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Abstract

We introducea newsublinearspacedatastructure—theCount-MinSketch— for summa-
rizing datastreams.Our sketchallowsfundamentalqueriesin datastreamsummarization
suchaspoint,range,andinnerproductqueriesto beapproximatelyansweredveryquickly;
in addition,it canbeappliedto solveseveralimportantproblemsin datastreamssuchas
�nding quantiles,frequentitems,etc.Thetimeandspaceboundsweshowfor usingtheCM
sketchto solvetheseproblemssigni�cantly improvethosepreviouslyknown— typically
from 1="2 to 1=" in factor.

1 Intr oduction

Weconsideravectora, which is presentedin animplicit, incrementalfashion.Thisvectorhasdi-
mensionn, andits currentstateat time t is a(t) = [a1(t), . . . ai(t), . . . , an(t)]. Initially, a is the
zerovector, ai(0) = 0 for all i. Updatesto individualentriesof thevectorarepresentedasastream
of pairs.Thetth updateis (it, ct), meaningthatait(t) = ait(t � 1) + ct, andai0(t) = ai0(t � 1) for
all i0 6= it. At anytime t, a querycallsfor computingcertainfunctionsof interestona(t).

This setupis thedatastreamscenariothathasemergedrecently. Algorithmsfor computingfunc-
tionswithin thedatastreamcontextneedto satisfythefollowing desiderata.First, thespaceused
by thealgorithmshouldbesmall,atmostpoly-logarithmicin n, thespacerequiredto representa
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explicitly. Sincethespaceis sublinearin dataandinput size,thedatastructuresusedby thealgo-
rithmsto representtheinputdatastreamis merelyasummaryÐakaasketchor synopsis[17])Ðof
it; becauseof thiscompression,almostnofunctionthatoneneedstocomputeona canbedonepre-
cisely, sosomeapproximationis provablyneeded.Second,processinganupdateshouldbefastand
simple;likewise,answeringqueriesof a giventypeshouldbefastandhaveusableaccuracyguar-
antees.Typically, accuracyguaranteeswill bemadein termsof apairof userspeci®edparameters,
ε andδ, meaningthattheerrorin answeringaqueryis within a factorof ε with probabilityδ. The
spaceandupdatetimewill consequentlydependonε andδ; ourgoalwill belimit thisdependence
asmuchasis possible.

Manyapplicationsthatdealwith massivedata,suchasInternettraf®c analysisandmonitoringcon-
tentsof massivedatabases,motivatethisone-passdatastreamsetup.Therehasbeenafrenzyof ac-
tivity recentlyin theAlgorithm, DatabaseandNetworkingcommunitiesonsuchdatastreamprob-
lems,with multiple surveys,tutorials,workshopsandresearchpapers.See[12,3,28]for detailed
descriptionof themotivationsdriving thisarea.

In recentyears,severaldifferentsketcheshavebeenproposedin thedatastreamcontextthatal-
low a numberof simpleaggregationfunctionsto beapproximated.Quantitiesfor which ef®cient
sketcheshavebeendesignedincludethe L1 andL2 normsof vectors[2,14,23],the numberof
distinct itemsin a sequence(ie numberof non-zeroentriesin a(t)) [15,18,6],join andself-join
sizesof relations(representableasinner-productsof vectorsa(t), b(t)) [2,1], item andrangesum
queries[20,5]. Thesesketchesareof interestnot simply becausetheycanbeusedto directly ap-
proximatequantitiesof interest,butalsobecausetheyhavebeenusedconsiderablyas“black box”
devicesin orderto computemoresophisticatedaggregatesandcomplexquantities:quantiles[21],
wavelets[20], histograms[29,19],databaseaggregatesandmulti-wayjoin sizes[10], etc. Sketches
thusfar designedaretypically linearfunctionsof their input,andcanberepresentedasprojections
of an underlyingvectorrepresentingthe datawith certainrandomlychosenprojectionmatrices.
Thismeansthatit is easyto computecertainfunctionsondatathatis distributedoversites,by cast-
ing themascomputationson their sketches.So,theyaresuitedfor distributedapplicationstoo.

While sketcheshaveprovedpowerful,theyhavethefollowing drawbacks.

� Althoughsketchesusesmallspace,thespaceusedtypically hasaΩ(1/ε2) multiplicativefactor.
This is discouragingbecauseε = 0.1 or 0.01 is quitereasonableandalready, this factorproves
expensivein space,andconsequently, often,in per-updateprocessingandfunctioncomputation
timesaswell.

� Manysketchconstructionsrequiretime linearin thesizeof thesketchto processeachupdateto
theunderlyingdata[2,21]. Sketchesaretypically a few kilobytesup to a megabyteor so,and
processingthismuchdatafor everyupdateseverelylimits theupdatespeed.

� Sketchesaretypically constructedusinghashfunctionswith strongindependenceguarantees,
suchasp-wiseindependence[2], which canbecomplicatedto evaluate,particularlyfor a hard-
wareimplementation.Oneof thefundamentalquestionsis to whatextentsuchsophisticatedin-
dependencepropertiesareneeded.

� Manysketchesdescribedin theliteraturearegoodfor onesingle,pre-speci®edaggregatecompu-
tation.Giventhat in datastreamapplicationsonetypically monitorsmultiple aggregateson the
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samestream,this calls for usingmanydifferenttypesof sketches,which is a prohibitiveover-
head.

� Knownanalysesof sketcheshidelargemultiplicativeconstantsinsidebig-Ohnotation.

Giventhattheareaof datastreamsis beingmotivatedby extremelyhigh performancemonitoring
applicationsÐeg.,see[12] for responsetimerequirementsfor datastreamalgorithmsthatmonitor
IPpacketstreamsÐthesedrawbacksultimatelylimit theuseof manyknowndatastreamalgorithms
within suitableapplications.

