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ABSTRACT

Let {xi} be a sequence approximating an alge-
braic number ¢ of degree r, and let LI
= w(xi’xi-l""’xi-d+1)’ for some rational func-
tion ¢ with integral coefficients. Let M denote
the number of multiplications or divisions needed
to compute ¢ and let M denote the number of multi-
plications or divisions, except by constants,

needed to compute ¢. Define the multiplication

Log,p
efficiency measure of {xi} as E({x}) = or as
- log,p
E({xi}) ) where p is the order of conver-

gence of {xi}. Kung [1] showed that E({xi}) < 1
or equivalently, M= logzp. In this paper we show
that (i) M =2 log,[r(fp1-1) + 1] - 15 (ii) if
EC{x; D
E(lx; D

i

1 then o is a rational number; (iii) if

1 then ¢ is a rational or quadratic ir-
rational number.
the multiplication efficiency E({xi}) or E({xi})

achieves its optimal value of unity.

1. INTRODUCTION
The effort required to approximate an alge-
braic number should increase with its degree. 1In
this paper we prove this assertion in a precise

sense, We also show that the optimal efficiency

%
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This settles the question of when
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of approximation can be achieved only for alge-
braic numbers which have very low degrees; in fact,
degree one or degree two.

Let {xi} be a convergent sequence generated by

X = (xi’xi-1”°"xi-d+1) for some rational

i+1
function ¢ with integral coefficients. Let M de-
note the number of multiplications or divisions

needed to compute ¢ and let M denote the number of
multiplications or divisions, except by constants,

needed to compute ¢. Define the multiplication

Log,p
efficiency measure of {x,} as E({x.}) = N or as
i g logzp i i
E({xi}) =g where p is the order of conver-

gence of {xi]. 0f course, E({xi}) < E({xi}).

Kung [1] showed that E({xi}) < 1, that is,

M= log,p. In this paper we show that, if {xi} is
a sequence approximating an algebraic number g of

degree r, then

(1) M 2log,[r([pl-1) +1] -1,

(i) ECfx;}) = 0((logyr]™) as r = =, pro-
vided that we only consider sequences
{xi} of order of convergence p < U, for
some constant U,

(iii) if E({xi}) = 1 then ¢ is a rational
number,

(iv) 1f E({x;}) = 1 then o is a rational or

quadratic irrational number.,
log,p

Another efficiency measure defined as 5




where A is the number of arithmetic operations
needed to compute ¢ has been studied by Kung and

Traub [27.

2. NOTATION

We work over either the field of real numbers
or the field of complex numbers., If we work over
the field of real numbers, we define the integers
to be the rational integers, for example, 1, -2, 3,
while if we work over the field of complex numbers,
we define the integers to be the Gaussian integers,
for example, 143i, 1-i, 3-2i., Hence the word
"integers'" in the rest of the paper will refer to
either the rational integers or the Gaussian inte-
gers depended upon whether the base field is the
field of real numbers or the field of complex num-
bers.

Let I be the integral domain of integers and
let YyseresVy be indeterminants over I. Define
I[y1,...,yd](I(y1,...,yd)) to be the ring (field)
of polynomials (rational functions) in YysereaVq
with coefficients in I.

Let m(y],--u,yd) € I(y1,...,yd). Define
M(w)(ﬁ(w)) to be the number of multiplications or
divisions (respectively, except by constants)
needed to compute the value of m(y],...,yd) from an
arbitrary point (y],...,yd).

For every w(y],...,yd) € I(yl,...,yd) define
mi(y],...,yd), i=1,2, to be those two relatively
prime polynomials in I[y],...,yd] such that

9 (¥yseeesyy)

(D(y1’.-"yd) - (92(}’-' ""’yd)

and define the degree of w(y1,...,yd), deg ¢, to

be max(deg wl,deg “@)' To indicate partial deriva-

: o
i & ——
tives of ¢, we write D,p for 3y * D.’,m for 3y oy .°

etc., and let Diw(§1,...,§d) and Di,jm(§1""’§d)
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denote the values of Dim and Di,jw at (§1""’§d)
respectively, The symbol x is also used as an in-

determinant over I.

