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ABSTRACT
Multi-agent systems that use game-theoretic analysis for de-
cision making traditionally take a normative approach, in
which agents’ decisions are derived rationally from the game
description. This approach is insufficient to capture the deci-
sion making processes of real-life agents. Such agents may be
partially irrational, they may use models other than the real
world to make decisions, and they may be uncertain about
their opponents’ decision making processes. We present Net-
works of Influence Diagrams (NIDs), a language for descrip-
tive decision and game theory that is based on graphical
models. NIDs provide a framework for computing optimal
decisions for agents that operate in an environment char-
acterized by uncertainty, not only over states of knowledge
but also over game mechanics and others’ decision processes.
NIDs allow the modeling of situations in which an agent has
an incorrect model of the way the world works, or in which a
modeler has uncertainty about the agent’s model. One can
also recursively model agents’ uncertain beliefs about other
agents’ decision-making models. We present an algorithm
that computes the actions of agents under the assumption
that they are rational with respect to their own model, but
not necessarily with respect to the real world. Applications
of our language include determining the cost to an agent of
using an incorrect model, opponent modeling in games, and
modeling bounded rationality.

Categories and Subject Descriptors: I.2 [Computing
Methodologies]:Artificial Intelligence

General Terms: Languages

Keywords: Decision-making under uncertainty, Game the-
ory, Opponent modeling

1. INTRODUCTION
In recent years, decision theory and game theory have

had a profound impact on artificial intelligence. On a fun-
damental level, the decision-theoretic approach provides a
definition of what it means to build an intelligent agent, by
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equating intelligence with utility maximization. Meanwhile,
game theory has been adopted by many as the basis for
building multi-agent systems. More concretely, a wide vari-
ety of representations and algorithms have been developed to
determine decision-theoretic and game-theoretic solutions to
problems. There is therefore a need for good knowledge rep-
resentation languages for representing games and the agents
that play them.
The focus in AI so far has been on the classical, normative

approach to decision and game theory. In the classical ap-
proach, a game specifies the actions available to the players,
and the utility to each player associated with each possi-
ble set of actions. The game is then analyzed to determine
rational strategies for each of the players. Fundamental to
this approach are the assumptions that the structure of the
game, including the payoff functions and strategies available
to each player is known to all of the players, and that all of
the players’ reasoning about the game is captured in the
game structure itself. These assumptions do not hold gener-
ally in the real world. A player may be mistaken about the
structure of the game, or may have uncertainty about the be-
liefs of other players about the structure of the game. Also,
agents typically use various data structures and reasoning
methods not present in the game itself, such as heuristics,
to determine how to play. A clear distinction must be made
between the structure of the game, which determines how
the actions of the agents produce effects in the real world,
and the mental models used by the agents to make their
decisions.
This paper presents a knowledge representation language

for games that makes this distinction. In our framework,
called Network of Influence Diagrams (NIDs), there is an
explicit model of the real-world game being played, as well
as additional mental models of agents playing the game. The
language allows for the possibility that an agent’s model is
different from the real-world model. The language also al-
lows multiple possible mental models for an agent, with un-
certainty over which model the agent actually uses. The lan-
guage is recursive, so that the mental model for an agent may
itself contain models of the mental models of other agents,
with associated uncertainty.
NIDs can be used both descriptively and normatively. In

the descriptive approach, they can be used as a tool for
describing, in a clear and explicit manner, the reasoning of
agents. NID models can be solved to determine the behavior
that results from the agents’ reasoning processes. The mod-
els can thereby be used to predict agents’ behavior, or to
explain how certain behavior might have arisen. When used



to predict the behavior of other agents, NIDs can form the
basis for an opponent modeling approach to game playing.
In the normative approach, NIDs are used to model a game,
and the beliefs of the agents involved in the game. Solv-
ing the NID amounts to computing behavior that is rational
with respect to the beliefs of the agents. In other words, it
is the best that the agents can do, given their beliefs. We
present a variety of examples in this paper demonstrating
the expressive power of NIDs.
The NID framework is based on influence diagrams (IDs) [10],

a representation language based on graphical models for
single-agent decision problems, and their recent extension
to multi-agent influence diagrams (MAIDs) [14]. Graphical
models, such as Bayesian networks, provide for natural rep-
resentations of complex situations by explicitly describing
the variables involved and the relationships between them.
The resulting representations are much more compact than
they would be otherwise, and often lead to exponential sav-
ings in inference time. MAIDs extended the benefits of
graphical models to game theory, but only for the classical
approach in which only the real-world model is described.
Our work provides the benefits of graphical models to mod-
eling agents’ decision making processes.
NIDs share a close relationship with the classic game theo-

retic formalism of Bayesian games [11]. Any Bayesian game
can be reduced to a NID, and computing the Nash equilib-
rium [12] of the Bayesian game reduces to the same strate-
gies that are obtained by solving the NID. In a separate pa-
per [7], we show that in fact, NIDs are a superset of Bayesian
games. In this paper, we show that NIDs are better suited
to knowledge representation than Bayesian games, provid-
ing representations that are more compact, descriptive and
explicit, thereby making them preferable for AI systems.