Wewill addressall theseissuesby proposinganewsketchconstruction,whichwecall theCount-
Min, or CM, sketch.Thissketchhastheadvantagesthat:(1) spaceusedis proportionalto 1/ε; (2)
theupdatetimeis signi®cantlysublinearin thesizeof thesketch;(3) it requiresonly pairwiseinde-
pendenthashfunctionsthataresimpleto construct;(4) thissketchcanbeusedfor severaldifferent
queriesandmultipleapplications;and(5)all theconstantsaremadeexplicitandaresmall.Thus,for
theapplicationswediscuss,ourconstructionsstrictly improvethespaceboundsof previousresults
from 1/ε2 to 1/ε andthetimeboundsfrom 1/ε2 to 1, which is signi®cant.

Recently, aΩ(1/ε2) spacelowerboundwasshownfor anumberof datastreamproblems:approxi-
matingfrequencymomentsFk(t) =

∑
k(ai(t))

k, estimatingthenumberof distinctitems,andcom-
puting the Hammingdistancebetweentwo strings[30]. 2 It is an interestingcontrastthat for a
numberof similarseemingproblems(®ndingHeavyHittersandQuantilesin themostgeneraldata
streammodel)weareableto giveanO( 1

ε
) upperbound.Conceptually, CM Sketchalsorepresents

progresssinceit showsthatpairwiseindependenthashfunctionssuf®cefor manyof thefundamen-
tal datastreamapplications.Froma technicalpoint of view, CM Sketchandits analysesarequite
simple.Webelievethatthisapproachmovessomeof thefundamentaldatastreamalgorithmsfrom
thetheoreticalrealmto thepractical.

Our resultshavesometechnicalnuances:

� Theaccuracyestimatesfor individual queriesdependon theL1 normof a(t) in contrastto the
previousworksthatdependontheL2 norm.Thisisaconsequenceof workingwith simplecounts.
Theresultingestimatesareoftennotastight onindividualqueriessinceL2 normis nevergreater
thantheL1 norm.But nevertheless,ourestimatesfor individualqueriessuf®ceto giveimproved
boundsfor theapplicationsherewhereit is desiredto stateresultsin termsof L1.

� Most prior sketchconstructionsreliedon embeddinginto smalldimensionsto estimatenorms.
Forexample,[2] reliesonembeddinginspiredby theJohnson-Lindenstrausslemma[24] for es-
timatingL2 norms.But accurateestimationof theL2 normof astreamrequiresΩ( 1

ε2 ) space[30].
Currently,all datastreamalgorithmsthatrelyonsuchmethodsthatestimateLp normsuseΩ(1/ε2)
space.Oneof the observationsthat underlieour work is while embeddinginto small spaceis
neededfor smallspacealgorithms,it is notnecessarythatthemethodsaccuratelyestimateL2 or
in factanyLp norm,for mostqueriesandapplicationsin datastreams.OurCM Sketchdoesnot
helpestimateL2 normof theinput,however, it accuratelyestimatesthequeriesthatareneeded,

2 Thisboundhasvirtually beenmetfor DistinctItemsby resultsin [4], wherecleveruseof hashingimproves
previousboundsof O( log n

ε2 log 1
δ ) to ~O(( 1

ε2 + logn) log 1
δ ).
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whichsuf®cesfor ourdatastreamapplications.
� Mostdatastreamalgorithmanalysesthusfar havefollowedtheoutlinefrom [2] whereoneuses

ChebyshevandChernoff boundsin successionto boostprobabilityof successaswell astheac-
curacy. Thisprocesscontributesto thecomplexitybounds.Ouranalysisis simpler, relyingonly
on theMarkov inequality. Perhapssurprisingly, in thiswaywegettighter, cleanerbounds.

Theremainderof this paperis asfollows: in Section2 we discussthequeriesof our interest.We
describeour Count-Min sketchconstructionandhow it answersqueriesof interestin Sections3
and4 respectively, andapplyit to anumberof problemsto improvethebestknowncomplexityin
Section5. In eachcase,we stateourboundsanddirectlycompareit with thebestknownprevious
results.

All previouslyknownsketcheshavemanysimilarities.OurCM Sketchliesin thesameframework,
and®ndsinspirationfrom theseprevioussketches.Section6 comparesourresultstopastwork,and
showshow all relevantsketchescanbecomparedin termsof a smallnumberof parameters.This
shouldproveusefulto readersin contrastingthevastnumberof resultsthathaveemergedrecently
in thisarea.Conclusionsarein Section7.

2 Preliminaries

Weconsideravectora, which is presentedin animplicit, incrementalfashion.Thisvectorhasdi-
mensionn, andits currentstateat time t is a(t) = [a1(t), . . . ai(t), . . . an(t)]. Forconvenience,we
shallusuallydropt andreferonly to thecurrentstateof thevector. Initially, a is thezerovector, 0,
soai(0) is 0 for all i. Updatesto individualentriesof thevectorarepresentedasastreamof pairs.
Thetth updateis (it, ct), meaningthat

ait(t) = ait(t � 1) + ct

ai0(t) = ai0(t � 1) i0 6= it

In somecases,ctswill bestrictly positive,meaningthatentriesonly increase;in othercases,ctsare
allowedtobenegativealso.Theformerisknownasthecashregistercaseandthelattertheturnstile
case[28]. Therearetwo importantvariationsof the turnstilecaseto consider:whetherais may
becomenegative,or whethertheapplicationgeneratingtheupdatesguaranteesthatthiswill never
bethecase.Wereferto the®rstof theseasthegeneralcase,andthesecondasthenon-negativecase.
Many applicationsthatusesketchesto computequeriesof interestÐsuchasmonitoringdatabase
contents,analyzingIP traf®c seenin anetworklinkÐguaranteethatcountswill neverbenegative.
However, the generalcaseoccursin importantscenariostoo, for examplein distributedsettings
whereoneconsidersthesubtractionof onevectorfrom another, say.