Let o be an algebraic number. ¢« is called an

algebraic number of degree r if

r = min{deg s|s(x) € I[x] and s(a) = 0}.
We say ¢ is a rational number if r=1 and ¢ is a

quadratic irrational number if r=2, m(x) € I[x] is

called the minimal polynomial associated with ¢ if

m(y) = 0, deg m = r and m(x) is monic.

Let {xi] be a sequence converging to o such

that ei = |xi-a| % 0 for all i, The sequence

{xi} is of order of convergence p (or {xi} is a

pth order sequence) if

e, e,
lim - = 0 and 1im F;
jo» e p-¢ i»x e pte
1 i

for any ¢ > 0,

For each algebraic number g, define G(y) to
be the class of all sequences.{xi} with the follow-

ing properties:

(1) 1lim x, = ¢ and x, # « for all i,
jom 1 i
(ii) {xi] has order p > 1,
(iii) {xi} is generated by the iteration g,

that is, for some w(y],...,yd)

€ I(y1,...,yd), X = @(xi,...,x. )

i-d+1
for i 2d, with @ = @(@yeeesq).
For any sequence {xi} in G(«) generated by

the iteration o, the multiplication efficiency of

{xi] is defined as

log,p
E(lx, D = —

by Kung [1], or as
_ logzp
E(x, ) = —5

by Paterson [3], where M = M(p), M = ﬁ(m) and p is



the order of convergence of {xi}. Obviously, we U> 0. (This is the case in practice.) Then
have E({xi]) < ﬁ({xi}). Define (3.3) implies that

- _ -1
E(r) = sup { sup E({xi‘)} E(r) = 0[(log 1) '] as r - =

aCA(r) {xi}EG(a) However, Paterson [3] showed that

1

where A(r).ls the set of all algebraic numbers of Br) > r®

degree r.
€8 and conjectured that

3. STATEMENT OF RESULTS E(r) = 0(r*) as r > =

It follows from the results in Kung [1] that It is still an open problem to find how fast

E(r) drops as r - =,
3.1 E({xi}) <1
Will E({xi3) or E([xi]) achieve its upper

H =
(hence, E({xi}) D for any {Xi} € G(@) and for any bound of unity? Paterson [3] observed that for

algebraic number R . .
g o any quadratic irrational number ¢, there exists

Theorem 1. {xi} € G(¢) such that E(in}) = 1. Kung [1] ob-

rved that for the rational number -l there
If ¢ is an algebraic number of degree r = 2, se 2

. 1 -
then for any sequence {xi} in G(o) generated by exists {Xi} € G(-Z) such that E({Xi}) =1

the iteration ¢, Theorem 2

(3.2) fi= 10g2[r([p1-1) £1] -1 Let o be an algebraic number of degree r and

let {xi} € G(o). Then

or equivalently,

3.4) r=1if E({xi}) = 1;

(3.3) E(lx; D s (log,p)/{log,[r([p1-1) + 13-1},

(3.5) r =1or 2 if E({xi}) =1,

where M = M(yp) and p is the order of convergence of

{xi}.

Corollary 2.1.

(1) o is a rational number if and only if

Since (1og2P)/{log2[r(Fp1-1) +1] -1} <
there exists {xi} € G(g) with E({xi}) =1,

whenever r > 2 and p > 2, (3,3) is a stronger re-

(ii) o is a quadratic irrational number if

sult than (3.1). Moreover, (3.2) implies that if

- d if th i . G
we fix p then M 2 1og2r + ¢ for constant c. and only { ere exists {xl} € Gl

. with E({x, = 1 and there exists no
This means that to achieve the same order of con- (L 1})

vergence we have to use more multiplications or {xi} € G() with E({xi]) =1.

s a . . a-
divisions, except by constants, in each iter Proof of Corollary 2.1.

tion stage when the degree r of the algebraic num- (i) The sufficiency of the condition is al-

ber is higher. ready implied by Theorem 2, Let us therefore

u hat w id uenc . : : .
Suppose t e only consider sequences {xl} assume that o is a rational number. Define

