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MOTIVATION:

Build a Real-Time Garbage Collect or!
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HasnÕt tha t been do ne 
alr eady???

It de pends on what y ou mean by Real- Time Garbage 
Collect ion.
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How To Get There
(redeÞning Real-Time GC)

¥ Design and understand the g arbage collect or 
algor ithm.

¥ Understand the sys tem to garbage collect.

¥ Schedule garbage collect ion in the sys tem.

¥ Analyze schedulability of the sys tem, including 
garbage collect ion.

In th is paper we t ake the Þr st s t ep by f or malizing a garbage 
collect or a lgor ithm; and r eason about i ts b asic propert ies.
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Our Contr ibut ion

¥ We design a f or mal model of an incr emental c opying 
garbage collect or.

¥ We r eason about i ts b asic propert ies:

1. Cor rectn ess

2. Usefu lness.
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The Garbage Collect or Algor ithm

¥ CheneyÕs in-pl ace br eadth Þr st tr aversal of g ray 
objects.

¥ Read bar r ier similar t o tha t of Ba ker ( forward 
accesses t o t ospace).

¥ Wr it e bar r ier in s tyl e of St eele (rever t ing black t o 
gray).

¥ General obje ct ive:
    D efer a s much work as possible t o GC time!
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The Model

¥ A heap H is a Þn it e mapping fr om addresses t o 
nodes:

¥ A node can be eithe r a sequence V of v alues 
(enclosed by angle brackets) or a f orwarding node:

H ::= {x1 !→ o1, . . . ,xn !→ on}

o ::= !V" | ¥x
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The Model

¥ A value is eithe r an a ddress or an in teger:

¥ We r eser ve one address name f or the r oot of the 
heap (r).

v ::= x | n
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Example

1 2 3 4

r:

x: 2 5 7y: 1 2z:

H = { x !" #1,2,3,z,4,y$,y !" #2,5,7,z$,z!" #1,2$, r !" #x,y,z$}
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Bookkeeping

¥ We divide H int o thr ee subheaps (whit e, gray, and 
black):

¥ The heap border (|) is ju st a sp ecial syntax f or hea p 
concatenat ion.

¥ Along the sam e l ine we u se a symbol (up/ down 
ar row) t o keep tr ack of the cu r rent p osit ion of the 
scan pointer.

H = W | G | B
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The Algor ithm

¥ Labeled Transit ion System (LTS).

¥ Internal tr ansit ions are garbage collect or 
increments.

START, DONE, SCANSTART, SCANI NT, SCANADDR, COPYSTART É

¥ Labeled tr ansit ions are mutat or a ct ions (read, wr it e, 
and allocate).

r(p=n), w(p=n), w(p=q), a(p).
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The Algor ithm

¥ A garbage collect ion cycle begins with a ST ART 
tr ansit ion and ends with a DONE tr ansit ion:

H0
START−→ H1 −→ . . .−→ Hn−1

DONE−→ Hn
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Garbage Collect or Transit ions - 
Examples

/0 | G,r !→ 〈V〉 | /0 START−→ G | r !→ 〈V〉 | /0

W | G,x !" #V$| B SCANSTART%" W | G,x !" #& V$| B

W | G,x !→ 〈V ↓ 〉 | B SCANDONE−→ W | G | x !→ 〈V〉,B

W | /0 | B DONE! " /0 | B | /0
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Garbage Collect or Transit ions - 
Examples 2

W,y !→ 〈U〉,W′ | G,x !→ 〈V ↓ y,V ′〉 | B

COPYSTART−→

W,y !→ 〈U〉,W′ | z !→ 〈〉,G,x !→ 〈V ↑z y,V ′〉 | B

W,y !" ¥z,W#| G,x !" $V %y,V#&| B

FORWARD' "

W,y !" ¥z,W#| G,x !" $V,z %V#&| B
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Garbage Collect or Transit ions - 
Examples 3

W,y !" #U,u,U$%,W $| G,z !" #U%,G$,x !" #V &z y,V $%| B

COPYWORD' "

W,y !" #U,u,U$%,W $| G,z !" #U,u%,G$,x !" #V &z y,V $%| B

equal

W,y !" #U$,W %| G,z !" #U$,G%,x !" #V &z y,V %$| B

COPYDONE' "

W,y !" ¥z,W %| G,z !" #U$,G%,x !" #V,z ( V %$| B
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Mutat ions

¥ Since we u se a copying scheme Ð we would l ike t o 
abstr act a way actua l l ocat ions.

¥ We do th is by deÞning mutat or tr ansit ions based on 
the n ot ion of paths.

¥ If the m utat or c an access a node, the re exists a t 
least o ne path fr om the r oot tha t l eads t o tha t 
node.
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¥ A path is a sequenc e of in dexes.

¥ Example:

Mutat or Transit ions Ð Paths

r(1:2:2=2)

r:

3x: 7y:

1 2z:

H = {r !→ 〈x,y〉,x !→ 〈3,z〉,y !→ 〈z,7〉,z !→ 〈1,2〉}

H
r(1:2:2=2)−→ H
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Cor rectn ess of the Algor ithm

¥ Preser ves well- for medness.

¥ Ter minates.

