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1. Introduction

In this paper we propose (1n efficient system to perform
garbage ~ollection in parallel with list operations, and prove the
correctness of the system.

The system consists of two independent processes Sharing a
common memory. One proce~;s is performed by the list
processor (LP) for list proces!.ing and the other process is
performed by the garbage collector (GC) for marking' active
nodes and collecting garbage nodes. The system is designed
from both the correctness and efficiency points of view (see
Appendix I). Assuming that me~(Jory references are indivisible
(see Section 4.1), the system satisfies the following properties:

P1. No critical sections are nE'eded in the entire system.

P2. The time to perform tho marking phase by the GC is
independent of the size of merrlory, but depends only on the
number of active nodes.

P3. Nodes on the free list need not be marked during the
marking phase by the GC.

P4. Minimum overheads are introduced ~o the LP.

P5. Only two extra bits for €'ncoding four colors are needed
for each node.

Properties PI, P2, P3, ann P4 are important for the
performance of the system. But none of the previous systems
satisfy all the four properties. (The system of Steele[ 1975]
does not satisfy PI and the syslem proposed by Dijkstra[1976]
does not satisfy P2 and P3.)

We have analyzed the perfot-mance of the parallel garbage
collection system proposed in this paper. The results show that
the parallel system is usually significantly more efficient in
terms of· storage and time than the sequential stack algorithm
(see Appendix II). The complete performance results are
reported in 'another paper (Kung and Song[1977]). In this
paper we shall be mainly concerned with the correctness of the
system. We must be sure thClt a system is correct before
studying its performance.

The correctness proof in this paper is not intended to be
formal or completely rigorous. Given the complexity of the
system, we feel that it is more important to have a proof which
is readable and convincing.

This research is supported in part by the National. Science
Foundation under Grant MCS 75242-55 and the Office of Naval
Research under Contract N0001 /1.-76-C-0370, NR044-422. The
second author is supported by Fundacao de Amparo a Pesquisa
do Estado de Sao Paulo under Gr ant 76/517 and the Institute of
Mathematics and Statistics of the University of Sao Paulo, Brazil.
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We give a summary of this paper. In Section 2, we define the
data structure shared by the LF' and theGC. In Section 3, the
par allel system is proposed, i.e., the garbage collector's
algorithm and the list processor's operations are defined. Basic
assumptions and correctness cl'iteria are given in Section 4.
The main theorem for proving the correctness of the system is
also stated in this section. In SE'dion 5, an upper bound on the
execution time of a marking phase is derived.' Section 6
contains the proof of the main theorem for an auxiliary parallel
system. In Section 7, by transforming the proof and results for
the auxiliary system we establish the main theorem for the
parallel system defined in Section 3. Some concluding remarks
are stated in Section 8. In J\ppendix I, we show how the
parallel system is derived, by using correctness and efficiency
arguments. A summary of results on the performance of the
parallel system is given in Appendix II.

2. The Data Structure

The data structure shared by the two processes consists of a
directed graph and an outout-re':;tricted deque.

2.1 The· Directed Graph

Let the nodes of the graph bE' labeled by integers 1,...,M, and
the node labeled by n be in memory location n for all n=l,...,M.
Node n (or simply n) is used to refer to either the node labeled
by n or the pointer to it depending upon the context. For the
purpose of this paper, we assurre that each node contains thre3
fields: a left pointer field, a right pointer field and a color field.
A pointer field contains the pointer to a node, which is one of
the integers 1,...,M, or the null pointer itA n; but a left pointer
field may sometimes contain a special value "f" which is not A or
any of the integers 1,...,M. The color field contains one of the
followi'ng four colors: white, off-white, gray and black.

The pointer contained in the left or right pointer field of node
n is called the t!ill. or right pointer Qf. !l and is denoted by n.left
or n.right, respectively. The color contained in the color field of
node n is. called the color Q!. !l and is denoted by n.color.

The topology of the graph is determined by the pointers of
the nodes in the graph. Let m and n be any two nodes. If
m.left (or m.right) = n, we say that there exists a left (or right)
outgoing edge from m. !.Q. !1 and n is the left (or right> son Q.f. m.
An existing edge from m to n is often denoted by (m,n), if there
is no need to indicate explicitl'( whether it is a left or right
outgoing edge from m to n. In this case, we may also simply
say that !l ~ pointed !.Q. Qy!:D: If m.left (or m.right) = A, then we
say that there does not exist ~ left (or right) outgoing edge
from m to any node and m does not have a left (or right) son.

The grapr is changed as the pointers of its nodes are altered
by the processes. We assume i hat the left (or right) outgoing
edge from m to n is created CIt the instant of completion of
writing n on the left (or right) pointer field of m. Hence at any
moment an edge either exists or does not exist, though writing
on a pointer field takes a finite ilmount of time.



The first R nodes, 1,..., R, are called roots and node R is als0
called NEW. Node R+ 1 is called FFEE. FREE.lett is the pointer to
the first n"de of a list, called the [r~~ !1§! (cf. Fig. 1), which is a
~eql/ence of nodes, n1' n2"'" nk' satisfying the following
properties:

FREE

~ :E:Jrn
Fig. 1

Fl. FRELleft = n l' nk·right = A

F3. for 1 ~ i ~ k, n"left = f.

F4. for 1 ~ i S k, ni.color = off-white.

F5. FREE right is the pointer to the last node or the node
before the last node of the free list. (I he latter case occ:urs
temporarily eacr, time wh~n a note has just been appended to
~he free list, bu' FREt.right yet remains to be updated.)

Based on the graph, we give thr: following definitions:

Definitions

Node n is said to be reachable~ from node m, if m=n or if
there exists a path on the directE'd graph from m to n. (In this
paper, a path always refer~ to a directed path with distinct
nodes.>

A node is said to be free if it is reachable from FREE.

A node is said to be active if it is reachable from a root

A node is said to be a garbage ~ode if it is neither active nor'
free.

2.2 An Output-Restricted Deque

Both the GC and the LP use an output-restricted deque. which
is implemented outside the m,'mory space containing t'he
directed graph. The deque cont ·llnS pointers to nodes in the
directed graph. The GC inserts and remove.s pointers to nodes
from one end of the deque, called the GC-end 'Of the deque, and
the LP only inserts pointers to nodes at the other end, called
the LP-end of the deque.

Before removing a pointer fro'" the deque, the GC tests the
emptiness at the dpque. If the deque is empty and the LP is
inserting a pointer into the deqllc but has not concluded the
insertion, then the test result tal emptiness will be true. The
pointer will be removed from the rlcque only if the GC finds that
the deque is nonempty.

3. The Parallel Garbage Collec:tion System

In this section we give a para1lf'1 garbage collection system,
which consists of two concurrenl processes sharing the dat a
structure defined in Section 2. O'lP. proc'ss is executea bv the
LP and the other one by the GC.