<
of order of convergence p < U for some constant o) = (x-a)z + . Then clearly o(x) € I(x),

15k



M(p) = 1 and the sequence {xi] generated by ¢ is
of order of convergence p=2. Hence E({xi}) = 1.
(ii) The sufficiency of the condition is im-
plied by (i) and Theorem 2. The necessity of the
condition follows from (i) and Paterson's observa-

tion. QED

Corollary 2.1 answers completely the ques-
tion of when E({xi}) or E({xi]) achieves its opti-
mal value of unity., 1In fact, Corollary 2.1 gives

new characterization theorems for rational and

quadratic irrational numbers,

4. PROOF _OF THEOREM 1

Let us first establish three lemmas.

Lemma 1,

If ¥(x) € 1(x), ¥(x) # 0 and if ¥P (g =0
for i=0,...,4-1, for some algebraic number ¢ of
degree r, then

¥, ) = g « [me01t
for some q(x) € I[x], q(x) % 0, where m(x) is the

minimal polynomial associated with g,

Proof of Lemma 1.

We prove the lemma by induction on £. It is

well known that any polynomial in I[x] which has a

zero at ¢ is divisible by m(x). Therefore, if #=1

then the statement of Lemma 1 is true. Assume

that the statement is true for £ < n.

Suppose
@) _ L .
that ¥ (@) = 0 for i=0,...,n. By the induc-

tion hypothesis Yl(x) = w(x) +« s(x) for some

w(x) € I[x], w(x) # 0, where_s(x) = [m(x)]n.

= . - s®)
Then Y(x) = w(x) t(x) where t(x) = YZ(X)' Note
that Y(n)(x) = T (2) w(n-i)(x) . t(i)(x). But

0<izn
v () = 0 and t P () = 0 for i=0,...,n-1. Thus,

W(a)t(n)(a) = 0. Using the fact that m'(q) # 0
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and Yz(a) # 0, one can easily verify that
t(n)(a) % 0, Therefore w(g) = 0. This implies
that there exists v(x) € I[x] such that

n+]

w(x) = v(x)  m(x). Thus, Y](x)=v(x)-[m(x)] .

Since w(x) é 0, we have v(x) # 0. The proof by

induction is complete. QED

Lemma 2,
Let ¢(Y],---,Yd) € I(Y],---,Yd). If ¢ gen-
erates a pth order sequence in G(y) for some alge-

braic number , then

(4.1) deg o 2 [p]

and for any k=1,...,[p]-1,

(4.2) D, C 0(see.s) = 0

Iyseeesty

for all 1 < i1""’ik < d.

Proof of Lemma 2.

Since (4.1) has been shown in Kung [1], we

only prove (4.2). From Kung {1], we know that

4.3) w](y1,---:yd) - Qﬂb(y],---:yd)

j
. . 1
= z C(Jls"-:Jd)(y]‘d) coe

j]+...+jd2[p]
34
(yd-a)

where the constants c(j],...,jd) are independent of

Yyse+es¥q. Since D © =D . (p~a)
k

1""’ik i1,...,1

(w1'°“h

= D, . , (4.2) foll from (4.3).QED
Lipeneriy % ) ( ) follows from ( )

See Kung([1] for the proof of the following
lemma.

Lemma 3,

If @(ys0ee5Yy) € T(¥yseee5¥y), then

M(p) 2 logz(deg ©) .