2. NID SYNTAX
We begin the description of NIDs by describing the basic

building blocks, influence diagrams (IDs) [10]. An ID con-
sists of a directed graph with three types of nodes: chance
nodes, drawn as circles, represent random variables; decision
nodes, drawn as rectangles, represent decision points; and
value nodes, drawn as a diamonds, represent the agent’s util-
ity which is to be maximized. There are two kinds of edges
in the graph. Edges leading to chance and value nodes repre-
sent probabilistic dependence, in the same manner as edges
in a Bayesian network. Edges leading into decision variables
represent information that is available to the agent at the
time the decision is made.

Umbrella

Wet

Forecast

Weather

Figure 1: real-world ID of umbrella scenario

For example, consider the following scenario: Waldo is
about to leave his house, and needs to decide whether or

not to take an umbrella. Waldo’s objective is to remain
dry, but carrying an umbrella around is annoying. The ID
in Figure 1 describes Waldo’s decision problem as we see
it. There is a prior distribution over the weather, for which
the forecast is a noisy sensor. Waldo gets to observe the
forecast, and decides whether or not to take an umbrella,
which, depending on the weather, influences his final utility.
Solving an ID requires computing an optimal strategy for

the agent. Such a strategy specifies what the agent should
do, given her available information. In our case, a strategy
will specify whether or not the agent should take an um-
brella, given that it is or is not raining. Note that in some
cases an influence diagram may contain several sequential
decisions to be made by an agent. In such cases, a strat-
egy specifies what the agent should do at each of her de-
cisions. It is standard to assume that all information that
was known for earlier decisions is available to later deci-
sions, so the strategy will specify what an agent should do
for each decision, conditioned on all prior information. Af-
ter the strategies for an ID have been computed, a Bayesian
network can be produced in which the decision nodes are
replaced by chance nodes representing the optimal strate-
gies for the agent. This network can then be used to predict
what might actually happen in the situation. In our exam-
ple, if we have determined that Waldo’s strategy is to take
an umbrella if the forecast says rain, we can then query the
probability that Waldo will get wet.
Multi-agent influence diagrams (MAIDs) [14] extend the

framework of ID to game-theoretic situations. Syntactically,
MAIDs are almost the same as IDs. The only difference is
that each decision and utility node is now associated with a
particular agent. A MAID represents a game in which each
agent gets to choose the decisions associated with it. Once
all decisions have been fixed, values of all utility nodes are
determined, and each agent’s utility is the sum of the values
of the utility nodes associated with it. Solving a MAID
requires computing a Nash equilibrium of strategies for each
of the players.
To motivate the definition of NIDs, let us return for now

to the previous single-agent example. Suppose now that
Waldo’s view of the world is slightly different from what we
believe to be the correct model, in that Waldo is more trust-
ing of weather forecasters, and uses a different sensor model
for the forecast variable. Structurally, the ID representing
Waldo’s view is the same as ours, but the values of the pa-
rameters are different. We would like to be able to answer
a query such as “What is the probability, according to our
view of the world, that Waldo will get wet?” This requires
reasoning with both Waldo’s view and our view. We can
determine Waldo’s decision function by maximizing his ex-
pected utility relative to his own model. We can then plug
his decision function into our model, and compute our sub-
jective belief in the event that he will get wet. We can also
ask, “What is the cost to Waldo of using his flawed model?”,
by comparing the utility he gets using his decision function
with the one he would get if he used the correct model to
determine his decisions.
In the previous example, Waldo’s model differed from our

own only in the conditional probabilities, but it can differ
in any aspect. For example, we might imagine that Waldo
does not believe the forecast to depend on the actual weather
at all. We might imagine that instead, Waldo listens to the
Dow Jones index, which he believes to be a barometer of the



weather, in order to decide whether to take an umbrella. We
also might have uncertainty as to which model Waldo uses.
We introduce the following language to allow for all of