We shall assume that the following initial conditions hold
before any of the two processes !, t ~lrts:

11. All the roots are black and have no sons.

12. The color of FREE is off-white.
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13. Nodes on the free list are nodes R+2. R+3, ..., M.

14. The free list satisfies pr9pedies F1, ..., F4 of Section 2.1
with FREE.right bein6 the pointe. to the last nod~ of the Tr~t:'

list.

Note that 13 and 14 imply that at the beginning of the
computation, free nodes are FREE and nodes on the free list.

3.1 Garbage Collector's Algorithm

The GC executes repeatedly thp following CYc!b, which is
composed of three phases, the root Insertion phase, the marking
phase, and the collecting phase. In the algorithm, MARKING is a
Boolean variable initialized to false. We say that a marking
phase starts at the time when MARKING is set to true. and ends
at the time when MARKING i~ ~e1 to false.

GC 1. [Root insertion phase]
for i ~ 1 until R-l

do insert node i into the GC-end of the deque Q!!;

Ge2. [Marking phase1
MARKING +- true;
s 4- NEW.left;
if. s # A then

if. sJeft ~ f and s nonblack lhen
blacken s;
insert s into the GC-end of the deque

fl
ill
while the deque is not empty

do
n f- the node at the GC--end of the deque;
blacken n;
remove n from the deque;
s ~ n.left;
if. s ~ A and s is nonblack then

blacken s;
insert s into the GC-f'nd of the deque

ill
s +- n.right;
Lf. s ~ A and s is nonblar k then

blacken s;
insert s into the GC-E'nd of the deque

ill
QQ;

MARKING ~ fals~

GC3. [Collecting phase j
for i +- R+2 until M

do
If. node i is white

then APPEND(i)
else

if. Lleft ~ f then color node i white !i

The procedure APPEND(n) is defined as follows:

n.color +- off -white;
n.left +- f;
n.right +- A;
[FREE.right].right +- n;
FREE.right +- n

3.2 List Processor's Operations

The LP may perform operations only on active nodes and may
perform the operation LPC defin8d below.



The LP can perform many kinds of operations, such as
traversing a certain list structur:; through its pointers, testing if
the left or right pointer of a node is A, etc. But for the
purpose of this paper it suf fices to consider only those
operations which change the data s~ructure. The. proc~ss
executed by the LP is controlled by any program In which
operations of the latter kind are defined as follows:

Operation LPA: Add a left (or right) outgoing edge from an
active node m to an active node n.

1. set the left (or right) pointer of m to nj
2. if MARKING and n is white or off-white then

gray n;
insert n into the LP-end of the deque

fl

Operation LPA: Delete a left (01 right) outgoing edge from an
active node m.

set the left (or right) pointer of m to A.

Operation lPC: Make a free node active and pointed to by NEW.

1. CREATE;
2. n ~ NEW.left;

tt MARKING then
blacken n;
insert n into the LP-end of the deq\.J1:<

The procedure CREATE is defined as follows:

while FREE.left = FREE.right
do nothing Q.Q;

NEW.left ~ FREE.left;
FREE.left ~ [FREE.left].right;
[NEW.left].right ~ A;
[NEW.left).Ieft ~ A

To simplify the correctness proof, we assume that the right
pointer field of NEW always cont~ins A, and the left pointer field
of NEW can be altered only through an operation LPC or LPA'
(Note that this assumption is rot a restriction for a real list
processing .system.)

3.3 Remarks on the Parallel System

1. The par allel system is evolved from the well known
sequential garbage collection system which uses a stack for
marking nodes. In Appendix I of this paper, we show how b~th

the correctness and efficiency arguments were used to gUIde
the derivation of the par ailEd system, starting from the
sequential system. In particular, we will show why it is
necessary to color nodes with four colors, and argue that t,he
proposed system is essentially the only parallel system which
satisfies all the five properties st ated in Section 1 of this paper.
It is instructive to note that the ordering of the operations
appearing in the parallel system is in general crucial t~ the
correctness and efficiency of the system. For example, If the
ordering of step 1 and step 2 in LPA' or the coloring and
insertion operations in step 2 of LPA' is interchanged, then
examples can' be found to show that the resulting system would
be incorrect.

2. In the sequential system, the stack is accessed only by the
GC. In the parallel system, a deque is used instead of the stack
to avoid possible access conflict~. of the stack, since both the GC
and the LP may manipulate it at the same time.

3. step 2 of operation LPC is included only for efficiency
reasons, which we explain as follows. It is usually the case that

after performing an operation LPC' the LP will perform an
oper ation LPA to make some node point to the newly created
node. Thus, during the m~rkinE' phase, it is better to blacken
the newly created node (and in',ert it into the deque) once for
all, SO that there is little chance: that the node will be colored
at;1d inserted into the deque by both the LP and the GC. For
simil~r efficieny reasons, node s is blackened in GC2 before it is
inserted into the deque; this blat r,ening WQuid not be necessary
if only the correctness of the system were concerned.

4. The Correctness of the Parallel Garbage Collection
System

4.1 Assumptions

A 1. The LP and the GC can read and write on individual
fields of a node, and the following operations are indivisible:

tlRead or write a field" of a node by the LP or the GC.
"Gray or blacken a node" by the LP.
"Blacken, whiten or off-whiten a node" by the GC.

A2. The initial conditions 11, 12, 13 and 14 stated in Section 3
are satisfied at the beginning of the comoutation.

A3. ("The procedures operated on the free list are correct:")
If the free list, Le., the list pointed to by the left outgoing edge

of FREE is updated only by the procedures APPEND and
CREATE,' then the properties Fl) F2, F3, F4 and F5 of Section
2.1 are preserved all the time. (We choose to assume A3 rather
than to prove it, for it is similar to the traditional
producer /consumer problem.)

A4. (liThe deque will not overflow and operations on it are
correct:") There is always some extra temporary space
available for storing the deque and the GC does not find the
deque empty until all the node!:; which were inserted into the
deque have been removed from it. (An upper bound on the
number of elements the deQue may have· is derived in Section
5.)

4.2 Definition of Correctness

We say that the parallel garb,~ge collection system is correct,
if the following conditions are all satisfied:

C 1. Only, garbage nodes are appended to the free list by the
GC.

C2. The GC never changes pointers of active nodes.

C3. A garbage node will alwa'y's be appended to the free list
within a certain time, which can be estimated a priori.

Conditions C1 and C2 guar antee that the GC does not
interfere with the LP operations. Condition C3 ensures that the
GC indeed collects garbage effec tively.

8y Cl and the fact that no active nodes are on the free list
at the beginning of the compuLition, we see that the free list
can be modified only by the pr ocedures APPEND and CREATE.
Hence by assumption A3, we know that the free list is
manipulated "correctly", Le., the free list always satisfies all the
properties F1 to F5.