Proof of Theorem 1,

Let {xi] be a pth order sequence in G(g) gen-
erated by ¢. Since g(a,...,®) = o, there exists a
neighborhood N(uoye..,a) of (gy...,) such that 0,
does not vanish in N(@,...,x). Choose an open
interval Ia containing o such that Iax'°°XIa
S N(oyesesa). Then we define a function @:Id - R
by 3(x) = ©(X54..5%). & is well-defined since
cpz(x,...,x) # 0 for x € Ioz' Clearly, 3(x) € I(x).
Recall that D ¢ denotes the partial derivative of
o with respect to Yoo and that Diw(x,...,x) de-
notes the value of Diw evaluated at (X,...,x) for
x € Ia. Suppose that Diw(x,...,x) = 0 for all

i=1,,..,d. Then by the chain rule,

d

d
& 0 = &vo(x,---,X) = T Dicp(X,...,x) =0

isi<d
Hence 3 is a constant on Ia' Since

3(a) = @ayeersd) = oy

¢1(x,...,x)

d(x) = o

EZ(X,...,X) =

for all x € Id. Choose a rational number X in Id'

Note that the polynomials wi(x,...,x), i=1,2, have
w1(i,...,i)

integral coefficients., Hence —=——= is a
wz(x,...,x)
rational number, This implies that ¢ is a ration-

al number, This is a contradiction. Therefore,
(4.4) D, 9(X,...,%) £0
1

for some 1 = i] < d. Now we define another func-

tion Y:Ia - R by ¥(x) = Di ©0(X,.0.,%). Clearly,
1
¥(x) € I(x). By the chain rule, for k=2,...,[p]-1,

y &1y = % D

156,000 ,1,<d Lpoeeendy

Then it follows from Lemma 2 that Y(i)(a) = 0 for
i=0,...,[p1-2. By (4.4) ¥(x) # 0. Hence it fol-

lows from Lemma 1 that deg Y;= ([pl-1)+deg m

. O(KyeaasX)

= ¢r([pl-1). But one can easily see that

deg(D, ), = deg ¥, and 2deg ¢ = deg(D, @), + 1.
4 1 1 i 1

Hence deg o = [r([p1-1) + 11/2. By Lemma 3, we

have M = logz[r(fp]-l) + 131 -1, QED

5. PROOF OF THEOREM 2

We first establish two auxiliary theorems,

Theorem 3,

Let §(x) € I(x), and let o be an algebraic
(1)

number. If @(o{) = o and & (Q/) = 0: i=1,-..,P'1,

for p = 2, then

8 (@ - sV (@) = 0, 170,u.. 01,

Proof of Theorem 3,

We use induction on p. If 3(g) = ¢ and
#(a) = 0, then %;(e) - vdy(ex) = 0 and
3, ()3 (@) = & ()8,;(a) = 0; hence
@i(a) - a@é(a) = 0. Therefore, the statement of
Theorem 3 is true if p=2., Assume that the state-
ment is true for p £ n., Suppose that ¢(¢) = «
(i)

and 3 (o) = 0 for i=1,.,..,n. By Lemma 1

(5.1) 8, (X8 (®) - 3 ¥ ) = q(x)[mEx)]"

for some q(x) € I[x], where m(x) is the minimal
polynomial associated with . Note that

dn-1
(5.2) ;;;:T[QZ(X)§](X)-®1(X)QZ(X)]

= 3,08 (-8, 8™ ()

. (n;])[Qén-1-i)(x)é§i+1)(x)
0si<n-2

- §§H-1-l)(x)§§l+])(x)].
Using the fact that m(g) = 0, from (5.1) and (5.2)
we get that

(5.3) 5,(@8™ (-2, (@8 (@



. (“;‘) (o1 (@e ) (o)
0si=n-2

(n-1-1i)

...q;_l

@a* @1 = o.

But by the induction hypothesis,

5V - D@ =0, i=0,...,0-1.

Hence, for i=0,,..,n-2,

(i+1) (n-1-i) (i+1)

™10 ()6 () -a @8 (@)
= @én-]-i)(d)[§§i+])(a)-dééi+])(a)]
= 0.
Therefore (5.3) implies that
(n) (n) =

@2(a)¢] (d)-él(a)éz (@ =0,
and hence

™ (@-08 (@) = 0.
The proof by induction is complete, QED

Theorem 4.

Let 3(x) € I(x), If M(3) = logz(deg'é), then

M(%)

deg 62 < deg @1 =2 and the leading coeffici-

ent of @1(x) is divisible by that of éz(x).

Proof of Theorem 4.

