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Abstract: We formulate the problem of managing sensors as one of optimal control of the resulting state estimator
covariance matrix. Originally posed in the early days of optimal control, this problem has received little attention,
despite the proliferation of active sensing systems and sensor networks and the resulting need to target observations
to obtain useful state estimates while minimizing energy expenditure. We consider the problem where the parameters
of an observation system, to be selected from an given set, are controlled in-the-loop. We give a necessary condition
for optimality and a numerical scheme for finding these solutions. Finally, using a convenient parametrization of the
ambiguity function for a certain class of pulsed radar systems, we apply this theory to optimal tracking of a target with

known dynamics.
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1 INTRODUCTION

In this paper, we consider the problem of observation con-
trol for linear dynamical systems. Often, optimal control
problems require the synthesis of a control law, with the
measurement process, by which data for state estimation
are obtained, taken as a given. However, in certain situa-
tions, it is advantageous to decide online which observa-
tions to take. As an example, we consider the problem of
selecting the optimal radar pulses for tracking a target. In
this and similar cases, the measurement process should be
treated not as a given, but should be adjusted in an inner
control loop.

1.1 Applications of Observation Control

The possibility of controlling the observation process can
arise in several ways. In some situations, the sensors have
adjustable parameters. This is the case, for example, in
some radar systems, where the amplitude and spectral char-
acteristics of the emitted waveform can be adjusted to im-
prove target tracking. The question of waveform amplitude
control for radar was considered in [2]. In the analogous
biological system, bats are known to adjust echolocation
pulses in the course of target pursuit.

In other applications, the quality of data available for state
estimation depends on the placement of fixed sensors or the
trajectories followed by mobile sensors. Selection and opti-
mal placement of sensors is important for industrial process
monitoring. The project described in [11] deployed a sen-
sor network composed of underwater gliders to obtain data
about ocean currents. Fulfillment of the science objectives
of the project depended on optimization of the trajectories
of the sensor platforms.

Finally, in large sensor networks it may be necessary for
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a central controller to select a subset of the sensor nodes
to query. Such networks might be involved in tracking of
chemical plumes for public safety, in monitoring air pollu-
tants for emissions control, or for tracking military targets.

1.2 Previous Work

[1] gives a very clear formulation of the observation control
problem. That paper, as well as [7] and [14], all consider
selecting the best observation functional from a finite set.
The author of [5] addresses the problem of choosing the
observation functional from an arbitrary compact set, but
crucially, he assumes that the dynamics of the system under
observation are entirely deterministic and known precisely,
thus achieving a considerable simplification. That paper
also addresses the question of the optimal timing of a dis-
crete observation process. There is also an extensive litera-
ture on the optimal placement of sensors for distributed pa-
rameter systems (DPS). See [10] for a survey of that field.

1.3 Plan of the Paper

In this paper, we restrict ourselves to systems described by
linear stochastic differential equations and to observations
that are linear functionals of the state plus Gaussian noise.
We show that the formulation of the objectives of sensor
management as an optimization problem permit the appli-
cation of tools from control theory. To this end, we demon-
strate that a linear function of the state estimator error vari-
ance is a natural metric for comparing the performance of
observation policies. We present necessary criteria for op-
timality of policies and describe a gradient-descent method
for solving the resulting boundary-value problem. Finally,
we demonstrate the application of these ideas to a problem
of radar waveform selection for optimal target tracking.

2 EVALUATION OF SENSING POLICIES

Many different measures of the effectiveness of sensor
management policies have been proposed. [12] selects



which sensors in a network to query by comparing the ex-
pected information gain over a finite time horizon. In [9],
the evaluation is made based on the Rényi divergence of
probability distributions representing multiple targets.

For linear dynamical systems perturbed by Gaussian noise,
the most typical objective has been minimizing the trace of
the state-estimate error covariance X as in [4, 7]. However,
as noted in [8], the trace of the covariance can not be used
to judge when the variance of particular states necessary
for making a decision are small. That author proposes a
number of other measures that are better in this respect, in-
cluding the logarithm of the determinant of the covariance,
which he interprets as entropic information.