At any time t, a querycalls for computingcertainfunctionsof intereston a(t). We focuson ap-
proximatinganswersto threetypesof querybasedonvectorsa andb.

� A pointquery, denotedQ(i), is to returnanapproximationof ai.
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� A rangequeryQ(l, r) is to returnanapproximationof
∑r

i= l ai.
� An innerproductquery, denotedQ(a, b) is to approximatea � b =

∑n
i=1 aibi.

Thesequeriesarerelated:arangequeryis asumof pointqueries;bothpointandrangequeriesare
speci®cinnerproductqueries.However, in termsof approximationsto thesequeries,resultswill
vary. Thesearethequeriesthatarefundamentalto manyapplicationsin datastreamalgorithms,
andhavebeenextensivelystudied.In addition,theyareof interestin non-datastreamcontext.For
example,in databases,thepointandrangequeriesareof interestin summarizingthedatadistribu-
tion approximately;andinner-productqueriesallow approximationof join sizeof relations.Fuller
discussionof theseaspectscanbefoundin [16,28].

We will alsostudyuseof thesequeriesto computemorecomplexfunctionson datastreams.As
examples,we will focuson the two following problems.Recallthat jjajj 1 =

∑n
i=1 jai(t)j; more

generally, jjajj p = (
∑n

i=1 jai(t)jp)1/p.

� (φ-Quantiles) Theφ-quantilesof the cardinality jjajj 1 multisetof (integer)valueseachin the
range1 . . . n consistof thoseitemswith rankkφjjajj 1 for k = 0 . . . 1/φ aftersortingthevalues.
Approximationcomesby acceptinganyintegerthatis betweentheitemwith rank(kφ � ε)jjajj 1

andtheonewith rank(kφ + ε)jjajj 1 for somespeci®edε < φ.
� (HeavyHitters) The φ-heavyhittersof a multisetof jjajj 1 (integer)valueseachin the range

1 . . . n, consistof thoseitemswhosemultiplicity exceedsthefractionφ of thetotal cardinality,
i.e.,ai � φjjajj 1. Therecanbebetween0 and 1

φ
heavyhittersin anygivensequenceof items.

Approximationcomesby acceptinganyi suchthatai � (φ � ε)jjajj 1 for somespeci®edε < φ.

Wewill assumetheRAM model,whereeachmachinewordcanstoreintegersuptomaxfjj ajj 1, ng.
Standardwordoperationstakeconstanttimeandsowecountspacein termsof numberof wordsand
we counttime in termsof thenumberof word operations.So,if oneestimatesour spaceandtime
boundsin termsof numberof bitsinstead,amultiplicativefactorlog maxfjj ajj 1, ng is needed.Our
goalis to solvethequeriesandtheproblemsaboveusingasketchdatastructure,thatis usingspace
andtime signi®cantlysublinearÐpolylogarithmicÐininput sizen andjjajj 1. All our algorithms
will beapproximateandprobabilistic;theyneedtwo parameters,ε andδ, meaningthattheerrorin
answeringa queryis within a factorof ε with probabilityδ. Both theseparameterswill affect the
spaceandtime neededby our solutions.Eachof thesequeriesandproblemshasa rich historyof
work in thedatastreamarea.We refer thereadersto surveys[28,3], tutorials[16], aswell asthe
generalliterature.

3 Count-Min Sketches

Wenowintroduceourdatastructure,theCount-Min,or CM, sketch.It is namedafterthetwo basic
operationsusedto answerpointqueries,counting®rstandcomputingtheminimumnext.Weusee
to denotethebaseof thenaturallogarithmfunction,ln.
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Fig. 1. Eachitem i is mappedto onecell in eachrow of thearrayof counts:whenanupdateof ct to item i t
arrives,ct is addedto eachof thesecells

DataStructure. A Count-Min(CM)sketchwith parameters(ε, δ) is representedbyatwo-dimensional
arraycountswith width w anddepthd: count[1, 1] . . . count[d, w]. Given parameters(ε, δ), set
w = de

ε
eandd = dln 1

δ
e. Eachentryof thearrayis initially zero.Additionally, d hashfunctions

h1 . . . hd : f 1 . . . ng ! f 1 . . . wg

arechosenuniformly at randomfrom apairwise-independentfamily.

UpdateProcedure. Whenanupdate(it, ct) arrives,meaningthatitemait isupdatedbyaquantity
of ct, thenct is addedto onecountin eachrow; thecounteris determinedby hj. Formally, set81 �
j � d

count[j, hj(it)]  count[j, hj(it)] + ct

Thisprocedureis illustratedin Figure1.

Thespaceusedby Count-Minsketchesis thearrayof wd counts,whichtakeswd words,andd hash
functions,eachof whichcanbestoredusing2 wordswhenusingthepairwisefunctionsdescribed
in [27].

4 Approximate Query Answering Using CM Sketches

Foreachof thethreequeriesintroducedin Section2: Point,Range,andInnerProductqueries,we
showhow theycanbeansweredusingCount-Minsketches.

4.1 PointQuery

We®rst showtheanalysisfor pointqueriesfor thenon-negativecase.

Estimation Procedure. Theanswerto Q(i) is givenby âi = minj count[j, hj(i)].
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Theorem 1 Theestimatêai hasthefollowing guarantees:ai � âi; and,with probability at least
1 � δ,

âi � ai + εjjajj 1.

PROOF. We introduceindicatorvariablesIi,j,k, which are1 if (i 6= k) ^ (hj(i) = hj(k)), and0
otherwise.By pairwiseindependenceof thehashfunctions,then

E(Ii,j,k) = Pr[hj(i) = hj(k)] � 1/ range(hj) =
ε

e
.

