeval-
uatedagainst , to eventuallyproducearesultandpossibly
changethe startingheap. The typing judgmentfor abstract
machineshastheform™ ; . E ( x:A: Q, whereA is
theresulttypeandQ is a propositiondescribingthe result-
ing heap.Thejudgmentholdsiff ;P = . E ( x:A: Q,
whereP = HIld(mem [ ]). In otherwords,we rst con-
verttheheapvalue into acanonicalpropositionP which
uniquelyde nes , andthencheckthatthe controlexpres-
sion . E iswell-typedwith respecto P, A andQ.

Evaluation. Therearethreeevaluationjudgmentsn HTT;
onefor eliminationtermsK ! K9 onefor introduction
termsM ! ., M9andonefor abstractmachines;

E ! % 9 EO% Eachjudgmentrelatesan expression
with its one-stegreduct.

The evaluation rules are mostly straightforward, with
several peculiaritiesarising from the syntacticstructureof
HTT. For example,HTT is dependentltyped,sowe must
substituteinto typesandnot only into terms. Furthermore,
in substitutions,a value mustalways be pairedup with a
type,asin v : A. Substitutingthe value alonemay result
in syntacticallyill-formed terms,becausef the intro/elim
distinction.

Dueto spaceconsiderationsherewe only presentser-
eralcharacteristi@valuationrulesfor abstractmachines.

M nMO
;oML e MO
P XACE;, L v]) e L [viAXX]E

;. letdiax = (diaF) : fPgx:AfQginE

I e; XATE; ). F
C A ( type[AY | 62dom( )

;. x=alloca(V;E ! e (; 1 7Ma0v); . [l:nat=x]E
A ( type[AY 1 71a0v2
x=[lla;E) 5 . [v:A=X]E

T A( type[A”]
(1 7a0V% 2); . [la = V;E

Ve( 1,1 7aov; 2); . E

The preserationtheorem asusual,statesthatthe eval-
uation stepon a well-typed expressionresultswith well-
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typedresult.In thepurefragmentof HTT (i.e.,in thecaseof
elim andintro terms),thereis anadditionalclaim thateval-
uationpreseresthe canonicalform of the evaluatedterm,
sothatevaluationagreeswith normalization.

Theorem 4 (Presewation)
1. ifKo)! «Kiand Ko) A[NY, then K1) A[NC.

2.ifNg ! m Nrand No ( A[NY, then Ni( A[NY.

3.if o) e 1and o ( x:A:Q,then 1( x:A:Q.

When evaluating abstractmachines,occasionallywe
must checkthat the typesgiven at the input abstractma-
chinearewell-formed,sothatthe outputabstracimachine
is well-formedaswell. Thetype informationdoesnot in-
uence which rule appliesto ary given abstractmachine,
but mayin uence whetherthe evaluationgetsstuck. If the
evaluationstartswith well-typedexpressionsthenno stuck
statecanbereachedasthe Progressheorembelow states.
In thissenseProgressheoremestablishethe soundnesef
typing with respecto evaluation. But we rst needto de-
ne the propertyof the assertiorogic which we call heap
soundness

De nition 5 (Heap soundness)

The assertionlogic of HTT is heapsoundiff for every
heapvalue , the existenceof a deriation for the sequent
yment HId(mem [ 1) =) seleq (mentl; ) impliesthat
| 7'ao v 2 , for somevaluev.

We do not prove in this paperthatour assertiorlogic is
heapsound,andwe leave that proof asanimportantfuture
work, especiallysincein the future we planto signi cantly
extend the assertionlogic with second-ordefeaturesand
with inductive de nitions, aswe discusdn Section?.

In thelight of thiscommenttheProgressheorenshould
be considerasarelativesoundnesdbecausdt relieson the
unprovedheapsoundnessf theassertiorogic.

Theorem6 (Progress)

Supposéhattheassertioriogic of HTT is heapsound.If ~
0; o- Eo ( X:A: Q, theneitherEq = vand o= ,or

o- Eol e 1. Eq, for some 1, 1,E1.

0s 1,

7 Relatedand futur e work

In this sectionwe compareagainstsomeof the recent
relatedwork on reasoningaboutlanguageswith effectful
higherorderfunctions.