The author of [2] formulates the observation control prob-
lem as the minimization of the variance of an arbitrary lin-
ear function of the state vector x. For example, w = Gx so
that £(w—w)(w—w) = EG(t—x)(Z—2) G = tr G'GX.
This approach has particular relevance when the ultimate
goal is to make decisions based on the state estimate.
We motivate our choice of loss function for evaluate sen-
sor management policies by the following connection with
stochastic optimal control.

2.1 Separation Theorem for the LQG Problem

Setting up the optimal control for a linear-quadratic-
Gaussian problem gives us a reasonable choice for how to
penalize the state-estimator variance. Consider a dynami-
cal system with state vector x(t), control u(t), and distur-
bance w(t) described by the stochastic differential equation

dr = A(t)x dt + B(t)(udt + dw). (1)
Let observations of the state be generated according to
dy = C(t)x dt + dv. )

We take w(t) and v(t) to be Brownian motion processes
(see [3] for a nice introduction to Itd calculus). Suppose
the objective is to select u(x,t) and C(z,t) to minimize
the cost

t
n:s/ SO La(t) dt+ 2 () Dalty)  3)
to

Theorem 1 (Separation Theorem). The optimal control is
u*(t) = —B'(t)K(t)Z(t), and the optimal loss n* is:

" = Ex'(0)K(0)z(0) 4)
t

ve [ (- iYKBB'K(w—2)+wKBB) dt,
to

where % (t) is the Kalman filter estimate of x(t), and K (t)
is a solution to the Riccati equation

K=-KA-AK+KBB'K-L,  K(t;)=Ls. (5
The first term of (4) captures the cost due to the initial state
of the system. The second term captures the additional cost
due to using the state-estimate in the feedback loop in place

of the true state. The last term captures the loss resulting
from process noise.

Plugging in the optimal feedback control v = — B’ Kx(t)
and using the fact that the optimal state-estimator is unbi-
ased (£(z — &) = 0), we obtain the modified system

Lo = Sex=(A(W) - BOBOKW)(t) (©

= A(t)&(t), ©)

and an equation for the estimator error variance

. d . o
E:%E(x—z)(:rf:c) 8)

= A(t)2 +2A'(t)+ BB — XC'(t)R™IC(H)2. (9)

Corollary 1. For a given optimal control problem (1,2,3),
the loss is minimized when we chose the observation func-
tional C(t) to minimize the state-estimator covariance
Y.(t) weighted by Q(t) = K(t)BB'K (t), where K is the
solution to the Riccati equation (5).

Proof. The optimal policy for the control of the stochas-
tic system with imperfect observation is to feedback the
(Kalman filtered) state estimate with a gain given by the
solution of the Riccati equation (5). The details of the ob-
servation functional do not appear in (5), and so the only
part of the optimal cost n* which can be minimized with
respect to the choice of C(t) is the second term of (4). That
term may be rewritten

tf tf
& (a;—fc)’KBB’K(x—fc)dt:/ tr KBB'KY dt.
t t
0 0 (10)
Therefore, to minimize the cost 7, the observation func-
tional C'(t) should be chosen to minimize

ty
77c=/ tr KBB'KY dt. (11

to

O

3 OBSERVATION CONTROL

Consider the non-linear differential equation

3(t) = AX 4+ XA+ BB - SC'(H)R™IC1)E, (12)
%(0) = %o (13)

and think of the observation functional C’(t)R~1C(t) as a
control, which we may use to steer the estimator variance
in a desired direction. The observation control problem can
take the form of either of the following:

1. Given constraints on the observation effort over
an interval of time, minimize a functional n =
f;f'tr QX dt + tr Q¢X(ts) of the state-estimator co-

variance.

2. Given initial and final values for the state-estimator
covariance, find the observation policy that achieves
the desired transfer while minimizing the observation
effort.