De®nethevariableXi,j (randomover thechoicesof hi) to beXi,j =
∑n

k=1 Ii,j,k ak. Sinceall ai

arenon-negativein this case,Xi,j is a non-negativevariable.By construction,count[j, hj(i)] =
ai + Xi,j. So,clearly, min count[j, hj(i)] � ai. For theotherdirection,observethat

E(Xi,j) = E

(
n∑

k=1

Ii,j,kak

)
�

n∑

k=1

akE(Ii,j,k) �
ε

e
jjajj 1

by pairwiseindependenceof hj, andlinearityof expectation.By theMarkov inequality,

Pr[âi > ai + εjjajj 1] = Pr[8j. count[j, hj(i)] > ai + εjjajj 1]

= Pr[8j. ai + Xi,j > ai + εjjajj 1]

= Pr[8j. Xi,j > eE(Xi,j)] < e� d � δ

Thetime to producetheestimateis O(ln 1
δ
) since®ndingtheminimumcountcanbedonein linear

time; the sametime boundholdsfor updates.The constante is usedhereto minimize the space
used:moregenerally, we cansetw = ε/b andd = logb

1
δ

for anyb > 1 to get thesameaccuracy
guarantee.Choosingb = e minimizesthespaceused,sincethis solvesd(wd)

db
= 0, giving a cost

of (2 + e
ε
) ln 1

δ
words.For implementations,it maybepreferableto useother(integer)valuesof

b for simplercomputationsor fasterupdates.Note that for valuesof ai thatarelarge relativeto
jjajj 1, theboundin termsof εjjajj 1 canbetranslatedinto a relativeerror in termsof ai. This has
implicationsfor certainapplicationswhichrely onretrievinglargevalues,suchaslargewaveletor
Fourierco-ef®cients.

Thebestknownpreviousresultusingsketcheswasin [5]: theresketcheswereusedto approximate
pointqueries.Resultswerestatedin termsof thefrequenciesof individual items.Forarbitrarydis-
tributions,thespaceusedis O( 1

ε2 log 1
δ
), andthedependencyon ε is 1

ε2 in everycaseconsidered.
A signi®cantdifferencebetweenCM sketchesandpreviouswork comesin theanalysis:

� All prior analysesof sketchstructurescomputethevarianceof their estimatorsin orderto ap-
ply theChebyshevinequality, whichbringsthedependencyonε2. Directly applyingtheMarkov
inequalityyieldsamoredirectanalysiswhichdependsonly onε. Practitionersmayhavediscov-
eredthat lessthanO( 1

ε2
) spaceis neededin practice:here,we give proof of why this is soand

thetighterbound.
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� Becauseonly positivequantitiesareaddedto thecountersthenit is possibleto taketheminimum
insteadof themedianfor theestimate.Thisallowsasimplecalculationof thefailureprobability,
without recourseto Chernoff bounds.This signi®cantlyimprovestheconstantsinvolved:in [5]
for example,the constantfactorswithin the big-Ohnotationis at least256; here,the constant
factoris lessthan3.

� Theerrorboundhereis one-sided,asopposedtoall previousconstructionswhichgavetwo-sided
errors.Thisbringsbene®tsfor manyapplicationswhich usesketches.

In Section6weshowhowall existingsketchconstructionscanbeviewedasvariationsof acommon
procedure.Thisemphasizestheimportanceof ourattemptto ®nd thesimplestsketchconstruction
which hasthe bestguaranteesandsmallestconstants.A similar resultholdswhenentriesof the
implicit vectora maybenegative,which is thegeneralcase.

Estimation Procedure. This time Q(i) is answeredwith âi = medianj count[j, hj(i)].

Theorem 2 With probability1 � δ1/4,

ai � 3εjjajj 1 � âi � ai + 3εjjajj 1.

PROOF. ObservethatE(jcount[j, hj(i)] � aij) � ε
e
jjajj 1, andsotheprobabilitythatanycountis

off by morethan3εjjajj 1 is lessthan 1
8. Applying Chernoff boundstells usthat theprobabilityof

themedianof ln 1
δ

copiesof thisprocedurebeingwrongis lessthanδ1/4.

Thetimeto producetheestimateis O(ln 1
δ
) andthespaceusedis (2+ e

ε
) ln 1

δ
words.Thebestprior

resultfor this problemwasthemethodof [5]. Again, thedependenceon ε hereis improvedfrom
1/ε2 to 1/ε. By avoidinganalyzingthevarianceof theestimator, againtheanalysisis simpli®ed,
andtheconstantsaresigni®cantlysmallerthanin previousworks.

4.2 InnerProductQuery

Estimation Procedure. Set( ̂a � b)j =
∑w

k=1 counta [j, k]� countb[j, k]. Ourestimationof Q(a, b)

for non-negativevectorsa andb is ̂a � b = minj( ̂a � b)j.

Theorem 3 a � b � ̂a � b and,with probability1 � δ, ̂a � b � a � b + εjjajj 1jjbjj 1.

PROOF.
( ̂a � b)j =

n∑

i=1

aibi +
∑

p6= q,hj(p)= hj (q)

apbq
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Clearly, a � b � ̂a � bj for non-negativevectors.By pairwiseindependenceof h,

E( ̂a � bj � a � b) =
∑

p6= q

Pr[hj(p) = hj(q)]apbq �
∑

p6= q

εapbq

e
�

εjjajj 1jjbjj 1

e

So,by theMarkov inequality, Pr[ ̂a � b � a � b > εjjajj 1jjbjj 1] � δ, asrequired.

Thespaceandtimeto producetheestimateis O( 1
ε
log 1

δ
). Updatesareperformedin timeO(log 1

δ
).