4.3 The Correctness Proof and St.3tement of the Main Theorem

In Sections 6 and 7, we shall prove the following theorem:
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Main Theorem:

For the parallel system defined in Section 3, the following
properties hold:

(i) During a marking phase at each time when the GC checks the
emptiness of the deque, a white active node is always
reachable from some node in the deque.

(ii) A free node is always off-white.

Hence during a marking phase, if the GC finds the deque to be
empty, then by (i) there is no white active node. This implies
that when a collecting phase ~-,tarts all white nodes are not
active and by (ii) they are garbage. Note that thp LP never
colors a node white and, during a collecting phase, the GC
examines each node only once. Hence we have shown that the
system satisfies condition C1.

Because the algorithm satisfiE's condition C1, it also satisfies
condition C2, since the GC only changes pointers of free nodes
or garbage nodes (through procE'dure APPEND).

It is not difficult to see that a garbage node can always be
appended to the free list within time 2T, where T is an upper
bound on the time taken by onE' garbage collection cycle. It is
clear that the execution times of the root insertion phase and
collecting phase can be estimated a priori. In the next section,
we shall give an upper bound on the time taken by the marking
phase of any garbage collection cycle. These imply that the
system satisfies condition C3.

5. An Upper Bound on the Marking Phase Time

Consider the marking phase of any garbage collection cycle.
Let

A = number of active nodes, besides the roots, at the
beginning of the marking phase,

l/k ::: time to insert a node into or remove a node from the
deque,

r = rate that new active node~) are created (i.e., removed from
the free list) in the sequential system, when the LP is running,

TM = time taken by the marking phase.

With respect to a given computer, we assume that quantities
A, k and r can be estimated from a given list processing
program. In the following we derive an 'upper bound on TM,
under the reasonable assumption that k > r.

those nodes which are active at the beginning of the marking
phase We have the following in0quality:

T1 ~ A / k.

Let 0 be the tot al number of nodes deleted from the deque
during the marking phase. Then

TO ::: 0 / k.

Note that nodes inserted into the deque must be either tree
or active at the beginning of the marking phase. Norl~s in the
first category, after being removed from the free list, are
blackened and inserted into the deque .once for all by the LP.
The number of such nodes is':; rTM' since r certainly is an
upper bound on the r ate that new active nodes are created in
the parallel system for which there are overheads for the LP.
Consider now those nodes which are active at the beginning of
the marking phase. t:ach of them, except the roots, can be
inserted into the deque at mo~;t three times, since the black
color of a node may be overwritten by the gray color at most
once and the gray color by the black color at most once (cf. the
counter-example given in Section 7.1). But a root can be
inserted into the deque at mo':,t once. Since the number of
nodes deleted from the deque is no greater than that inserted
into the deque, we have therefor e shown that

o $ rTM + 3A + R.

Note that the above inequalit y might be inexact to ') small
number of nodes owing to the fdct that no synchronization is
assumed in the manipulation of the Boolean variable MARKING.
(For instance, there could be a large gap between the time
when the LP finds MARKING to be true and the time when the
LP inserts the corresponding node into the deque.) Here we
ignore this possible unimportant discrepancy. Thus,

TO :5 (rTM + 3A + R) / k

and we have established the following theorem:

Theorem 1:
TM ~ (4A + R) / (k - r).

The theorem gives upper bound on TM which is proportional
to A and independent of the sizp M of the memory space. This
property turns out to be extremely crucial to the performance
of a parallel garbage collection system, but is not satisfied by
any previous system which doe~; n.OI use critical sertions. Note
that thp. time for the GC to execute a root insertion phase or a
collecting phase is more or less a constant. Hence to minimize
the time to execute each g -lrbage collection cycle, it is
necessary to minimize the time to execute each marking phase.
This is an intuitive explanation on why we want to minimize TM'

An obvious upper bound on [) is M. Theorem 1 and the fact
that 0 s rTM + 3A + R give anothpr upper bound on 0:

o $ IT (4A + R) + 3A + R

6. The Proof ot the Main Theorem for an Auxiliary
Parallel System

During the marking phase, the GC is busy inserting nodes into
and deleting nodes from the deque, and also doing some minor
operations {such as blackening (1 node or testing the color of a
node). Assuming that these latt er operations ar p incorporated
it1 th~ insertion and deletion operations, we can write the
following:

where

3k + r
k - r A + 0(1).

TI = total time in the marking phase during wnlch the GC is
making insertions, and

TO = total time in the markin0 phase during which the GC is
making deletions.

Note that nodes inserted into the deque by the GC are among
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In this section we introdUCE an auxiliary parallel garbage
collection system and prove a stronger version of the main
theorem for this auxiliary syste m. In the next section, with a
small effort we will be able to prove the main theorem for the
parallel system in Section 3 by transforming the proofs and the
results obtained for the auxiliary system in this section.

We now define the auxiliary !.ystem. The garbage collector's
algorithm is defined as follows:



GC 1. [Root insertion phase]
for i ~ 1 until R-l
do insert node i into the GC- end of the deque QQ;
insert NEW into the GC-end of the deque;

GC2. [Marking phase]
MARKING ~ truej
s f- NEW.left;
if s ~ A then
- if s.left7f and s nonbl,ack !hen

- insert s i~ the GC-end of the deque;
blacken s

fl
fj;
remove NEW from the deque;
while the deque is not empty

do
~ f- the node at the GC-end of the deque;

blacken n;
s ~ n.left;
if s ~ A and s is nonblack !hen
- insert~to the GC-end of the deque;

blacken s

ill
s +- n.right;
if s ~ A and s is nonblack then
- insert~to the GC-end of the deque;

blacken s

ill
remove n from the deque

QQ;
MARKING f- false;

GC3. [Collecting phaseJ
for i f- R+2 until M

do
i.f. node i is white

then APPEND(i)
else
[Lleft ~ f then color node i white fi
li

od

The list processor operations used in the auxiliary system are
the same as those used in the Of iginal parallel system in Section
3, except that the "gray n" oper ;\tion in LPA is now replaced ~Y

:'shade n". The operation "shade" makes a white or off-white
node into gray and leaves a black or gray node unchanged, and
is assumed to be indivisible. (As a matter of fact, in the
auxiliary system it turns out that the operation "shade" wilt
never have to be performed on a gray node.) Under the
assumptions st ated in Section 4.1, the following theorem can be
proven:

Theorem 2:

For the auxiliary parellel syr;tem defined in Section 6, the
following properties hold:

(i) During a marking phase, a white active node is a.ways
reachable from some node in the deque.

~ii) The left pointer field of a free node (except FREE) always
contains the value f, and il node whose left pointer field
contains the value f is alwayr, off-white.