In each of these cases, we may consider sub-cases where
C(t) is restricted to be in some finite set, in some com-
pact set C, or even C(t) = aC, o € R for a fixed C,
that is where we control only the amplitude of the observa-
tion functional. The first two sub-cases correspond roughly
to two of the problems posed by Chernous’ko in [5]. The
amplitude-only observation control is considered in [2]. In
this paper, we will consider only the first problem, and in
particular the case where the instantaneous observation “ef-
fort” is limited by a constraint of the form ||C(¢)| < k.

3.1 Application of the Maximum Principle

An observation strategy must consider not only an instan-
taneous reduction in variance but also the effect of the dy-
namics on future time evolution. The Pontryagin maxi-
mum principle gives us a principled way to trade off be-
tween present and future costs. Let A(t) € R™ ™ and
B(t) € R™™ be matrices describing the dynamics of
x(t). Let the observation functional C(t) be from some
specified set C C R™*™. Assume C(t) is bounded and
measurable. Then the variance X(t) = £(z — &) (x — &)’ of
the estimator for x evolves according to Equation 12. The
problem is to find C(t) € C to minimize

¢
n:/ftrQE(t) dt +tr QX(ty), (14)
to

where @) and @)y are positive semi-definite matrices. The
control Hamiltonian is then

H=tr AN (AS+ZA'+BB -SC'(t)C(H)2)+Q%, (15)

The differential equation for the costate is given by

. OH
A=-25, (16)
= —(A=3C'CYA - ANA-2C'C)—Q. (17)
A(ty) = Qy. (18)

The costate matrix is symmetric positive semi-definite.

3.2 Necessary Condition for Optimality

Denote the rows of C(t) by {c1,c2,...,¢n}. Then a
straightforward application of the Pontryagin maximum
principle requires the optimal C(t) satisfy:

C*(t) = argmgxtrAEC’(t)C(t)E (19)
= arg max tr C(t)XAXC'(t) (20)
=arg max LAY + -+, XAXC, (21)

ClyeesCm
If C(t) has a single row, this reduces to

C*(t) = argmax cX A (22)
(&

If the set C is defined parametrically by C = {c¢ € (R™)* :
p(c) = 0}, for (-) a differentiable function, the Lagrange
multiplier method leads to the requirement that at c¢*, the
normal vector to C should be parallel to XAX.c’'. More pre-
cisely,

TADE = A V), . (23)

If C = S™1, the normal vector is ¢’ and the condition is
in the form of an eigenvalue problem: YAXc = A¢/. A
look at (22) shows that we should let ¢’ be the eigenvector
associated with the largest eigenvalue.

4 NUMERICAL TECHNIQUE

We now present a gradient-descent based method for find-
ing a policy satisfying the necessary condition for optimal-
ity. First we note that in the problem formulated above,
we have an initial value for X(¢) and a final value for
A(ty) = Qy. If we were given A(ty), we could inte-
grate forward in time, at each point selecting the obser-
vation control that minimized H. Thus, rather than try-
ing to minimize the cost 7 directly, we propose a scheme
in which we apply corrections to A¥(¢y) in order to mini-
mize ||A¥(t;) — Qy||*. This approach has two features to
recommend it. First, the differential equation for A(t) is
linear, so the matrix derivative %W
easy to compute, and second, for problems with a unique
trajectory satisfying the maximum principle, we have the
following bound connecting minimization of this final er-
ror in the costate and minimization of the cost:

Theorem 2 (Error Bounds). Let {C*(t), Xk (t), A*()} be
a triplet satisfying the differential equations 12, 17, and
the necessary condition for optimality 21, but with an in-
correct final value for the costate: A*(ty) # Qy. Let
me = tr (SF(tg)A*(ty)). Then n*, the optimal cost for
the problem 14, is bounded as follows:

is relatively

== DN IEI < < e+ IIZFE))- 1B 24)

where E = (Qy—A*(ty)) and | -|| indicates the Frobenius

norm of a matrix. Xt (t) is the solution of ¥+ = ALt +
YStA'+BB', ¥1(0) = X which satisfies 7 (t) > X*(t).