Notethat in thespecialcasewherebi = 1, andb is zeroat all otherlocations,thenthis procedure
is identicalto theaboveprocedurefor point estimation,andgivesthesameerrorguarantee(since
jjbjj 1 = 1). A similar resultholdsin the generalcase,wherevectorsmayhavenegativeentries.
Takingthemedianof ( ̂a � b)j wouldgiveaguaranteedgoodqualityapproximation;however, we
do not know of anyapplicationwhich makesuseof innerproductsof suchvectors,sowe do not
givethefull detailshere.Wenextconsidertheapplicationof inner-productcomputationtoJoinsize
estimation,wherethevectorsgeneratedhavenon-negativeentries.

Join sizeestimationis importantin databasequeryplannersin orderto determinethe bestorder
in which to evaluatequeries.Thejoin sizeof two databaserelationson a particularattributeis the
numberof itemsin thecartesianproductof thetwo relationswhichagreethevalueof thatattribute.
We assumewithout lossof generalitythatattributevaluesin therelationareintegersin therange
1 . . . n. We representtherelationsbeingjoinedasvectorsa andb sothat thevaluesai represents
thenumberof tupleswhichhavevaluei in the®rst relation,andbi similarly for thesecondrelation.
Thenclearlya� b is thejoin sizeof thetworelations.Usingsketchesallowsestimatestobemadein
thepresenceof itemsbeinginsertedto anddeletedfrom relations.Thefollowing corollaryfollows
from theabovetheorem.

Corollary 1 TheJoin sizeof two relationson a particular attribute can be approximatedup to
εjjajj 1jjbjj 1 with probability1 � δ, bykeepingspaceO( 1

ε
log 1

δ
).

Previousresultshaveusedthe“tug-of-war” sketches[1]. However, heresomecareis neededin the
comparisonof thetwo methods:theprior work givesguaranteesin termsof theL2 normof theun-
derlyingvectors,with additiveerrorof εjjajj 2jjbjj 2; here,theresultis in termsof theL1 norm.In
somecases,theL2 normcanbequadraticallysmallerthantheL1 norm.However, whenthedis-
tributionof itemsis non-uniform,for examplewhencertainitemscontributea largeamountto the
join size,thenthetwo normsarecloser, andtheguaranteesof theCM sketchmethodis closerto the
existingmethod.As before,thespacecostof previousmethodswasΩ( 1

ε2 ), sothereis asigni®cant
spacesavingto behadwith CM sketches.

4.3 RangeQuery

De®neχ(l, r) to be thevectorof dimensionn suchthatχ(l, r)i = 1 ( ) l � i � r, and0
otherwise.ThenQ(l, r) canstraightforwardlybere-posedasQ(a, χ(l, r)). However, thismethod

9



hastwodrawbacks:®rst,theerrorguaranteeis in termsof jjajj1jjχ(l, r)jj 1 andthereforelargerange
sumshaveanerrorguaranteewhich increaseslinearlywith thelengthof therange;andsecond,the
timecostto directlycomputethesketchfor χ(l, r) dependslinearlyin thelengthof therange,r � l.
In fact,it is clearthatcomputingrangesumsin thiswayusingoursketchesis notmuchdifferentto
simplycomputingpointqueriesfor eachitemin therange,andsummingtheestimates.Onewayto
avoidthetime complexityis to userange-sumrandomvariablesfrom [20] to quickly determinea
sketchof χ(l, r), but thatis expensiveandstill doesnot overcomethe®rst drawback.Instead,we
adopttheuseof dyadicrangesfrom[21]: adyadicrangeisarangeof theform [x2y+1 . . . (x+1)2y]
for parametersx andy.

Estimation Procedure. Keeplog2 n CM sketches,in orderto answerrangequeriesQ(l, r) ap-
proximately. Any rangequerycanbereducedto at most2 log2 n dyadicrangequeries,which in
turn caneachbereducedto a singlepoint query. Eachpoint in therange[1 . . . n] is a memberof
log2 n dyadicranges,onefor eachy in therange0 . . . log2(n) � 1. A sketchis keptfor eachsetof
dyadicrangesof length2y, andupdateeachof thesefor everyupdatethatarrives.Then,givena
rangequeryQ(l, r), computetheatmost2 log2 n dyadicrangeswhichcanonicallycovertherange,
andposethatmanypointqueriesto thesketches,returningthesumof thequeriesastheestimate.

Example1 For n = 256, therange[48, 107] is canonicallycoveredbythenon-overlappingdyadic
ranges[48 . . . 48], [49 . . . 64], [65 . . . 96], [97 . . . 104], [105 . . .106], [107 . . .107].

Let a[l, r] =
∑r

i= l ai be the answerto the queryQ(l, r) andlet â[l, r] be the estimateusingthe
procedureabove.

Theorem 4 a[l, r] � â[l, r] andwith probabilityat least1 � δ,

â[l, r] � a[l, r] + 2ε log njjajj 1.

PROOF. Applyingtheinequalityof Theorem1,thena[l, r] � â[l, r]. Considereachestimatorused
to form â[l, r]; theexpectationof theadditiveerrorfor anyof theseis 2 log n ε

e
jjajj 1, by linearityof

expectationof theerrorsof eachpointestimate.Applying thesameMarkovinequalityargumentas
before,theprobability that this additiveerror is morethan2ε lognjjajj 1 for anyestimatoris less
than 1

e
; hence,for all of themtheprobabilityis atmostδ.

Thetimetocomputetheestimateor tomakeanupdateisO(log(n) log 1
δ
). ThespaceusedisO( log(n)

ε
log 1

δ
).

Theabovetheoremstatestheboundfor thestandardCM sketchsize.Theguaranteewill bemore
usefulwhenstatedwithout termsof log n in theapproximationbound.Thiscanbechangedby in-
creasingthesizeof thesketch,which is equivalentto rescalingε. In particular, if we wantto esti-
matea rangesumcorrectup to ε0jjajj 1 with probability1 � δ thensetε = ε0

2 log n
. Thespaceused

is O( log2(n)
ε0 log 1

δ
). An obviousimprovementof this techniquein practiceis to keepexactcounts

for the®rst few levelsof thehierarchy, wherethereareonly asmallnumberof dyadicranges.This
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improvesthespace,timeandaccuracyof thealgorithmin practice,althoughtheasymptoticbounds
areunaffected.