We shall prove the theorem by induction on successive garbage
collection cycles. Note that if Theorem 2 holds through the end
of the marking phase of the ith garbage collection cycle then (ii)
holds through the end of the marking phase of the {i+1 )st cycle.
This follows from the following argument at the end of the
marking phase of the (;+ 1)st cycle: Since at the beginning the
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free list contains no active n'ode'> and since only garbage nodes
have been appended to the fr,::,c list (cf. the proof of Cl in
Section 4.3). free nodes have been accessed only. by , the
procedures APPEND and CRE:ATE and, consequently, by
assumption A3 the properties in (ii) are preserved.

Since there are no white nodes before the collecting phase of
the first garbage collection cycle starts, (i) holds automatically
for th;first cycle. This together with the fact that the free list
contains no active nodes at the beginning of the computation
imply that free nodes can only be accessed by the procedures
APPEND and CREATE during the first cycle. Hence by
assumption A3 (ii) also holds fat' the first cycle. In the rest of
Section 6 we assume that Theorpm 2 holds for the ith cycle and
want to prove that it holds for the (i+ 1)st cycle. As noted in la·st
p~ragraph, in the proof we m;~y use the fact that Oi) holds
through the end of the marking .phase of· the {i+ 1)st cycle.

6.1 Notation

In order to present our correctness proof for the auxiliary
parallel system more easily, we introduce some ."ghost
operations" in the list processor operations LPA and LPC. The
new definitions of LPA and LPC are given in the following,
where ghost operations are indicated between square brackets
in steps Gl and G2. Note that these ghost operations, are not
intended to be part of the real algorithm, but serve merely for
proof purposes. We assume thcit step Gl or G2 is executed at
the instant of completion of step 1 or 2 of LPA' respectively, (or
of step 2 or 6 of LPC)' and the € xecution takes no time.

Operation LPA: Add a left (or right) outgoing edge from an
active node m to an active node n.

1. set the left (or right) pointer of m to n;
Gl. [mark the edge (m,n) crea1ed at step 1;]
2. Lf MARKING and n is white or off-white then

shade nj
insert n into the LP-end of the deque

ill
G2. [unmark the edge (m,n) mc,rked at step Gl]

Operation LPC: Make a free node active and pointed to by NEW.

1. while FREE.left = FREE.right
do nothing QQ;

2. NEW.left f- FREE.leftj
Gl. [mark the left outgoing edge from NEW;]
3. FREE.left ~ [FREE.left ].rightj
4. [NEW.left].right f- A;
5. [NEW.left].left f- A:
6. n ~ NEW.left;

U. MARKING then
blacken n;
insert n into the LP-end of the deque

!l;
G2. [unmark the edge marked at step Gl]

We sayan edge is marked if it has been' marked by the LP at
step G1. but step G2 which unmarks the edge, has not been
executed by the LP. Hence an edge is marked if and only if i)
the operation LPA which created the edge has finished its step
1 but not step 2 or ii) the operation LPC which created the
edge has finished its step 2 but not step 6. Since there is only
one list processor, at any time there is at most one marked
edge. If an edge is marked at time t. it is called the marked
edge at time t.

A path is called a marked ~b_, if the marked edge is on the
path. A path is called an unmarl'~ed QElb., if no edge on the path
is marked.



We shall assume that we are at some time t during the m"rking
phase of the (i.l )st garbage collection cycle, Ind that tM ;s the
starting time of the marking pha:;8. As noted earlier. statement
Oi) of Theorem 2 holds through the end of the marking phase of
the (i+1)st cycle, and hence through time t.

6.2 Preliminary Lemmas

Lemma 1:

If at time t a hlack node m ha~ a son, then m was it the deque
at some time ;r ltM,t].

Proof:

If m is a root then the lemma is obvious, since roots are all in
the deque at time tM. Suppose that m is not a root. We first
sfiow that m was white or off-white at some time during the
collecting phase of the previolJ') cycle. I During that phase the
color of m was tested by the GC. The test outcome was either
white or nonwhite. In the latter case, if m.left - f then m was
off-white and on the other hand, if m.left ~ f then m was
colored white afterwards by the GC.

Since m is black at time t, it was blackened either bv th~ GC
at some time in [tM,t], or by the LP through an operation LPC'
If m was blackened by the Ge, then at the time when m was
blackened m was in the deque (the GC only olackens a node
which is already in the deque). If m was blackened by art

operation LPe, then since m ha~:; a son at time t the operation
LPC must have been completed and consequently, m was
inserted into the deque before time t. We conclude that m was
in the deque at some time in [tM,t].

Lemma 2:

At time t, if edge (m,n) is unmarked with m black and n
nonblack, then at least one of the two nodes m and n is in the
deque.

Proof:

Note first that n must be nonblack throughout the interval
[tM,t], since a black node remains blar.k during (he marking
phase.

Let lLP be the time instant when edge (m,n) was created) with
tLP ~ t. (tLP is the instant of completion of step 1 of LPA or
step 2 of LPe.>

a) t lP ~ tM: Edge (m,n) has been existing since time tM. By
Lemma 1, m was in the deque at some time in [tM,t].
Suppose that m is not in the deque at time t. If m rI- NEW,
then before m was removpd from the deque, n would have
been blackened. This is a contradiction. If in = NEW, then
before NEW was removed from the deque, the GC examined
the left pointer field of n. If it did not contain f, then n
would be blackened, whIch is a contradiction. If it
contained f, then at the tit()e when the GC was examining
n.left, step 6 of the operation LPC which created (m,n) had
not started yet. Clearly from that time through time t, the
Boolean variable MARKING was true. Since (m,n) is
unmarked at time t, the operation LPe has beef'" completed
by time t, and thus n would have been blackened by the
LP. This again is a contradiction.

b) tM < tLp: Since tM < tLP < t, edge (m,n) was created
during the interval(tM,t). Suppose that the operation which
created (m,n) was an operation LPC' Since (m,n) is
unmarked at time t, the oper at ian LPe has been completed
by time t and thus n would have been blackened. This
contradiction shows that the operation which created (m,n)
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must be an operation LPA' Since (m,n) IS unmarked at time
t, the uperation LPA has been completed by timA t. During
the time interval (tLP'O, the LP tested the color of n. The
outcome of thp test mll~t have been white, oft-white or
gray.

i) 1ne test outcome was white or off-white. Then n was
inserted i.,to the deque by th~ LF at some time in
(tLP,t]

it) The test outcome Wa!, gray. Note that as shown in
the proof of Lemma 1, node n was white or off-white
at some time t' during the collecting phase of the
previous garbage collE'ction cycle. The operation LPA
which colored rt gray must have inserted n into the
deque at some time in [f,t). This implies that n was in
the deque at some time in [tM,t], since no nodes were
removed·from the deque during [t',tM].