these possibilities:
A Network of Influence Diagrams (NID) is a rooted di-

rected acyclic graph, in which each node is a MAID. To
avoid confusion with the internal nodes of each MAID, we
will call the nodes of a NID blocks. The root of the graph
is called the top-level model and represents the real world
from the modeler’s point of view. Edges in the graph from
block U to block V are labeled {i,D}, where D is a set
of decision variables in U belonging to agent i. Intuitively,
such an edge means that in model U , we view agent i as
using mental model V to make decisions D. We say that
the decisions D in U are modeled by V .
For this to make sense, every decision variable D ∈ D

must appear in V . However, we do not require that it be a
decision for agent i in V ; it may be a chance variable instead.
In both cases, we require that the parents of D in V be a
subset of the informational parents of D in U . In other
words, agent i cannot have more information when making
decision D in V than she did in U . If she did, we could not
use V to model her decision in U , because the decision rule
in V would require her to examine information she does not
have access to in U .
If the variable D is a chance variable for i in V , we are

viewing agent i as behaving like an automaton with respect
to the decision D. For example, agent i may be following
a pattern or social convention. This allows one important
form of bounded rationality to be captured. Agents do not
always optimize all of their decisions, but may perform some
of them according to fixed rules or heuristics.
There may be more than one edge out of a block U la-

beled by an agent i. For example, there may be two differ-
ent models V1 and V2, with edges {i,D1} from U to V1 and
{i,D2} from U to V2. In this situation, we are using two dif-
ferent models to model agent i’s decision making processes
with regard to decisions D1 and D2. We will see later how
this capability is also useful for modeling boundedly ratio-
nal agents. We also allow for uncertainty over which model
agent i uses for a decision. This is represented by multiple
edges labeled {i,D} leaving U .
In order for the model to be coherent, we do require the

following property: if {i,D1} and {i,D2} are two edges leav-
ing U , then either D1 = D2 or D1 ∩D2 = ∅. This means
that if we have uncertainty over whether some set of deci-
sions is modeled by V , either all of them will be modeled by
V or none of them will.
As an example, let us revisit our umbrella scenario and

suppose that an analyst has uncertainty over which model
Waldo uses to decide whether to take an umbrella, when
the top-level model, denoted Ir is given in Figure 1. The
analyst is unsure whether Waldo uses model If , where he
observes the weather forecast, or model Ij , where he looks
at the Dow Jones index. These models make up our NID in
Figure 2(a).
When there are multiple edges leaving U labeled with the

same label {i,D}, we must quantify our uncertainty over
which model agent i uses for deciding decisions D. This is
captured by introducing a node Mod[D] into the influence
diagram U . Mod[D] is a chance node, that may be influ-
enced by other nodes of U , just like any other chance node.
The values of Mod[D] range over the blocks V such that

there is an edge from U to V labeled {i,D}. In addition,
Mod[D] can take on the value U itself. Intuitively, when
Mod[D] takes value V it means that decisions D are actu-
ally modeled by V , and when Mod[D] has value U it means
the decisions are actually taken according to U . (The correct
model, from the point of view of U). Mod[D] has a condi-
tional probability distribution, just like any other chance
node.
Following our example, suppose the analyst believes Waldo

to use model Ij with probability 0.7, model If with proba-
bility 0.2, and the real-world model Ir with probability 0.1.
The top-level model Ir will now include a chance node la-
beled Mod[Umbrella] whose only child is Umbrella. The
conditional probability table(CPT) for Mod[Umbrella] in-
cludes entries for Ij , If and Ir with corresponding probabil-
ities 0.7, 0.2, and 0.1.

Ir

If Ij

{Waldo,Umbrella} {Waldo,Umbrella}

(a) umbrella NID

Umbrella

Dow Jones

Umbrellaf

Forecast

Weather

Umbrellaj

Mod[Umbrella]

Wet

Umbrellar

(b) transformed top-level ID

Figure 2: Umbrella scenario revisited

Solving a NID means computing a decision rule for every
decision in every MAID in the network. This can be done
easily in a bottom-up fashion, from the leaves of the graph
to the root. The leaves are simply MAIDs, and can be solved
using the MAID algorithm [14]. In the case that they only
involve decisions of a single agent, they can be solved using
a standard ID algorithm such as [18, 5]. For an internal
block U , once all of its children have been solved, decision
rules are available for all of the nodes in U modeled by one
of U ’s descendants.
We then transform U into a new MAID U ′. All chance

and utility nodes of U become nodes of U ′, with the same
parents and conditional probability distributions. For each
decision D in U , we introduce a decision node DU into U ′,
with the same informational parents as D in U . We also
introduce a chance node DV for each V such that D may
be modeled by V . The parents of DV are the same as its
informational parents in V , which as we stated earlier must
exist in U . The conditional probability distribution for dV