For smallerranges,rangesthatarepowersof 2, or moregenerally, any rangewhosesizecanbe
expressedin binaryusingasmallnumberof 1s,thenimprovedboundsarepossible;wehavegiven
theworstcaseboundsabove.

Oneway to computeapproximaterangesumsis via approximatequantiles:useanalgorithmsuch
as[25,22] to ®nd theε quantilesof thestream,andthencounthow manyquantilesfall within the
rangeof interestto give anO(ε) approximationof therangequery. Suchanapproachhasseveral
disadvantages:(1) Existingapproximatequantilemethodswork in thecashregistermodel,rather
thanthemoregeneralturnstilemodelthatour solutionswork in. (2) The time costto updatethe
datastructurecanbehigh,sometimeslinearin thesizesizeof thestructure.(3) Existingalgorithms
assumesingleitemsarriving oneby one,so they do not handlefractionalvaluesor large values
beingadded,which canbeeasilyhandledby sketch-basedapproaches.(4) Theworstcasespace
bounddependsonO( 1

ε
log jj a jj 1

ε
), whichcangrow inde®nitely. Thesketchbasedsolutionworksin

®xedspacethatis independentof jjajj1.

The bestpreviousboundsfor this problemin the turnstilemodelaregiven in [21], whererange
queriesareansweredby keepingO(log n) sketches,eachof sizeO( 1

ε02 log(n) log log n
δ

) to give ap-

proximationswith additiveerrorεjjajj 1 with probability1� δ0.ThusthespaceusedthereisO( log2 n
ε02 log log n

δ
)

andthetime for updatesis linear in thespaceused.TheCM sketchimprovesthespaceandtime
bounds;it improvestheconstantfactorsaswell astheasymptoticbehavior. Thetimeto processan
updateis signi®cantlyimproved,sinceonly a few entriesin thesketcharemodi®ed,ratherthana
linearnumber.

5 Applications of Count-Min Sketches

By usingCM sketches,we showhow to improvebestknowntime andspaceboundsfor the two
problemsfrom Section2.

5.1 Quantilesin theTurnstileModel

In [21] theauthorsshowedthat®ndingtheapproximateφ-quantilesof thedatasubjectto insertions
anddeletionscanbereducedto theproblemof computingrangesums.Putsimply, thealgorithm
is to do binarysearchesfor ranges1 . . . r whoserangesuma[1, r] is kφjjajj 1 for 1 � k � 1

φ
� 1.

Themethodof [21] usesRandomSubsetSumsto computerangesums.By replacingthisstructure
with Count-Minsketches,theimprovedresultsfollow immediately. By keepinglog n sketches,one
for eachdyadicrangeandsettingtheaccuracyparameterfor eachto beε/ log n andtheprobability
guaranteeto δφ/ log(n), theoverallprobabilityguaranteefor all 1/φ quantilesis achieved.
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Theorem 5 ε-approximateφ-quantilescanbefoundwith probability at least1 � δ by keepinga
data structure with spaceO( 1

ε
log2(n) log( log n

φδ
)). Thetime for eachinsert or deleteoperationis

O(log(n) log( log n
φδ

)), andthetimeto �nd eachquantileondemandis O(log(n) log( log n
φδ

)).

ChoosingCM sketchesoverRandomSubsetSumsimprovesboth thequerytime andtheupdate
timefromO( 1

ε2 log2(n) log log n
εδ

), by afactorof morethan34
ε2 log n. Thespacerequirementsarealso

improvedby a factorof at least34
ε

.

It is illustrative to contrastour boundswith thosefor the problemin the weakerCashRegister
Modelwhereitemsareonly inserted(recallthatin ourstrongerTurnstilemodel,itemsaredeletedas
well). Thepreviouslybestknownspaceboundsfor ®ndingapproximatequantilesis O(1

ε
(log2 1

ε
+

log2 log 1
δ
)) spacefor arandomizedsamplingsolution[25] andO( 1

ε
log(εjjajj 1)) spacefor adeter-

ministicsolution[22]. Theseboundsarenotcompletelycomparable,butourresultis the®rstonthe
morepowerfulTurnstilemodelto becomparableto theCashRegistermodelboundsin theleading
1/ε term.

5.2 HeavyHitters

We considerthis problemin both the cashregistermodel(meaningthatall updatesarepositive)
andthemorechallengingturnstilemodel(whereupdatesarebothpositiveandnegative,with the
restrictionthatcountof anyitem is neverlessthanzero,i.e.,ai(t) � 0.).

CashRegisterCase. It ispossibletomaintainthecurrentvalueof jjajj 1 throughout,sincejja(t)jj 1 =∑t
i=1 ci. On receivingitem (it, ct), updatethesketchasbeforeandposepoint queryQ(it): if esti-

matêait isabovethethresholdof φjja(t)jj 1, it isaddedtoaheap.Theheapiskeptsmallbychecking
thatthecurrentestimatedcountfor theitemwith lowestcountisabovethreshold;if not,it isdeleted
from theheapasin [5]. At theendof theinput,theheapis scanned,andall itemsin theheapwhose
estimatedcountis still aboveφjjajj 1 areoutput.

Theorem 6 Theheavyhitterscanbefoundfromaninsertsonlysequenceof lengthjjajj 1, byusing
CM sketcheswith spaceO( 1

ε
log jj a jj 1

δ
), and time O(log jj a jj 1

δ
) per item.Everyitem which occurs

with countmorethanφjjajj 1 timeis output,andwith probability1 � δ, no itemwhosecountis less
than(φ � ε)jjajj 1 is output.