Both cases imply that n is in the deque at time t, becallC:~ if
n were removed from the deque, it would have been
blackened by the GC.

6.3 Proof of Theorem 2

Suppose that w is a white active node at time t. We shall
prove that w is reachable from some node in the deque. Since
w is white and active, w is not a root and is reachable from
some root through at least onp path. There are two cases.

Case 1~ W is reachable from ~~ome root through an unmarked
path.

Let m be the first black node that is encountered on the path
by traversing backwards from w to the root. Clearly such a
black node exists, since the root is black. By Lemma 2, m or it~

son on the path is in the deque.

Case 2: The marked edge at time t is on every path from a
root to w.

Let the marked edge be (m,n). Since nodes on a path are all
distinct, we must have m ~ n. Without loss of generality, we
assume that (m,n) is the left outgoing edge from m to n.
Consider anyone of the paths from roots to w, and call it path
P. Let b be the first black node that is encountered on path P
by traversing backwards from w to the corresponding root.
Suppose that b is a descendent or ancestor of m with respect
to path P (see Fig. 2 and Fig. 3). Then the outgoing edge from b
on path P is unmark.ed. By Lemma 2, we conclude that b or its
son on path P is in the deque.

path P path P
b

m m

n n
b

w w

Fig. 2 Fig. 3

In the following we assume th",t b = m. By Lemma 1, m was in
the deque at some time in [tM,tT Suppose that m~ nut ill the
degue ~ time t. We shall show that w is reachable from some
node in the deque through a path, called the "m*-w path" below.
Let tGc be the time instant when the GC started reading the left
poidter field of m before m was removed from the deque for the
last time. Let tLP be the time instant when edge (m,n) was
created. We have the following two cases:



B) tGC < tlp. (See Fig. 4). Since tGC < tLP $ t, edge (m, n)

was created during the in~erval 0M,t]. Suppose that the
operation which created (ni,n) is an operation LPC. Then,
as in A, m = NEW, n = w, and hence at time tLP w was off
white. This is a contradict ion since w is white at time t.
Therefore the operation which created (m,n) is an
operation LPA. Choose t* c;o that t GC < t* < tLp and that
step 1 of the operation LP1\ started before time t*. (Recall
that t LP is the time instant of completion of step 1.) Clearly
at time t* there was no mar ked edge.

A) tLP ~ tGC' If (m,n) was crE ated by an operation LPA' then
m ~ NEW and consequent Iv node n would have been
blackened before m was rE moved from the deque. This is
a contradiction. Suppose th8t (m,n) was created by an
operation LPC. Then m = ~~EW. Moreover, since (m,n) is
marked at time t, the des( endents of n are all off-white
and, consequently, n = w. Be.fore NEW was removed from
the deque, the GC examinerl the left pointer field of w. If
it did not contain f, then w would be blackened, which is a
contradiction. If it contained f, then at that time w was
off-white. This implies that w would not be white at time t,
since the white color is se1 only during a collecting phase.
Again we have a contradiction.

In this section, the auxiliary system introduced in the
preceding section is transformed to the parallel system
proposed in Section 3. We will examine how the transformation
will affect the proofs and resulh, in the preceding section. The
transformation is done in two steps.

7.1 Transformation 1

This transformation replaces the "shade n" operation in LPA
by the simpler indivisible operation "gray nn.

We have shown that statement (i) of Theorem 2 holds for the
(i+ 1)st garbage collection cycle. This together with the fact that
st atement (Ii) holds through the f'nd of the marking phase of the
(i+ 1)st cycle imply that only garbage nodes have been appended
to the free list through the end of the 0+ 1)st cycle. Therefore
through the end of the (i+ 1)st cycle free nodes can be accessed
only by the procedures APPEND and CREATE and, consequently,
by assumption A3 statemet"t (ii) holds. The proof of Theorem 2
by induction is complete.

7. The Proof of the Main Theorem for the Parallel
System

After this transformation, Lemma 2 is no longer valid, as the
following counter-example showr.,: Assume that (m,n) is an edge
such that m is a black node at the GC-end of the deque and n is
white. Consider the while loop of GC2 in which rn is removed
from the deque. Suppose that after the GC finds the color of n
to be white and before the GC Inserts n into the deque, the LP
performs an operation LPA to make some node (~ m) point to n
and also finds node n to be white, and then the LP pauses for a
while. Now the GC inserts nodE n into the deque and blackens
n. Suppose that after m and n are both removed from the
deque by the GC, the LP resurnes its previous operation LPA
and gr ays n. We have an unmarv,ed edge (m,n) with m black and
n gray, and neither of them is in the deque!

path P path P

fm m

On n

~w w
-+-

tLP

m

Fig. 5
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path P*
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Node w was active at timE t*, since it is active at time t
and no new active nodes were created during the interval
(t*,t). Let path P* be anyone of the paths from roots to w
at time t*. (See Fig. 5.) Let m* be the son of m on path P*
at time t*. Consider the pilth from m* to w on path P* at
time t*, and call it the "m'!o:-w path". Note that the m*-w
path was not affected by the change of the left pointer of
m at time tLp and remains unchanged throughout the time
interval (t*,t]. Also note that the m*-w path at time t is
unmarked. Hence by Lemma 2 we have the follow,n~

result:

If there is a black node on the m*-w path at time t, then
some node on the m*-w path is in the deque at time t.

However, the results in the preceding section are still valid
with respect to the following interpretation. We say that a
node is once-black at time t during a marking phase if it is black
at some time in the interval [tM,t], where tM is the starting time
of the marking phase. Then one can see that the lemmas,
Theorem 2 and their proofs are still correct if we substitute all
the occurences of the word "black" by "once-black" and
"nonblack" by "non-once-black", (The substitution should be
done only in the statements clnd proofs of the lemmas and
Theorem 2. The substitution dot's not affect the parallel system
and is used only for proof purposes.) Therefore, Theorem 2
holds for the auxiliary system after Transformation 1.

7.2 Transformation 2

Thus if m* is black at time t, then our proof is complete. In
the following we assume 1hat m* is nonblack throughout
the time interval [t~,t]. Note that m was black at time tGC
and hence at time t . By Lemma 2, at least one of the two
nodes m and m* is in the de'que at time t*.

The second transformation optimizes the garbage collector's
algorithm. The root insertion and marking phases of the
garbage collector's algorithm al e redefined as follows (where
operations inside square brack,=~ts are ghost operations used
merely fo .. prOOf purposes).

a) m* was in the deque at time t*. Then m* is in the
deque at time t, for otherwise m* would have been
blackened by the GC before it was removed from the
dpque.

b) m was in the deque but m* was not at time t*. Let
tLP* be the time instant when edge (m,m*) was
created. Then from the proof of Lemma 2, it is easy
to see that we must have the case tLP* 5 tM. Hence
the GC found m.left to be m* at time t GC' This implies
that m* was blackenE'd by the GC at some time in
(tGC,t) before m was removed from the deque. This is
a contradiction.