is the decision rule computed for d in V . Finally, D is made
into a chance node in U ′, with parents Mod[D], DU and all
the DV . Its CPT is a multiplexer, with the value of Mod[D]
determining which of the possible decisions gets assigned
to D. The children of D are the children of the original
decision D in the original U . Once this process has been
done for every set of decisions, U ′ is a MAID containing the
models for decisions taken outside of U and incorporating
the uncertainty about which models are used. It can then
be solved to obtain decision rules for the decisions that are
made in U .
Returning to our example, after solving the leaf models

and transforming the ID at the root, we will end up with
the ID depicted in Figure 2(b). We then solve this ID, con-
verting it to a Bayesian network in which we can answer all
of the queries mentioned above.

3. APPLICATIONS AND EXAMPLES

3.1 Divided Decision Making
One of the most common approaches to simplifying com-

plex problems is divide and conquer. In complex situations
involving many decisions, agents commonly solve different
decisions separately. Similarly, different decisions may be
delegated to different agents. This is an important form of
bounded rationality that can be modeled by our language.
One of the key aspects is modeling the assumptions made
by each agent about the decisions not under its control.

(c)  I
         d 

        Drillers’ Model

Mod[Test]

Oil amount

Mod[Drill]

       Real−world Model   (b)  I         w  

(d)  I          t        Testers’ Model 

I tId

Iw

(a) OilRon  NID

{Testers,Test}{Drillers,Drill}

Test

Oil amount Test result

Drill

Profit

Test

Test result

Drill

Profit

Work−Together

Test

Profit

Drill

Test resultOil amount

Figure 3: OilRon scenario

Consider the following scenario: Following a sharp loss in
revenue of OilRon, a big oil corporation, an analyst is called
in to assess decision-making policies within the company. In
an exploratory oil-drilling situation, OilRon can decide to

test the ground before deciding whether or not to drill for
oil. The test is a probabilistic indicator of whether or not
drilling will be profitable, but the test itself is costly. Each of
the decisions is made by a separate division of the company.
Unfortunately, the divisions, nicknamed “the drillers” and
“the testers”, are not willing to cooperate with the analyst,
leading to uncertainty over the decision-making processes of
OilRon. The analyst believes that with probability 0.2, the
two divisions work together rationally to determine the op-
timal decisions. However, with probability 0.8, the decisions
are optimized separately, with each division using its beliefs
about the other. The testers believe that the drillers are wild
and reckless, and will drill for oil no matter what the test
results are; the drillers believe that the testers will test any-
thing and everything. The corresponding NID for OilRon is
shown in Figure 3. In the real-world model Iw, the analyst’s
uncertainty about the decision-making process is captured
by a Work-Together chance variable that has probabil-
ity 0.2 of being true. This variable determines the model
used for each of the decisions. When Work-Together is
true, both Mod[Drill] and Mod[Test] have value Iw, the
real-world model, because then the decisions are taken as
if by rational decision makers. When Work-Together is
false, Mod[Drill] has value Id and Mod[Test] has value
It, where Id and It are models of the drillers’ and testers’
decision making processes respectively, described in Figures
3(c) and 3(d).
When this model is solved, we can ask queries such as

“What happens when the two divisions do not work to-
gether?” It turns out that because the testers believe the
drillers will always drill, they will never test, because their
test can never change the drilling decision. Interestingly,
the drillers believe that the testers always test, whereas in
actuality they never test. This shows that we can model
situations in which the individual agents hold beliefs that
are inconsistent with each other.

3.2 Opponent Modeling
Real agents often use rules, heuristics, patterns or ten-

dencies when making decisions. Furthermore, agents often
reason about the workings of other agents. Consider, for
example, a baseball manager ordering a pitch-out in a cer-
tain situation because the opposing manager has a tendency
to order a stolen base in that situation. One of the main
approaches to game playing with imperfect information is
opponent modeling, in which one tries to learn the patterns
exhibited by other players. NIDs provide a solid, coher-
ent foundation for opponent modeling. They also provide
a smooth integration between the opponent modeling ap-
proach and classical game theory, by allowing uncertainty
over whether an agent is computing its decisions heuristi-
cally or rationally.
For example, consider the game of RoShamBo (commonly

referred to as Rock-Paper-Scissors). In a single round of the
game, two players simultaneously choose one of rock, paper,
or scissors. If they choose the same item, the result is a tie;
otherwise rock crushes scissors, paper covers rock, or scissors
cut paper, as shown in the matrix below.