Consider the algorithm which computes &(x) in
M(3) = logz(deg %) multiplications or divisions,

Since by Lemma 3,

M(3) = M(3) = 1og2(deg 3),

we have M(3) = M(&). That is, there are no multi-

plications or divisions by constants in the al-

M@

gorithm. Note that deg 3 = We prove the

theorem by induction on M = M(3). It is easy to

check that the statement of Theorem 4 is true if

M=1. Assume that the statement is true for M < L,

and let us prove it for M=L+1. Suppose that deg &

211 and M(p) = log, (deg #).

n

Then §(x) can be

computed in (L+1) multiplications or divisions by
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some algorithm, With respect to this algorithm
let Rn(x) denote the result immediately following
the nth multiplication or division for n=1,...,L+]

Let Ro(x) = x, Then for n=0,..,.,L either

(5.4) Rn+1(x) = ( M iRi(x) + An)

0<i<n 4
. T N_.R, +B
(OSiSn 0, 1% ) w
or
(5.5) Rn+](x) =( T Mn iRi(x) + An)

0<ign °?

/ (e N, iR + B,

for some integers M_ ., N . and some numbers A ,
n,i n,i n

Bn, for i=0,,,.,n; and

8(x) = T

Ro(x) + A
0%i<iA] ML+1,1 i L+1

for some integers M i=0,,..,L+1, and some

LA+1,i’

number AL+1' One can show that, for n=1,,,.,L+1,

the following is true (see Kung [1]). For any

integers K ,...,Kn, and any number C,

0
Pn(x;K,C)
T K,R, +C=-to
O<isn 109 Q, () ’

where Pn(x;K,C) is a polynomial in I[x] depending
on K = (KO""’Kn) and on C; where Qn(x) is a

polynomial in I[x] independent of K and of C;

moreover, both polynomials have degree < 2", Now
suppose that for n=L (5.4) holds; that is,
(5.6) R. . (x) = ( ¥ M. _R,(x)+ A)
L+1 0<i <L, Lyi i L
(2 N _R,(x)+B).
osis, ot i L
Then
(5.7) &(x) = I JR.(x) + A
R L+
=M R (x)+ T M (R (x)+A
L+1,L+1 L+1 osiar LHE L L+
_ P GesMy 4y oApy)
Qi )

1



where

(5.8) P, .(x )

My oAy
'PL(X;ML,AL)-PL(X;NL,BL)

L+1
= M,

+ P GMy gsAL ) ()

and

(5.9) Q0 = [q 1.

Let r(x) be the greatest common divisor of
P (kM LA ) and Q (x).  (Let r(x) = 1 if P (Mp,AD)
and QL(x) are relatively prime.) Write PL(x;ML,AL)
= r(x)*p(x) and QL(X) = r(x)+q(x). Then from (5.7),

(5.8), (5.9),

(5.10) &%)

1'p(X)'PL(X;NL,BL)+PL(X;M )eq(x)

M, 1418041

r(x)-[q() 1

Suppose that deg( £ M, .R. +A )< 2L. Then
0<i<L L,i i L

deg p < 2L and deg q < 2L. Note that if r(x) =1
then deg r-q2 < 2L+] and on the other hand, if
deg r > 1 then deg r-q2 < deg r2-q2 = deg Qi < 2L+1;

2
Therefore, deg req < 2L+]. Also note that since

both PL(x;NL,BL) and PL(X;ML+1’AL+1) have degree
L

S 27 Mg PO TRLGGNBY) B OGNy oAy )

+q(x) has degree < 2L+]. Hence (5.10) implies

A+1
that deg & < ZL . This is a contradiction.