Proof. First, to obtain the upper bound, note that n* <
tr (SF(tf)Qs) = tr (SF(tf)(A*(tf) + E)). Then us-
ing the triangle inequality, tr (Z*(t;)Qs) < m +
=% (t4)||| E||. To obtain the lower bound, we interchange
the roles of the desired penalty ()¢ and the actual one
AF(t ), and repeat the previous argument. The only prob-
lem is that we don’t know X*(¢ /), but in any case, its norm
is less than X% (¢ ) as defined above. O

Thus, by minimizing the final error in the costate, we are
guaranteed to approach the optimal cost n*, and the bounds
give us the penalty we incur for early termination of a gra-
dient descent algorithm.

S RADAR WAVEFORM SELECTION

We now consider the application of these ideas to param-
eter selection in a pulsed Doppler radar system. The en-
velope of each outgoing pulse is given by u(t), and we as-
sume for concreteness that it is a Gaussian pulse with linear
FM chirp,

22\ 1/4 |
u(t)=(7> o~ (W=ib)*, (25)

The center frequency of the emitted pulse is fy, and Ny
is the power spectral density of the Gaussian noise present



in the return. We will assume that the pulse repetition fre-
quency, that is the frequency at which pulses are emitted,
reflections received, and the two signals correlated, is large
enough with respect to the time constants of the target mo-
tion so that a continuous-time approximation to this system
makes sense. The optimization problem is to choose the
parameters {k(t), b(t)}, which give the pulse durations and
FM rates for a sequence of emitted pulses so as to minimize
the tracking variance of a target with known dynamics.

We momentarily change coordinates from range () and ra-
dial velocity (v,.) to delay (7 = 2r/c) and Doppler shift
(¢ = 2fov,/c), which are more natural in the subsequent
calculations. The variances of the delay and Doppler shift
estimates are typically bounded in terms of the quantities o
and . For our waveform these are

o = (2272 /t2u(t)u*(t)dt

/2
(27)2 262\ "
= ﬁ t2 7 exp (72k2t2) dt

2

= 3B (26)

Define (Af)? = AEHY) Thep 3?2 is given by

m2k2

9 =5 [vorwyoa= ST [ o

B (271’)2 f2 ox —16f2
T 2E /\/W p(Q(Af)2> v

@2 (Af? K48

. 27
2E 16 2Fk? @7)
The off-diagonal terms of the Fisher information matrix 7
are:
27 ou*
—3 [t dt
N / "o
2
- ls/tu(t) (—2jbtu* (1)) dt
No

2F —ba? (2F
—_9 2) = — . 2
b<2’/TN()a > ™ (NO> ( 8)

Finally, for the choice of amplitude above, the energy of
the signal is E = 1 [u(t)u*(t)dt = 3. So, the Fisher
information matrix is given by

1 52 —ba?
T = Fo (l;a2 KEE (29)
The Cramér-Rao bound states Var ; > 7~1, and mak-

ing the change back to range and radial velocity coordi-

nates, we obtain
1.2 2 ba?
r 2¢c“ Ny « =
Var ( > Z R = 471724 ba? 72{20 . (30)
o o232 — Egt \l &

Finally, R~ is

LA (B s
R ! = | T o (31)
O\ 7ok &

Now R~! is a symmetric matrix with determinant x? :=
2 . . . . . .

C%’;VO, which for a fixed signal-to-noise ratio, is indepen-

dent of the parameters, and gives the area of the uncertainty

ellipse. We can parametrize R~! by

R = rkexp(Q0) (g 9) exp(Q'0), (32)
¢

where Q@ = (9 §) is the infinitesimal generator of rota-
tions, tan 0 is

bz+]€4fﬂ'2fg+\/(bz+k4+71'2f3)2747r2fgk4

27be0 ’
(33)

and ( is

b+ kw2 fE 4 \/(b2 k4 w2 f2)? — Ar? f2kA
27Tf0 2 '
(34)
Surprisingly, if we restrict ourselves to b > 0,k > 0, the
parametrization is injective, with inverses given by

_ ¢ -1
b= 7Tf0 tan 6 (C%QG_FI (35)
and 25
2 tan® 6 41
W =g <<2tan29+1> ’ (36)

so that, given any symmetric matrix with det R~! = 2,

describing a desired allocation of the measurement un-
certainty, we can synthesize a corresponding FM-chirped
Gaussian pulse. To our knowledge, this is the first time
these formulas have appeared, although they can be de-
rived from the more general result on transformations of
the ambiguity function in [13] by evaluating the resulting
integrals.