ROCK PAPER SCISSORS

ROCK (0, 0) (−1, 1) (1,−1)
PAPER (1,−1) (0, 0) (−1, 1)
SCISSORS (−1, 1) (1,−1) (0, 0)



The game has a single Nash Equilibrium in which both
players play a mixed strategy over {rock, paper, scissors}
with probability { 1

3
, 1

3
, 1

3
}. Therefore, if both players do not

deviate from their equilibrium strategy, they are guaran-
teed an expected payoff of zero. In fact, it is easy to verify
that a player who always plays his equilibrium strategy is
guaranteed to get an expected zero payoff regardless of the
strategy of his opponent. In other words, sticking to the
equilibrium strategy guarantees not to lose a match, but it
also guarantees not to win it!
Now consider a situation in which two players play re-

peatedly against each other. If a player is able to pick up
the tendencies of a sub-optimal opponent, it might be able
to defeat it, assuming the opponent continues to play sub-
optimally. In a recent competition [2], programs competed
against each other in matches consisting of 1000 games of
RoShamBo. As one might expect, Nash equilibrium play-
ers came in the middle of the pack because they broke even
against every opponent. It turned out that the task of mod-
eling the opponent’s strategy can be surprisingly complex,
despite the simple structure of the game itself. This is be-
cause sophisticated players will attempt to counter-model
their opponents, and will hide their own strategy to avoid
detection. The winning program, called Iocaine Powder [4],
did a beautiful job of modeling its opponents on multiple
levels. Iocaine Powder considered that its opponent might
play randomly, according to some heuristic, or it might try
to learn a pattern used by Iocaine Powder, or it might play
a strategy designed to counter Iocaine Powder learning its
pattern, or several other possibilities.
Inspired by “Iocaine Powder”, we constructed a NID for

a player that is playing a match of RoShamBo and is trying
to model his opponent. Suppose that John wishes to model
Mary’s play using a NID. The top-level model of the NID,
shown in Figure 4(a), is a “rational” block, which is sim-
ply a MAID depicting a RoShamBo round between John
and Mary. Both players have access to the history of the
game, which might be summarized by some statistics. Also,
the history determines some signal P , which is available to
Mary to use in her decision making process. In the rational
block, Mary will ignore P , and play the Nash Equilibrium
strategy. However, there are several alternative models of
Mary’s decision. According to block M1, shown in figure
4(b), John believes Mary to be an automaton that follows
some predictive algorithm that is dependent on the signal
P . We can then solveM1 to determine John’s best response
to Mary. For example, if John thinks, based on the history,
that P is most likely to tell Mary to play rock, then John
would play paper. Let us denote this strategy as BR(P ).
According to blockM2 that is a block that models Mary’s

beliefs, John’s play is modeled by M1. In other words,
Mary believes that John plays BR(P ), as a result of John’s
belief that Mary plays P . Therefore, she will rationally
(with respect to her model) play a best response to BR(P ),
thereby second-guessing John. Mary’s strategy inM2 is thus
BR(BR(P )). Following our example, inM2 Mary would not
play rock at all, but scissors, in order to beat BR(P ). Now,
solving for John’s strategy in M3 that is a block that mod-
els M2, we obtain BR(BR(BR(P ))). Again, following the
example, this would prompt John to play rock, in order to
beat BR(BR(P )). We can continue this to a third level at
M4, in which Mary believes John plays BR(BR(BR(P ))),
and so plays BR(BR(BR(BR(P )))).

Figure 4: RoShamBo scenario
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The entire NID is shown in Figure 4(d). In the root block
M , John models Mary as playing at one of the possible
levels M1, M3 or M4. The uncertainty is captured in the
Mod[Mary] variable, which also has some probability for
Mary playing according to the rational block M . John can
then compute his best possible play, according to his beliefs
about Mary’s possible strategies.

3.3 Collusion and Alliances
In a situation where an agent is modeling multiple agents,

it may be important to know whether those agents are work-
ing together in some fashion. In such situations, the models
of how the other agents make their decisions may be corre-
lated, due to possible collusion. For a simple illustration of
this, consider a voting game involving 3 agents A, B and C,
who are voting one of them to be chairman of a committee.
Agent A is the incumbent, and will be chairman if the vote
ends in a draw. Each agent would like itself to be chairman,
and receives utility 2 in that case. Agent A also receives a
utility of 1 if he votes for the winner but loses the election,
because he wants to look good. Agents B and C, meanwhile,
dislike agent A and receive utility -1 if A wins.
It is in the best interests of agents B and C to coordinate,

and both vote for the same person. If B and C do indeed
coordinate, it is in A’s best interest to vote for the person
they vote for. However, if B and C miscoordinate, A should
vote for himself to remain the chairman. In taking an op-
ponent modeling approach, A would like to have a model
of how B and C are likely to vote. A might be uncertain
about whether or not B and C have discussed the vote and
agreed to collude against A. This uncertainty can easily be
captured in a NID.
The top-level block is shown in Figure 5. There is a node