PROOF. Thisprocedurereliesonthefact thatthethresholdvalueincreasesmonotonically:there-
fore, if anitemdid notpassthethresholdin thepast,it cannotdosoin thefuturewithout its count
increasing.By checkingtheestimatedvalueeverytime anitemsvalueincreases,no heavyhitters
will beomitted.By theone-sidederrorguaranteeof sketches,everyheavyhitter is includedin the
output,but thereis somepossibility of including non-heavyhittersin the output.To do this, the
parameterδ is scaledto ensurethatover all jjajj 1 queriesposedto thesketch,theprobabilityof
mistakenlyoutputtinganinfrequentitem is boundedby 1 � δ, usingtheunionbound.
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Wecancompareourresultsto thebestknownpreviouswork.Thealgorithmin [5] solvesthisprob-
lemusingCountsketchesin worstcasespaceO( 1

ε2 log jj a jj 1
δ

), whichwestrictly improvehere.A ran-
domizedalgorithmgivenin [26] hasexpectedspacecostO( 1

ε
log 1

φδ
), slightly betterthanourworst

casespaceusage.Meanwhile,a deterministicalgorithmin thesamepapersolvestheproblemin
worstcasespaceO(1

ε
log jj a jj 1

ε
). However, for bothalgorithmsin [26] thetime costof processing

eachinsertioncanbehigh (Ω( 1
ε
)): periodically, thereareoperationswith costlinear in thespace

used.For highspeedapplications,ourworstcasetimeboundmaybepreferable.

Turnstile Case. We adoptthesolutiongiven in [8], which describesa divide andconquerpro-
cedureto ®nd the heavyhitters.This keepssketchesfor computingrangesums:log n different
sketches,onefor eachdifferentdyadicrange.Whenanupdate(it, ct) arrives,theneachof these
is updatedasbefore.In orderto ®nd all theheavyhitters,aparallelbinarysearchis performed,de-
scendingonelevel of thehierarchyat eachstep.Nodesin thehierarchy(correspondingto dyadic
ranges)whoseestimatedweightexceedsthethresholdof (φ+ε)jjajj 1 aresplit into two ranges,and
investigatedrecursively. All singleitemsfoundin thiswaywhoseapproximatedcountexceedsthe
thresholdareoutput.

We insteadmustlimit thenumberof itemsoutputwhosetruefrequencyis lessthanthefractionφ.
This is achievedby settingtheprobabilityof failure for eachsketchto be δφ

2 log n
. This is because,

at eachlevel thereareat most1/φ itemswith frequencymorethanφ. At mosttwice this number
of queriesaremadeateachlevel, for all of the log n levels.By scalingδ like thisandapplyingthe
unionboundensuresthat,overall thequeries,thetotal probabilitythatanyone(or more)of them
overestimatedby morethana fractionε is boundedby δ, andso theprobability thateveryquery
succeedsis 1 � δ. It follows that

Theorem 7 Thealgorithm usesspaceO( 1
ε
log(n) log

(
2 log(n)

δφ

)
), and timeO(log(n) log

(
2 log n

δφ

)
)

perupdate.Everyitemwith frequencyat least(φ+ ε)jjajj 1 is output,andwith probability1 � δ no
itemwhosefrequencyis lessthanφjjajj 1 is output.

Thepreviousbestknownboundappearsin [8], wherea non-adaptivegrouptestingapproachwas
described.Here,thespaceboundsagreeasymptoticallybut havebeenimprovedin constantfac-
tors;a further improvementis in thenatureof theguarantee:previousmethodsgaveprobabilistic
guaranteesaboutoutputtingtheheavyhitters.Here,thereis absolutecertaintythat this procedure
will ®nd andoutputeveryheavyhitter, becausetheCM sketchesneverunderestimatecounts,and
strongguaranteesaregiventhatno non-heavyhitterswill beoutput.This is oftendesirable.

In somesituationsin practice,it is vital thatupdatesareasfastaspossible,andhereupdatetimecan
beplayedoff againstsearchtime: rangesbasedonpowersof two canbereplacedwith anarbitrary
branchingfactork, whichreducesthenumberof levelsto logk n, at theexpenseof costlierqueries
andweakerguaranteeson outputtingnon-heavyhitters.

5.2.0.1 Hierar chical Heavy Hitters A generalizationof this problemis ®nding Hierarchical
HeavyHitters[7], whichassumesthattheitemsareleavesin ahierarchyof depthh. Herethegoal
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is to®ndall nodesin thehierarchywhichareheavyhitters,afterdiscountingthecontributionofany
descendentheavyhitter nodes. Usingour CM sketch,thecostof thesolutiongiven in [7] for the
turnstilemodelcanbeimprovedfrom O( h

ε2 log 1
δ
) spaceandtime perupdateto O(h

ε
log 1

δ
) space

andO(h log 1
δ
) timeperupdate.

6 Comparisonof SketchTechniques

Wegiveacommonframeworktosummarizeknownsketchconstructions,andcomparethetimeand
spacerequirementsfor eachof thefundamentalqueriesÐpoint,rangeandinnerproductsÐusing
them.

Hereis a brief summaryof knownsketchconstructions.The®rst sketchconstructionwasthatof
Alon, MatiasandSzegedy[2], whosetug-of-warsketchesarecomputedusing4-wiserandomhash
functionsgj mappingitemsto f +1, � 1g. The jth entryof thesketch,which is a vectorof length
O( 1

ε2 log 1
δ
), isde®nedtobe

∑
ai � gj(i), whichiseasytomaintainunderupdates.Thisstructurewas

appliedto ®ndinginnerproductsin [1,20]where,in ournotation,it wasshownthatit is possibleto
computeinnerproductswith additiveerror� εjjajj 2jjbjj 2. In [20], theauthorsusethesesketchesto
computelargewaveletcoef®cients.In particular, theyshowhowthestructureallowspointqueries
to becomputedupto additiveerrorof � εjjajj 2. TheyalsocomputerangesumsQ(l, r): hererange-
summablerandomvariablesareusedto computethe sumsef®ciently, but this incursa factor of
O(log n) additionaltime andspaceto computethese.Also notethatheretheerrorguaranteesare
muchworsefor largeranges:ε(r � l + 1)jjajj 1.