5.1 Derivation of the Optimal Policy
Let the target dynamics and observations obey the stochas-
tic differential equations
dx = Axdt + Bdw 37)
dy = xdt + Ddv. (38)
The Cramér-Rao bound on the variance is typically very
tight, so here we will assume that £(D(t)dv)(D(t)dv) =
R = 1V(t)diag(¢~1, ¢)V'(t)dt, with V(t) orthogonal.
The problem we wish to solve is:
minimize 7 =trQ¢X(ty) 39)
e(t) € [07277];C(t) € [Cmin»(mam]

where X(t) = £(x — &)(x — &) obeys

w.r.t.

Y =AY +3SA + BB —SR7'S, 2(0) =X, (40)

The maximum principle indicates that we should maximize
H = tr AXR™'Y, where if we substitute our parametriza-
tion R~ = kV diag(¢,(~1)V’, we have

1
H==k (CviZAZvl + CvéEAEw) . 41



If the bounds {(mnin, (max} are independent of 6, this is
extremized by picking v (), v2(t) to be the two eigenvec-
tors of XAY with associated eigenvalues A1 (t) > Aa(t) >
0. The only extremum of (41) with respect to  occurs
0= ()\1 — )\Q/CQ), but this is a minimum. Thus it remains
only to check the endpoints. If (inCmaer > 1 and we as-
sigh A1 = Anazs A2 = Amins Where {Mnin, Az} are
the eigenvalues of XAY., then we pick ((t) = (maz. Con-
versely, if CninCnaz < 1 and we assign \; = Apin, Ao =
Amaz, We maximize H by picking {(t) = Cnin-

5.2 Geometric Interpretation

We wish to demonstrate why an extreme value for the ec-
centricity of the uncertainty ellipse is always optimal. Sup-
pose we have an uncertainty ellipse for the current state
estimate. This ellipse represents a level set of the prob-
ability density over the state space. If X is the current
value of the state-estimator covariance, then log p(z)
(2 — 2)’S7Y(& — ). If this is multiplied by a second
Gaussian distribution with covariance R, representing the
uncertainty of a new observation to be incorporated into
the state estimate, the product density will have covariance
(=1 4+ R~1)~L. Suppose for simplicity that both of these
are diagonal: ¥ = diag(s1,s2) and R = diag(ry,r2).
Then if

1 2 2
p1(& —2x) = p1(z) x exp (— <Z§ + 2)) , (42)

2 \ s? 5
1 /22 22

p2(x — dy) = pa(2) o exp (—2 (é + 3)) , (43)
LS

the product p; ps is proportional to

1/ ,/1 1 (1 1
P (—2 (Zl (ﬁ * @) i (sa - @)))‘ 9

The area of the uncertainty ellipse of the product p; ps is

A = rer/det Y i |85 (45)
= TC (§] = TC
’ st+ri\ 53+
_ TCS182T172 (46)

Vst +)(s3 +r3)

Since the numerator of the last expression is out of our con-
trol, as the product r1ry = det R = 1 is constant, the area
A is minimized by maximizing the denominator

arg max \/(s% +72)(s3 +r3) = argmax (s7r3 + s3r7) .
71,72 71,72

So if s > s9, as in Figure 1, we should let 72 > r; and
pick the extreme values: 72 = rmaz, 1 = 1/Tmaz-

Now, we make the connection between minimizing the area
of the uncertainty ellipse and maximization of the control
Hamiltonian: if we let v; = \/lvwl-, and P = VAXVA,
which we can do since A is always symmetric positive-
definite, then this is