Collude, which will have three possible values, none in-
dicating no collusion, B and C indicating collusion to vote
for B or C respectively. The nodes Mod[B] and Mod[C] de-
pend on Collude. If Collude is none, Mod[B] will be the
top-level block. If Collude is B, Mod[B] will be a simple
block describing an automaton that votes for B. If Collude



is C, Mod[B] will with high probability be another simple
block describing a vote for C, but will with low probability
will be the top-level block. This accounts for the possibility
that when B and C have agreed to vote for C, B might
renege. The conditional probability distribution for Mod[C]
is similar.

A B C

BA C

Mod[B] Mod[C]

Collude

Figure 5: Collusion scenario

Moving beyond this simple example, one of the most im-
portant issues in multi-player games is alliances. When play-
ers form an alliance, they will act for the benefit of the al-
liance rather than purely for their own self-interest. Thus an
agent’s beliefs about the alliance structure affects its models
of how other agents make their decisions. When an agent
has to make a decision in such a situation, it is important to
be able to model its uncertainty about the alliance structure.
This issue is very important in the game of Diplomacy. In

Diplomacy, seven players control different European coun-
tries with the goal of becoming the dominant player. The
game proceeds in rounds. In each round, the players ne-
gotiate and then all players simultaneously submit a set of
orders, and the position changes as a result. The process
continues until a winner emerges. From a game-theoretic
point of view, Diplomacy is a dynamic game consisting of
a sequence of one-shot stage games. In every round, agents
have difficult game-theoretic decisions to make.
One of the characteristics of the game Diplomacy is that

there are usually alliances, but they shift, and players often
have uncertainty about the alliances. One of the key com-
ponents of intelligent play is the ability to exploit the uncer-
tainty about the alliance structure. For example, England
might believe that France is allied with Germany. How-
ever, England also believes that although France is allied
with Germany, she might suspect that Germany is allied
with England. Therefore England sends messages to France
designed to make it look like Germany is allied with him,
thereby increasing France’s suspicions of Germany and caus-
ing her to break her alliance with Germany. On seeing
these messages, France now has uncertainty about England’s
model. Perhaps Germany really is allied with him, or per-
haps England is sending those messages to make her think
Germany is allied with him. This type of reasoning is com-
monplace in Diplomacy. All these complex layers of strategic
reasoning can be modeled in a NID.

3.4 Coordination
One of the difficulties with classical game theory is that

while every game is guaranteed to have a Nash equilibrium,
many games have more than one. When there is more than
one equilibrium, the classical theory does little to predict
which will be chosen. In reality, every agent, even a rational

one, will proceed according to its beliefs about which equi-
librium is being played. Once again, modeling the beliefs of
the agents becomes crucial.
The classic Battle of the Sexes (BoS) [16] game describes

a situation in which a husband and wife would like to coordi-
nate their activity on a given evening. The husband would
prefer to go to the ballet, while the wife would like to go
to the football match. They would both rather spend the
evening together than apart. In matrix form, the game is

HB HF

WB (1, 2) (0, 0)
WF (0, 0) (2, 1)

where the entry (1, 2) for actions (WB , HB) means that
the wife gets 1 and the husband 2 when they go to the ballet.
This game has two Nash equilibria in pure strategies, where
they both go to the ballet or both go to the football match.
It also has a mixed strategy Nash equilibrium, but that is
strongly dominated by the pure equilibria.
A puzzle about BoS and coordination games in general is

this: since the game has multiple equilibria, how do players
coordinate on which equilibrium to play? Schelling [19] in-
troduced the concept of focal points as external, out-of-game
factors that make the players fixate on a particular equilib-
rium. However, focal points are mysterious — there is no
explanation within game theory itself of how they work.
One mechanism that has been proposed for achieving co-

ordination in the BoS is for one of the players to announce
her intentions before the game. From the psychological point
of view, it is understandable that this would create a focal
point at the equilibrium where the player carries out her
stated intention. However, from the game-theoretic point
of view, the explanation remains mysterious, because the
opposite focal point could just as easily have been created.
One can see this immediately by modeling the game in