GC 1. [Root insertion phaseJ
for if-I until R-l

do
[insert node i into the GC-end of the ghost-deque;]
insert node i into the GC-end of thp deque
QQ;

[insert NEW into the GC-end of the ghost-deque;)

GC2. [Marking phase]
MARKING f- true;
s f- NEW.left;
!.f. s yl A then

!.f. s.left #- f and s nonblack !hen
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[ins~rt s into the GC-end of the ghost-deque;]
blacken s;
insert s into the GC-end of the deque

Ii
ill
[remove NEW from the ghost-deque;]
while the deque is not empty

do
n +- the node at the GC-end of the deque;
blacken n;
remove n from the deque;
s +- n.left;
if s .,. A and s is nonblack then
- [insert~nto the GC-en~the ghost-cleque;]

blacken s;
insert s into the GC-encJ of the deque

fl.;
s +- n.right;
if s ~ A and s is nonblack then
-- [insert;into the GC-en~J;fthe ghost-deque;]

blacken s;
insert s into the GC-end of the deque

ill
(remove n from the ghost· deque]

QQ;
MARKING +- false;

We also redefine the operations LPA and LPC by adding the
ghost operation

[insert n into the LP-er,d of the ghost-deque;]

before the insertion of node n into the deque. Observe .that the
updates of the ghost-deque in the transformed system occur in
the same positions as those of thedeque in the avxiliary
system. Hence our proofs in Section 6 apply to the .ghost
deque in the transformed syste m. Therefore Theorem 2 holds
for the transformed system with deque replaced by ghost
deque. Observe also that at ea< h time 'when the GC checks the
emptiness of the deque, the deque and the ghost ...deque contain
the same set of elements. Hef"'lce statement (j) of Theorem 2
holds for the transformed syst~m at each time when the GC
checks the emptiness of the deq'.le,

Since after the two transfC1rmations the auxiliary system
becomes the parallel system defined in Section 3, we have
shown that the Main Theorem holds for the parallel system.

8. Concluding Remarks

The idea of performing garbagp collection in parallel with list
operations has been around for some time. (Knuth[ 1968,
exercise 2.3.5-12] credits this ide a to ~vt ~v1insky.) Though it is
an appealing idea for real time list processing applications, no
papers on parallel systems were published until two years ago.
Steele[1975] is probably the first one who investigated such a
system. Because of the necessity of performing semaphore
type operations so frequently, his system is not efficient on
standard, general purpose comput ers. 80th our system· and the
one proposed by Dijkstra, et aI., called system 0 below, do not
use any semaphore-type operatic)ns. However, there are some
essential differences between syslem 0 and our system:

(i) During the marking phase in system 0, free nodes are
marked by the GC; this is n01 required in our system.

(ii) During the marking phase, system 0 may step through the
whole memory, i.e. M nodes, as many as N times, where N
is the number of nodes to be marked. Our system uses a
deque and the system is ~,O designed that the marking
phase ~as the execution tirr1e proportional to the number
of active nodes and indepenclent of the size of the memory.
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On the other hand, system 0 has smaller list processor
overhead~ (for example, its only overhead in the operation
LPA is the "shading" of the target node). Also, system 0
does not require any extra space.

(iii) System D assumes an indivisible "shade" operation. No
special indivisible operations are assumed in our system.

We understand that Dijkstra [1976], Gries [1976] and
Lamport( 1976] (the latter two papers also consider system 0 or
similar ones) deal mainly with the correctness issue and regard
efficiency as a separate issue. BIt it is precisely for efficiency
reason that we wanted to consider parallel garbage collection
systems in the first place. The point of this research was to
handle these two important issues at the same time.

For efficiency reasons, we propose using a deque for the
marking phase. The inclusion of the deque in our system ha~

significantly increased the complexity of proving the
correctness of the system. (For example, step 2 of operatfon
LPA would be an indivisible actiof"i in system D.) In spite of this,
we believe that we have given a correctness proof of our
system which is still relatively short and readable. We achieve
this main1y by making the "right" assertions for the system
through the 'use of SO called "ghost variables". Our "stepwise
refinement" proof technique is al<;o crucial. We first introduce
an auxiliary system and prove it:, correctness. The proof and
results are then transformed st(~P by step as the auxiliary
system is transformed to the' parcdlel system for which we want
to prove the correctness. If one does not use this stepwise
refinement technique and attelnpts to prove directly the
co~rectness of the fina~ system, Ol)e would almost surely end up
with an unreadable and complicated proaL (It is unlikely that
one would come up with, say, assE,rtions involving concepts such
as "once-black" direttly from thE' final system.) Note that we
are not proposing a methodology for the correctness proof of
such parallel systems. Our main (oncern was to make the proof
clear and convincing.

The really restrictive assumption is A4 in which we assumed
that there is always some extra temporary space available for
storing the deque. Although there are methods which use
reversed pointers in the nodes themselves as a stack, these
methods are not suitable for the parallel system since pointer
fields are modified by the garbagE' collector.

There are a number of possible extensions which can be

made based on the system dE'scribed in this paper. Our
intention here was to describe the basic ideas of the system
r ather than explore several variations.
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Apperldix I

The procedure APPEND(n) is defined as:

[FREE.right].right f- n;
FREE.right f- n

The list processor's operations which change pointer fields of
nodes are given as follows:

The Derivation of the
Parallel Garbage Collection System

Operation LPA: Add a left (or right) outgoing edge from an
active node m to an active node n.

set the left (or right) pointer of m to n.

A. The sequential system must be modified.

set the left (or right) pointer of m to A.

Operation LPC: Make a free node active and pointed to by NEW.

create(m,n)
delete all edges to n but (m,n)

GC
1. remove m
2. read m.left
3. read m.right
4.
5.

Lt FREE.left = FREE.right tb.t2.!l
perform garbage collect ion fl;

NEW.left f- FREE.left;
FREE.lett f- [FREE.left] right

Suppose that the sequential system is not modified. Consider
Example 1.

Operation LPA: Delete a left (or right) outgoing edge from al1
active node rn.

In the following we first pre.ent the sequential system and
then transform it into the parall.f'! system in four major steps, A,
B, C and D. The sequential garbage collection algorithm
blackens all active nodes by using a stack, and then appends all
white nodes to the free list and turns all black nodes into white
ones. It is assumed that all the R roots are initially black and
have no sons, and that all other nodes are initially white and on
the free list (see Fig. 6). Node r~ is called NEW and node R+ 1 is
called FREE.