Hondaetal. [11, 3] presenta successionf increasingly
powerful Hoarelogics for reasoningaboutfunctional pro-
gramswith referencesTheir main featureis a proposition
assertinga total correctnesof function applications. In
HTT, functionsare pure andare not subjectto Hoare-like



reasoningwhich we believe leadsto signi cant conceptual
simpli cations. FurthermoreHTT is atypetheory andthus
is bettersuitedthana Hoarelogic to supportabstractiorand
modularity in the speci cation of datainvariants(as dis-
cussedn the Introduction). One of the main ingredients
in this kinds of speci cationsis the type constructor for
dependenproducts,which is omitted herefor simplicity,
but shouldnot be hardto add.

Shaoetal. [26] andXi etal. [29, 30] presendependent
type systemsfor effectful programs,basedon the separa-
tion betweenthe levels of effectful and pureterms. Only
puretermscanappeatin speci cations,andthe connection
betweenthe two languagdevelsis establishediia single-
ton types. In HTT, all terms(including the encapsulated
effectful computations)an be usedin the speci cations,
obviating the needfor singletontypes.

Mandelbauret al. [15] presenta theoryof typere ne-
mentsfor reasoningaboutbehaior of effectful programs.
Herethe puretermscorrespondo the customaryML-style
type system, while reasoningabout effectful terms em-
ploysHoare-like pre-andpostconditionsTheassertiongre
drawn from a substructuralogic, andcanbe parametrized
with respectto variouseffectful commands.The assertion
logic, however, is ratherrestrictedin orderfor typecheck-
ing to be decidablesoit is not clearwhetherit canbe ex-
tendedwith equationateasoningboutprogramswith state
andaliasing. Thelanguagesupportsa variantof dependent
typingvia singletontypes,someavhatsimilarin natureto the
systemgliscussegbreviously [29, 26].

Hamid andShao[9] andNi andShao[21] considerrea-
soning frameworks for assemblyprograms,and [21] al-
lows embeddeatodepointers(andthushigherorderfunc-
tions). Themaintechnicalfeatureof thelateris apredicate
expressingthe safety of jumping to a given code pointer
if a certainpreconditionis satis ed. All suchpredicates
arelaterinterpretedand proved correctwith respecto the
whole-programheap. In HTT, we usea type, ratherthan
apropositionto capturethe semantic®f Hoaretriples,and
thesemantic®f Hoaretriplesis establishediot by interpre-
tation, but directly asa metatheoremexpressinghe substi-
tution propertiefor computations.

Recently a type theoreticapproachto Separatioriogic
hasbeenadwcatedy Birkedaletal. [4]. Thiswork is sim-
ilar to ours— atleastin spirit — in the sensahatit contains
dependentypesanda type of statefulcomputationsHow-
ever, it is alsosigni cantly restrictedfor example theinte-
gerexpressionshatcanappeain thedependentypesareto
be strictly second-clasi thesensdhatthey cannotappear
asfunctionargumentsor bereturnedasfunctionresults.No
suchrestrictionsexistin HTT.

Abadi and Leino in [1] describea logic for reasoning
aboutobject-orientecprogram,where,asin HTT, speci -
cationsaretreatedin a similar way astypes. One of the
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describedproblemswith this logic concernghe treatment
of local variables;certainspeci cationscannotbe proved
becausdhe inferencerulesfor letval x = E in F do not
allow sufcient interactionbetweerthespeci cationsfor E
andF.

In HTT, the problemwith local variablesdoesnot ap-
pear as witnessedby our substitutionprinciples, but we
wouldlike to mentionthatHTT currentlycannottypecom-
putationswith local state. The dif culty is thatthe type of
Hoaretriples caneffectively describeonly the statethatis
reachabldrom the local variablesin , or from the result
of the computationwhereaswe would like to have com-
putationsthat manipulatestatereachablérom anorymous
pointers.We planto addresshis questionin futurework by
enrichinga computatiortypeinto fPg % x:Af Qg, where

Ois acontext from which all of thelocal stateof the com-
putationis reachable.This systemwould be similar to the
Contextual modaltypetheorypresentedn [19]. A truly lo-
cal statemay then be obtainedby introducingparameters
thatabstracbver contets,asalsobrie y discussedn [19].
Two computationghat sharethe samecontet parameter
will sharethesameéocal state.

A further issuethat we plan to addressin the future
involves the addition of data structures,reasoningabout
which will also require introduction of inductive predi-
catesinto the assertionlogic. We will also considerspa-
tial propositionalconnectves, in the style of Separation
logic [22, 25, 23], to supportassertionaboutdisjointness
of heaps.
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