extensive form. First, one of the players, say the wife, an-
nounces where she will go. Both players observe this an-
nouncement. Then a BoS ensues. There is nothing bind-
ing in the wife’s announcement, nor does it have any direct
impact on either player’s utility. All outcomes are still pos-
sible, and from a purely game-theoretic point of view, the
announcement is irrelevant. Yet somehow we have the intu-
ition that it is not. We believe that our intuition is founded
on models of the players’ decision-making processes.
Using our language, we can describe such models that

would explain how coordination comes about, for agents
that are rational with respect to their models. The top-level
block in the NID in Figure 6 is the “rational” model, which
is a MAID depicting the extensive-form BoS game described
above. Looking at this block alone, there is no reason to ex-
pect coordination after the wife’s statement. However, we
have a model for the wife’s decision-making process, called
Iw. According to this model, the wife believes that the hus-
band will do whatever she says, so the husband’s decision
Dh is turned into a chance variable, that is determined by
the wife’s statement. Iw is a leaf block, so we can solve it
to determine her best response to her automaton husband:
because her husband does whatever she says, so should she
in order to coordinate with him; furthermore, she should say
“football match” in order to maximize her utility.
Thus far, we have only explained why the wife does what

she says, but not the husband. If the husband is indeed the
automaton the wife believes he is, then of course he will do



Figure 6: Battle-of-the-sexes scenario
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what she says. But we have a more sophisticated model of
the husband. The husband rationally believes he is playing
a BoS, since Ih is similar to Ir. However, his model of the
wife’s decisionDw is the same as ours, described by block Iw.
In other words, the husband will not just do what the wife
says, but he thinks the wife thinks he will! Unfortunately for
him, this is enough to make him do what she says anyway.
To see this, consider that we have already determined that
according to Iw, the wife will do what she says. This means
that in the husband’s rational model, he will substitute a
behavior for the wife’s decision where she does what she
says. Since he wants to coordinate with her, he will therefore
do what she says.
This is only one possible NID model that leads to co-

ordination. We are not claiming that the model that we
have presented is the correct account of why coordination
happens, only that it is a plausible explanation of how it
happens. What we are providing is a representation lan-
guage that allows a modeler to tell a clear story, using a
simple model of the agents’ beliefs, that explains how an
interesting phenomenon might have happened.

4. DISCUSSION AND RELATED WORK
In game theory, uncertainty is traditionally handled by

the Bayesian game framework [11], in which each agent has a
discrete type embodying its private information. A Bayesian
game includes a set of players, a set of possible actions and
a prior probability distribution over the types of all players,
deemed the objective prior distribution. Associated with
each type for an agent is a utility function for that agent
given each possible outcome of the game. A player’s un-
certainty is captured by a probability distribution over the
types of other players, given her own type.
In a paper which presents formal semantics for NIDs [7],

we show that every Bayesian game can be reduced to an
equivalent NID. We also show that some subclasses of NIDs
are equivalent to Bayesian games. This is accomplished
by having beliefs over decision-making processes reduced to

types, and uncertainty over models expressed as a probabil-
ity distribution over the types. In general, however, NIDs
are a super-set of Bayesian games, since they can model
bounded rationality— they describe not only best-response
strategies, but also the model’s prediction of how agents ac-
tually play. We refer the reader to the paper for details.
NIDs provide a much better knowledge representation lan-

guage than Bayesian games. The basic reason is that Bayesian
games are abstract and obscure, while NIDs provide ex-
plicit, descriptive and easy to understand models. More-
over, there are a number of technical advantages of NIDs:
First, Bayesian games are a flat representation. All of the
salient features of the world are folded into the utility func-
tion associated with each type. The connection between
chance variables and outcomes is obscured. Consider our
first example, in which we had uncertainty over Waldo’s be-
liefs about the weather forecast model. By introducing the
forecast explicitly into the model, we were able to capture
this uncertainty in a natural way. In contrast, in Bayesian
games, we would have to presolve each of the ID models to
compute the expected utility to Waldo under each possible
action given the forecast, and use that utility to distinguish
between Waldo’s models.
Second, a NID may be exponentially smaller than the cor-

responding Bayesian game. Suppose that an agent has n

decisions to make in a game. For each decision, we have two
models for how the agent makes her decision. Since a type
must capture everything that is salient about an agent, it
must dictate which model the agent uses for all of its de-
cisions. Thus the number of types is 2n, but the number
of NID blocks is polynomial. In this case, there is a lot of
structure in the type system that is not captured by the type
framework that is captured by NIDs.
Third, in Bayesian games, each type for an agent has