The parallel system proposed in this paper is evolved from
the well known sequential garba:~e collection system which uses
a stack for marking nodes, ;1ssuming that extra space is
available for storing the stack. In this Appendix I we show
informally how both the correcl0~~ and efficiency arguments
were used to guide the deri'/ation of the parallel system,
starting from the sequential ~;ystem. For briefness in the
examples below, we write "inset t n" and "remove nil for "insert
n into the stack (or deque)" and "remove n from the stack (or
deque)", respectively.

Fig. 6 Example 1

The garbage collection algorithm is given as follows:

GC 1. [Root insertion phase]
for if-I until R

do push node i onto the stack QQ;

GC2. [Marking phase]
while the stack is not empty

do
n f- the node at the top of the stack;
remove n trom the stack;
s f- n.left;
Lt s ~ A and s is white thl~.D.

blacken s;
push s onto the stack

ill
s f- n.right;
Lt s ~ A and s is white th,~

blacken s;
push s onto the stack

GC3. [Collecting phase]
for i f- R + 2 until M

Assume that the following initial conditions hold before step
1: m is a black active node on the stack and has no sons; n is a
white active node not on the stack. Then after step 5 is
executed, n is a white active node and will not be blackened by
the GC before the next collectin~~ phase starts since m, the only
immediate predecessor of n, is black and not on the stack. The
system is therefore incorrect.

Example 1 suggests that n should be pushed onto the stack
by the LP before step 5. To avoid access conflicts, we use a
deque instead of a stack, so that the GC can access one end of
the deque and the LP the othr:r end. An example similar to
Example 1 was first given by Dijkstra[1976] for illustrating that
"no overhead for the LP" is unatt ainable in a parallel system.

B. The operation LPA must be modified.

Suppose that before an edge is deleted the LP always inserts
the target node into the deque if it is white. Then the
correctness problem illustrated by Example 1 seems to be
solved. But with this solution, every garbage node will be
blackened and inserted into the deque. This is clearly
undesirable from the efficiency point of view. A better solution
is that when an edge is created the LP always inserts the target
node into the deque if it is white. That is) the operation LPA
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should be modified. In the following, we assume that the edge
created during the operation LPA is (mtn) and n is white.

8.1 The LP should insert n into the dequ8 !f1!r. (m,n) is
created.

Notice that after step 8 the .•LP does not insertn into the
aeque since n has already been colored by the LP at step 7 (cf.
Section 8.2). By the argument used in Example 1, any white
active node which is reachable from a root only via n at that
time will not be blackened by the GC during cycle 1+1. This
shows that the system is incorrert.

8.2 The LP should color n.

Suppose that n tS tnserted into the deque before (m,n) Is
created. Consider Example 2

We see that the insertion Ht step 1 is cancelled by the
removal at step 2. Consequently, the same correctness problem
illustrated in Example 1 occurs in cycle i+ 1. Th;s shows that the
system is incorrect.

Example 2

8.4 The LP should color n gray (or any color different from
black).

8.5 The LP should color n gray and insert n into the deque
only during a markfng phase.

Note that the collecting phclse time is proportionat to M.
Hence if the LP ins-erts nodes during a collecting phase then the
number of nodes inserted to 'the deque would be proportional to
M and, consequently, so would the marking phase time. This
violates our requirement that the marking phase time be O(A).
It can also be observed that as a matter of fact there is no
need for the LP to .gray n or in~>ert n during the root insertion
and collecting phases for solving the correctness problems
illustrated by all the previous examples.

Suppose that the LP colors n black. Consider the case in
which at the very beginning of a marking phase, n is not in the
deque, and the LP blackens n and then stops for the rest of the
phase. Then those white acttve nodes which are reachable from
roots only via node n will not be blackened by the GC during
the marking phase since n is black at the beginning of the
phase. The system is therefore incorrect.

cre ate{m,n)
delete all edges to n but (m,n)

be
insert n

· remOve rn
· read m.left
· read m.right

t" GC

{" r~move n

Cycle i+l

Cycle i

C. Free list and operations on it should be modified.

GC
1. APPEND(n)

C.I The color of a free node should be off-white (or any color
different from white, gray or black).

A newly created node must be no'nwhite, for otherwise it can
be regarded as a garbage node and appended to the free list
j~correctly by the Ge. Let n be such a newly created node.
Suppose that n is gray. Note fir~>t that during a collecting phase
nodes should not be inserted into the deque (cf. Section 8.5).
Consider Example 5, which uses the satrte principle as Example
4.

create n
cre ate (n,5)

2.
3.
4. whiten s

Cycle;

create(m2,n)
insert n

Example 3

LP
create (ml,n)
insert n

This example shows that the same node n can be inserted
into the deque arbitrary numbf>r of times. Consequently, the
deque is unbounded and hence the marking phase time is also
unbounded. The solution to this problem is to color n when it is
inserted into the deque so that the LP will know that n need not
be inserted again by testing the color of n.

Suppose that the LP does not color (or mark) n. Consider
Example 3.

8.3 The LP should color n J2!.!5!!.! n is inserted into the deque.

Suppose that the' LP colors n after n is inserted into the
deque. Consider Example 4.

Example 5
Cycle i

1.
2.

3. remove n

bE
create(r,n)
insert n

Cycle i+l

5. remove m
6. read m.left
7. read m.rigt

8.
9.

create (m,n)
delete all edges to n but (m,n)

Cycle i+l

4. remove m
5. read m.left
6. read m.right

7.
8.
9.

Example 4

color n
create (m,n)
de lete all edges to n but (m,n)

After step 8 n is not inserted into the deque by the LP for n
has been gr ay since step 2. We see that the white active node
s will not be blackened in cycle i+1. This shows that the system
is incorrect. Similarly, one can see that n must be nonblack.

It turns out that the best way to ensure that a newly created
node is off-white is by letting all the free nodes be always off
white. This can be achieved by assuming that the procedure
APPEND(n) will off-whiten n and the procedure CREATE will not
~hange the color of nodes being created. In the operation LPA
an off-white node is treated in the same way as a white node.
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C.2 Nodes on the free list should be readily identifiable.

During a collecting phase the GC should turn an off-white
node into a white node. If th~ GC does not do so, then a
released off-white node which does not happen to have an
ancestor in the deque will never be appended to the free list.
But the GC does not want to whiten nodes on the free list
which are supposed to be alw ~ys off -white (cf. Section C.1):
Hence, it is necessary to put a value "f" on the left pointer field
of nodes on the free list so that they are identifiable to the GC.
(Note that the left pointer field of nodes on the free list are
originally not used anyway.) The procedures APPEND and
CREATE should, of course, be modified accordingly for inserting
and deleting f.

D. The garbage collector's alg(lrithm must be modified.

Modifications to the collecting phase algorithm are essentially
discussed in Section C.2. Apprcpriate modifications should also
be done to the marking phase cdgorithm. Since the left son of
NEW can temporarily lead to th:) free list during the middle of
the execution of CREATE, cautil)n must be taken to avoid the
possibility that nodes on the fre e list are blackened by the GC.
Hence the left son of NEW should be treated as a special case
during the marking phase. Furthermore, minor changes on the
marking phase algorithm 'can be made to improve the
performance of the whole par allel system. This has been
addressed in remark 3 of Section 3.3.