Therefore, deg( T M, R +A)) = 2Y.  obviously,
osisL -2t

z ML iR,(x) + AL can be computed in L multi-
osisr Tt

plications or divisions. Hence by the induction
. L

hypothesis, deg QL < 27, and PL(X;ML,AL) has

degree ZL and the leading coefficient of

PL(x;ML,AL) is divisible by that of QL(x). Sim-

ilarly, we can prove that PL(X;N BL) has the same

L’
property. Therefore, from (5.7), (5.8), (5.9), we
conclude that deg @2 < deg @1 = 2L+] and the lead-
ing coefficient of Q](x) is divisible by that of

éz(x). Similarly, we can obtain the same conclusion
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if for n=L (5.5) holds; that is,

Roq = (T M

- Ry 00+ AL)/( T N R (x) + B

0<isL L, 0<i<L L,

The proof by induction is complete. QED

Proof of Theorem 2,

Assume that {xi} be a pth order sequence gen-
erated by ¢, for some o(¥jseee,¥q) € L(¥yseeesyg)e
Define Q:Id - R by 3(x) = ¢(x,...,%x) for some open
interval Id containing ¢, as in the previous sec-
tion. Then by the chain rule,

Q(k)(x) = z Di i O(Xyo0e,X)
TSi],...,ide 12°°° 7k

for any positive integer k, Hence by Lemma 2 we have

.11 8% (a) = 0, k=1,...,[p]-1.

We first prove (3.5). Assume that E({xi}) =1,
Suppose that r > 2, Since by (3.3) E({xi}) <1
whenever ¥ > 2 and p > 2, we have p < 2, Hence
1 < ﬁ(w) = logzp < 1. This implies that M) = 1
and p=2. Since ﬁ(@) = 1, one can easily see that
deg @ = 2 and deg 9, < 1. Hence Ql(x,...,x)

- xwz(x,...,x) has degree at most 2, Suppose that
m1(x,...,x) - X®2(X’---:X) = 0, Then ¥(x) = x and
3'(x) = 1. But by (5.11) %'() = 0, since p=2,
This contradiction shows that m](x,...,x)

=Xy (X300 0y %) # 0. Note that o(w,essse) = o, that
is, w1(d,-o-,d) - awz(a,...,a) = 0. Therefore, ¢
is a zero of the polynomial W](X’°°':X)‘X®2(x:"'ax)
which has degree one or degree two, This implies
that r < 2, Hence we get a contradiction by assum-
ing that r > 2, Therefore r <2, We have shown
(3.5).

Now suppose that E({xi}) = 1, Then E({xi}) =7,
and r=1 or 2 by (3.5). Suppose that r=2. From

Lemma 2 and Lemma 3,



M(p) = M(yp) = log, (deg @) = log,fp] = log,p.
But E({xi}) = 1, that is, M(y) = logzp. We have

(5.12) M(p) = M(yp) = log,(deg ) = log,lp]

= logzp°

Hence p is a integer., Now consider 3. Clearly

3(a) = o+ By Theorem 3, (5.11) implies that

.13 88 - w@P V(= o.

Using the proof of Theorem 2, one can show that
deg & = ELE:%ltl = p-%. But by (5.12) p = deg o.
Hence p = deg ¢ 2 deg & 2 p-%. This implies that
deg % = p.

Note that the algorithm which computes
m(y],...,yd) in M(qp) multiplications or divisions
reduces to an algorithm which computes §(x) in at

most M(p) multiplications or divisions. Hence

M(8) <M(p) = log,p = log,(deg 3).

By Lemma 2, M(3) = log,(deg 3). Thus M(%)

= logz(deg §). Hence by Theorem 4, deg st p-1

and deg 3, = p.

] Now suppose that

.16y 8P Dy - x@z(P'”(x)

1 =0

Then deg @2 = p-1. Let us assume that @](x)
= b b.Xl-

aixl and Qz(x) = hN
0si<p

0<i<p-1

Then by

M) 2

(5.14) we have pap = bp_]. Note that p = 2

This is a contradiction, since by Theorem 4 ap is

divisible by bp_]. Hence,

2PV - xeP V) £ 0.

Clearly, @fp_])(x) - x&ép-])(x) is a polynomial of

Hence (5.13) implies that ¢ is a root

LI

degree one.
. : (p-1) =
of the linear equation % - %8, (x) =0,

Therefore, by assuming r=2 we have obtained r=1,
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This. is a contradiction. Nevertheless, since r is

either 1 or 2, we have thereby shown that r=1. QED
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