an associated joint probability distribution over the other
agents’ types. This distribution can be extremely unwieldy
to represent without making strong independence assump-
tions. NIDs allow graphical models to be used to represent
the distribution over types in a natural and compact man-
ner. We do not require the types to be independent. In
our collusion example, the types of agents B and C were
correlated due to the possibility of collusion. As with other
graphical models, this is not only a representational benefit
but also may yield great computational savings.
Fourth, NIDs make it possible to model some forms of

bounded rationality in an explicit, natural way, which is
hard to do with Bayesian games. As we have shown, pro-
viding separate models for different decisions separately al-
lows the modeling of divide-and-conquer bounded rational-
ity, while allowing decision variables to be modeled by chance
variables allows us to model agents acting according to heuris-
tics, or agents thinking about other agents acting according
to heuristics. Both of these can be done in Bayesian games,
but only in an unnatural way. The first can be achieved
by introducing types corresponding to the cross-product of
the separate decision models. As we noted above, this also
incurs blowup in the number of types. The second can be
achieved by creating a utility function that forces a player
to take the right action.
Finally, after solving a NID to obtain the agents’ strate-

gies, we have a Bayesian network that is an interesting model
that can be used for answering queries about the game. We
can ask conditional probability queries about the situation.



Bayesian games do not provide this capability because they
do not model the chance variables, only utilities.
The algorithm we presented in this paper for solving NIDs

assumed that the graph structure was acyclic. This was to
allow us to compute strategies in a bottom-up manner. We
show in [7] that NIDs also allow for cyclic type structures.
This leads to infinite chains of reasoning of the form “I think
that maybe you think that maybe I think that maybe you
think ...”. We are currently developing algorithms for solv-
ing cyclic NIDs.
In their work introducing MAIDs, Koller and Milch devel-

oped an algorithm for computing an equilibrium strategy for
a MAID, while exploiting the local independence structure
of the model. MAIDs, along with the related approach of
Kearns et al [13] introduced the benefits of graphical mod-
els to games. However, both of these approaches follow the
classical normative approach to game theory, assuming that
all agents know the real world model and there are no dis-
crepancies between agents’ models.
In work by Suryadi and Gmytrasiewicz [3], each agent

embodies the decision process of all other agents together in
a separate ID, where decisions of other agents are modeled as
chance variables and given a prior CPT. A neural network
is then used for updating CPTs of variables in an agent’s
model from observations. In this model, the representation
of agents’ model is limited to a single influence diagram for
each agent. The approach can be viewed as a very special
case of the one in this paper, together with an algorithm for
agents to update the model parameters.
Gmytrasiewicz and Durfee [15] have developed a frame-

work in which the building blocks are trees, where the nodes
consist of payoff matrices for a particular agent. Uncertainty
of agents is modeled through payoff matrices that are differ-
ent, either in the numbers or in structure. Their language,
like ours, is capable of expressing agents’ models of other
agents’ models, and so on. However, the bandwidth for ex-
pressing uncertainty is even lower than for Bayesian games,
since the agents’ do not even have types; all uncertainty
must be captured in the structure of the payoff matrix and
the utilities. Also, there is no capability to express uncer-
tainty over which models agents use.
Our language serves to complement the two prevailing

perspectives on bounded rationality. Ever since Simon’s
challenge to the notion of perfect rationality as the founda-
tion of economic systems [9], the theory of bounded ratio-
nality has grown in different directions. From an economic
point of view, bounded rationality dictates a complete devi-
ation from the utility maximizing paradigm, in which con-
cepts such as “optimization” and “objective functions” are
replaced with “satisficing” and “heuristics” [8]. These con-
cepts have recently been formalized by Rubinstein [1]. From
an AI point of view, an agent exhibits bounded rational-
ity if its program is a solution to the constrained optimiza-
tion problem brought about by limitations of architecture or
computational resources [17]. Our approach is much closer
in spirit to that of economists such as Selten than the tra-
ditional AI approach.
Finally, there is a natural application of our language to

learning in games [6]. Learning agents in games maintain
models of other agents. Usually, these models are quite sim-
ple, as for example in fictitious play, which assumes that
strategies exist a-priori. NIDs provide a language for de-
scribing the hypothesis space of models that agents have

about other agents’ play. They are rich enough to allow
agents to reason about other agents learning about them,
while they learn about the other agents. In future work, we
will show that NIDs provide a framework for learning the
distribution over strategies and also over chance variables
in separate NID blocks. Furthermore, we will investigate
whether agents using NIDs can predict their opponents’ be-
havior, even when their strategy changes over time.
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