We see that after all the modifications indicated above have
been made the sequential systen has been transformed into the
parallel system proposed in this paper.

Appendix II

The Performance of the Parallel System

In Appendix II, we briefly summarize part of the results in
Kung and Song[ 1977], where tile performance of the parallel
system proposed in the present paper is analyzed. The analytic
m10del we use takes account of 1he overheads introduced to the
LP and the GC for the parallE:~! system. We believe that the
results derived from the model can be used successfully to
p.redict the actual performance of the system.

Notation

M = Memory size.

A := Number of active nodes.

x = M / A.

r = rate nodes are released (that is, become garbage) in the
sequential system, when the LP is running

u = rate nodes are used (thai is, removed from the free list)
in the sequential system, when the LP is running.

a = rate operations LPA which may have a white target node
are performed.

~ = a I u.

m == rate nodes are marked by the GC during the marking
phase in the sequential system.

s = rate nodes are scanned during the collecting phase, if no
nodes are appended to the free list.

r' := rate nodes are released during the marking phase of the
parallel system.
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u' = rate nodes are used during the marking phase of the
parallel system

m' = rate nodes are marked by the GC during the marking
phase of the parallel system.

Assumptions

1. The system (sequential or p~lr aile!) is in equilibrium, that is,
the number of active nodes A is constant.

2. (3 and the release and use rates are constant. Thus from
assumption 1 we must have r=lI and r"=u". We will use r or r"
for both use and release rates.

3. Quantities A, m/r, s/m and (J (Ire known.

4. When the LP makes a node to point to some other node, it is
equally likely that any active node can be the target node.

5. Active nodes are released by the LP and become garbage at
random. Thus the probability that an active node is released is
independent of its color.

6. The GC marks all nodes which are active at the beginning of
a marking phase. Clearly with this assumption we overestimate
the marking phase time, the number of "floating nodes" (see
Wadler[1976]), etc. in our at:'aly:,is~ Our results thus are likely
to give lower bounds on the actual performance of the system.

7. We ignore the cost of minor operations such as testing or
coloring a node; but we do include in the analysis the cost of
any deque or free list access.

8. Two physical processors are nlways available for the parallel
system, one for the LP and the other for the GC.

Results

We first consider the sequential system. Suppose that during
the entire computation of a li~-;t processing program, a total
amount of N nodes are to be renloved from the free list. Before
the LP st arts M - A = A (ci--l) nodes are available. The LP runs
until it uses up all the available nodes ~nd then the garbage
collector takes over. Let the len8th of ttie time period when the
LP runs be TL and let the length of the garbage collection time
be TG' If TN is the total time tal"en by the computation, then

Therefore the average time to use a node in the sequential
system is

Clearly, we are interested in minimizing TN/N. It can be
minimized by increasing ci-, that is, by increasing M and thus TL'
Clearly there is a trade-off between time and space.

We now consider the parallel system. Our goal is to derive
formulas for computing the following quantities:

Q1. The minimum oc such trlat the LP will not run out of
space if M is chosen to be ci-A.

Q2. The average time to use a node in the parallel system,

(TN/N)par'

The following useful result is first proved:

m"/r' = mlr,



by which we are able to compute m' and r' in terms of m, rand
(J. (Note that for the parallel !;ystem in general, r' < r due to
the overheads introduced to the LP and m' < m because a node
may be inserted into the deque more than once.) The following
result is obtained:

Theorem A:

Speed-up = (TN/N)seq I (TN/N)par'

Clearly, speed-up is always 5 2, since two processes are
used. Another more useful upper bound can be derived as
follows. Since (TN/N)par ~ l/r,

Speed-up ~ 1 + TG/TL

Speed-up1.8

for any parallel system. Corre!,ponding to Fig. 8, the value of
the speed-up of the parallel sy!,tem is compared to the optimal
speed-up 1 + TG/TL in Fig. 9. We see that the parallel system
performs nearly optimally for large m/r.

a s/m=10) optimar speed-up
+ s/m=10, 13=2
)( s!m=10, (1=4
o s/m=10) (J=6

c s/m 2: 10

If of, = MIA ~ (2m/r + 3 - r 1m) I (2m/r - 1 - 2m/s)

Values of 0(. for which the LP will not run out of space when
M is chosen to be ocA are plotted in Fig. 7.
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fig. 7. The minimum oc such that the
LP will not run out of space if M is
chosen to be o(,A.

After M is chosen so that the LP will not run out of space, we
are interested in knowing whether or not the parallel system
actually executes, the prograrn faster than the sequential
system, and if so, how much faster. (To answer these questiQns
is trivial, since overheads have been introduced to the LP for
the parallel system.) For this purpose, we have to know the
average time to use a node. It is obvious that in any sequential
or parallel system, the avera:::,e time to use a node is ~

(TN/N)opt = l/r. A closed formula for computing (TN/N)p-ar in
terms of m/r, s/m, (J and oc has been obtained. In Fig. 8, we
compare the values of TN/N in the sequential and parallel
systems to the optimal value of 1/r,. assuming that r= 1 and that
the value of oc is given by Fig. 7.

a sequential system, s/m=10
+ parallel system, s/m=10, (J=6
>< parallel system, s!m=10, (J=4
o parallel system, s/m-l0, {J:::a2
A optimal time

1.6 ~e B
~t:t--1E1--1B:t-·"'t19t-fBt----'i3St-BU-eS-e-B~Be-Ie!=l--lB::a--.IlIEi

lO4--~-r------,.-~---r---r---.---Y---r-..--

2 4 6 8 10 12 14 16 18 20
m/r

Fig. 9. Comparing the speed-up of
the parallel system with the optimal
speed-up, assuming that r= 1 and
that the value of 0(, is given by fig.
7.

The analytic results sketched above are mainly obtained by
solving differential 'equations de scribing tbe various transitions
in the parallel system. It is ctssumed implicitly that all the
solutions are differentiable. It is also assumed that the system
is in the perfect eq~ilibrium state, i.e., A, (J, rand u are all
constant in time. These restrictions might lead one to question
the validity of the model. Bec ause of this consider ation, we
have tested the modef by simulcltion in which the time intervals
between consecutive removals from the free list and
consecutive releasing of active; nodes are exponentially
distributed independent random variables with the same mean.
The simulation results are found to be nearly the same as the
results obtained from the analytic model.
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Fig. 8. The average time to use a
node, assuming that r=l and that the
value of 0(. is given by fig. 7.

A useful measure for studyin~ the performance of a parallel
system is its speed-up, which is defined as
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