¥ Preser ves the m eaning of the hea p.
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Well- for medness
1. Tr i-color in var iant holds (i .e. no black t o whit e 

pointers).

2. Forwarding addresses never p oint t o whit e nodes.

3. The r oot is n ever w hit e.

4. Values t o the l ef t of (beh ind) the s can pointer a re 
never a ddresses t o whit e nodes.

5. While copying, the c ontent of the n ew copy is 
always a preÞx of ( or equal t o) the c ontent of the 
old copy.

¥ LEMMA: If H is wel l- for med and H --> HÕ then HÕ is 
also well- for med.
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Ter minat ion

¥ THEOREM: For e very wel l- for med heap with in a 
garbage collect ion cycle (i.e. the ST ART tr ansit ion 
has been t aken but n ot the DONE tr ansit ion), a state 
where the DONE tr ansit ion can be t aken may be 
reached af t er a Þn it e number of g arbage collect ion 
tr ansit ions.

H0
START! " H1! " . . .! " Hn! 1

DONE! " Hn
#!

$ #!
$

H%
1 . . . H%

n! 1

∀H ′
i ,1≤ i ≤ n−1 . H ′

i
DONE−→ H ′′

i

20



Preser vat ion

¥ Equivalence: what ma kes tw o heaps equivalent?

¥ Read equivalence (i.e. a r ead has the same r esult 
in both hea ps).
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Example Ð Read Equivalence

3x:
y:

r:
r:

H: HÕ:

3
Read equivalent
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Example Ð Read Equivalence

3

3

3

But the y a re di f f erent n ow. A mutat ion may

cause them t o not be r ead equi valent an y more.

Read equivalentx:
y:

z:

r:
r :

H: HÕ:
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Preser vat ion

¥ Equivalence: what ma kes tw o heaps equivalent?

¥ Read equivalence (i.e. a r ead has the same r esult 
in both hea ps).

NOT enough!

¥ NEW ATTEMPT Ð Structu ral equivalence:

1. Read equivalent.

2. Contains the sam e jo ining paths.
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Str uctu ral Equivalence

¥ Joining paths:

¥ The predicate jo in:

jo in(H,r,p1,p2) is tr ue if , star t ing at r in H , both p1 
and p2 l ead t o the same address

¥ Example:

jo in(H, r, 1:2, 2:1) is True since 
both 1:2 an d 2:1 end up at z.  

r:

3x: 7y:

1 2z:
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Example Revisit ed

3

3

3x:
y:

z:

Equivalent

since jo in(H,r,1,1:2) is True but jo in(HÕ,r,1,1:2) is False

H: HÕ:

r:
r:
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Preser vat ion

¥ LEMMA:
If tw o heaps are str uctu rally equivalent, and one of 
them can t ake a l abeled tr ansit ion, then the o the r 
one can t ake exactl y the sam e tr ansit ion, and the 
result ing heaps are also str uctu rally equivalent.

H1
l−→ H ′

1

||| |||

H2
l−→ H ′

2
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I s Str uctu ral Equivalence
Str ong Enough?

¥ We can show tha t s tr uctu ral equivalence is 
preser ved by each garbage collect ion tr ansit ion.

¥ But do es it hold f or inÞn it e sequences of tr ansit ions?

¥ The !-c alculus off ers a proof t echnique for tha t:

¥ Show tha t s tr uctu ral equivalence is a wea k 
bisimulat ion.
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¥ A r elat ion S on process ter ms is a weak simulat ion if:

¥ S is a weak bisimulat ion if bo th S an d its c onverse 
are weak simulat ions.

¥ P and Q are weakly bisimilar (P"Q) i f the re exists a 
weak bisimulat ion S such tha t P S Q .

Weak Bisimulat ion

P l! " P#

S S

Q τ! " $
l! " τ! " $ Q#

P τ−→ P′

S S

Q τ−→∗ Q′
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Bisimulat ing Garbage Collect ion

¥ We deÞne tw o process ter ms; one with g arbage 
collect ion, and one without.

¥ THEOREM:
If H an d HÕ are wel l- for med and str uctu rally 
equivalent, then P GC(H) " P(HÕ).

PGC(H) def= ∑
H l−→H ′

l .PGC(H ′) + ∑
H τ−→H ′′

τ.PGC(H ′′)

P(H) def= !
H l! " H#

l .P(H#)
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Usefu lness

¥ LEMMA:
A dead node can never be come l ive again.

¥ THEOREM:
If a n ode has been copied, the a ddress of i ts 
cor responding f orwarding node is not dea d in the 
or iginal heap (i.e. when the g arbage collect or 
star t ed).

¥ COROLLARY:
If H -->* HÕ is a GC cycle then ,
size(HÕ) # size(live(H) U new allocat ions)
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Our Contr ibut ion
¥ A f or mal model of an incr emental c opying GC.

¥ We have shown:

1. Cor rectn ess:

! Well- for medness and Ter minat ion

! We deÞned str uctu ral equivalence and have 
shown tha t i t is in deed a weak bisimulat ion.

2. Usefu lness:
The size of the hea p af t er a GC c ycle is bounded 
by the siz e of the l ive nodes when the GC star t ed 
+ new allocat ions made dur ing the GC c ycle.
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Quest ions and Comments
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