- 1
'H=CIIPW1H2+EIIPW2H2 47)

We have made a coordinate change z — \/Az that trans-
forms the density p;(2) so that radius squared has units of

cost (i.e. the same units as 7). In the transformed space,
H is maximized, and the area of the uncertainty ellipse and
hence cost are minimized, by picking w; the eigenvector
of P with largest eigenvalue. The eigenvectors of P are
the same as those of P2, and in the original coordinates
VA-1P2\/A-1 = £ AX. This is all shown in Figure 1.

w1

N
\ N 1 S1
\

Figure 1: Diagram showing a level set of p; (VA(Z — )
(dashed line), and the uncertainty region associated with

the optimal observation policy pa (VA(% — z)) (shaded).

6 SIMULATION RESULTS

We compare the performance of the best constant pol-
icy to two different approximations to the optimal time-
varying policy for tracking a periodically oscillating tar-
get. The first time-varying policy is a greedy approxima-
tion obtained by selecting {6(t), ((¢)} at each time instant
neglecting the effect of future observations. In particular,
we used ®_ 4/ (t,t7)QsP_4(t,ts) in place of the costate
A(t) when extremizing the control Hamiltonian. The sec-
ond time-varying policy was obtained by applying the nu-
merical scheme described in Section 4 until the error in the
final costate was reduced to ||E| = 2.3 x 107°. We let
A= (f;z (1)) There is assumed to be dynamical noise
added to the velocity only, so B = ( \/01—0) The ini-
tial variance is o = (¥ 9), and the penalty functional
Qr = ('9) weighs position errors at the final time more
heavily than velocity errors. tp = 0,t; = 1 and the inte-
gration time-step is fixed at 5 x 10~%. The extremal values
of the shape parameter are (i = 1, (e = 5. Finally,
k = 1.5. For all three policies, ((t) = (naz- The three
policies for choosing R~*(t) as parametrized by 6(t) are
shown in Figure 2 and the resulting trajectories for the esti-
mator variance are shown in Figure 3. The final values for
the covariance and the corresponding scores 1 are shown in
Table 1. The lower bound given in Theorem 2 implies the
optimal cost is greater than 2.178. For this example, the
optimized policy for shaping the radar pulses achieved a
cost 7 less than a third of that obtained by the best constant
policy.



Figure 2: Three policies for radar pulse selection: best con-
stant 0, greedy (blue squares), and optimized (red circles).

222(1}

Figure 3: Trajectories of the variance equation for the poli-
cies shown in Figure 2: constant-6 (black stars), greedy
(blue squares), and optimized (red circles). The shading
shows the contours of the cost function n = tr Q sX(ty).

Table 1: Results from the Three Observation Policies

Policy X(ty) n
Constant § = 0.746 | ( %20, se') | 7.831
Greedy (5056 1580 ) | 3158
Optimized (5:5989:919) 2.179
Optimal > 2.178

7 CONCLUSIONS

The efficient management of sensors is an important task
for the system designer in a number of application areas.
Whether in environmental monitoring, battlefield aware-
ness, target tracking, or a host of other applications, lim-
ited resources available for sensing must be allocated so as
to maximize the usefulness of the resulting data for deci-
sion making. This report argued, through a connection to
optimal stochastic control, that penalizing linear functions
of the error covariance is a natural way to measure the ef-
fectiveness of a sensor management policy.

Posed in this way, the sensor management problem is one
amenable to solution by the tools of optimal control. In
particular, we used the Pontryagin maximum principle to
derive a necessary condition for optimality, and described
a method for finding policies satisfying this condition.
Finally, a problem in radar pulse selection was analyzed.
The parametrization of the uncertainties associated with
linear-FM chirped Gaussian pulses reduced this to a op-
timal control problem of the type considered here. Some
remarks on the geometric interpretation of the necessary
condition for optimality were given, along with the results
of a small simulation comparing a few different waveform
selection policies.
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