For point queriesonly, thenpairwiseindependencesuf®cesfor tug-of-warsketches,asobserved
by [5]. Theseauthorsadditionallyuseda secondhashsetof hashfunctions,hj, to spreadout the
effect of high frequencyitemsin their CountSketch. For point queries,this givesthesamespace
bounds,but an improvedtime boundto O(log 1

δ
) for updatingthesketch3 . Randomsubsetsums

wereintroducedin [21] in orderto computepoint queriesandrangesums.Here,2-universalhash
functions4 hj mapitemsto f 0, 1g, andthejth entryof thesketchis maintainedas

∑n
i=1 ai � hj(i).

The asymptoticspaceandtime boundsfor differenttechniquesin termsof their dependenceon
epsilonaresummarizedin Figure2.

All of theabovesketchingtechniques,andtheonewhich we proposein this paper, canall bede-
scribedin acommonway. Firstly, theycanall beviewedaslinearprojectionsof thevectora with
appropriatelychosenrandomvectors,butmorethanthis,thecomputationof theselinearprojections
is verysimilarbetweenall methods.De®neasketchto beatwo dimensionalarrayof dimensionw
by d. Let h1 . . . hd be pairwiseindependenthashfunctionsmappingfrom f 1 . . . ng to f 1 . . . wg,

3 We observethat the sameidea,of replacingthe averagingof O( 1
ε2 ) copiesof an estimatorwith a 2-

universalhashfunction distributing to O( 1
ε2 ) bucketscan also reducethe updatetime for ªtug-of-warº

sketchesandsimilarconstructionsto O(log 1
δ ).

4 In [21] theauthorsusea3-wiseindependenthashfunctionontof 0; 1g, chosenbecauseit is easyto com-
pute,butpairwisesuf�ces.
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Method Query Space Update Query Randomness

Time Time Needed

Tug-of-war[1] Inner-product 1/ε2 1/ε2 1/ε2 4-wise

Tug-of-war[20] Point log(n)/ε2 log(n)/ε2 log(n)/ε2 4-wise

Range log(n)/ε2 log(n)/ε2 log(n)/ε2 4-wise

Randomsubset-sums[21] Range log2(n)/ε2 log2(n)/ε2 log2(n)/ε2 Pairwise

Countsketches[5] Point 1/ε2 1 1 Pairwise

Count-Minsketches Point 1/ε 1 1 Pairwise

(thispaper) Inner-product 1/ε 1 1/ε Pairwise

Range log(n)/ε log(n) log(n)/ε Pairwise

Fig.2.Comparisonof differentspaceandtimerequirementsof sketchingmethods:thedependencyon" and
n is shown,a factorof O(log 1

δ ) appliesto eachentryandis omitted.

andlet g1 . . . gd beanotherhashfunctionwhoserangeandrandomnessvariesfrom constructionto
construction.The(j, k)th entryof thesketchis de®nedto be

∑

i:hk(i)= j

ai � gk(i)

Thecontentsof thesketchfor eachof theabovetechniquesis speci®edby theparametersw, d, and
g; methodsof answeringqueriesusingthe sketchvary from techniqueto technique.The update
time for eachsketchis O(d) computationsof g andh, andthespacerequirementis dominatedby
theO(wd) counters,providedthatthehashfunctionscanbestoredef®ciently.

� Tugof warsketcheshavew = 1, d = O( 1
ε2 log(1

δ
)), g(i) is f +1, � 1g with 4-wiseindependence.

� Countsketcheshavew = O( 1
ε2 ), d = O(log(1

δ
)), g(i) is f +1, � 1g with 2-wiseindependence.

� RandomSubsetsumshavew = 2, d = 24
ε2 log(1

δ
), g(i) is 1.

� Count-Minsketcheshavew = e
ε
, d = ln(1

δ
), g(i) = 1.

Webrie�y mentionsomeotherwell-knownsketchconstructions,andexplainwhy theyarenotap-
propriatefor thequerieswe studyhere.[14] gavea sketchconstructionfor computingtheL1 dif-
ferencebetweenvectors.It extendsthetug-of-warconstruction,thetechnicalcontributionbeinga
demonstrationof howto computerangesumsof 4-wiserandomvariablesef®ciently. Indyk [23] pi-
oneeredtheuseof stabledistributionsin sketchcomputations,againin orderto computeLp norms
of vectorspresentedasasequenceof updates.However, all thesenormcomputationsdonotdirectly
answerthethreequerytypesweconsiderhere.Lastly, wenotethatourCount-Minsketchesappear
similar in outline to boththeuniscanalgorithmdueto Fanget al [13] andtheparallelmultistage
®ltersof EstanandVarghese[11]. Ourconstructiondiffersfor thefollowing reasons:(1) thesestruc-
turesarenot sketches:theydo not approximateanyvalue,but insteadreturnonly a binaryanswer
aboutwhetheranitemhasexceededacertainnumericthreshold;(2) thealgorithmsusedrequireup-
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datesto beonly positive;and(3) theanalysisdoesnot consideranylimited independenceneeded
for thehashfunctions,in contrastto CM sketches,whichrequireonly pairwiseindependence.The
methodsin [13,11] assuchseemsto usefully independenthashfunctionswhich is prohibitive in
principle.

7 Conclusions

WehaveintroducedtheCount-Minsketch,andshownhowtoestimatefundamentalqueriessuchas
point,rangeor innerproductqueriesaswell assolvemoresophisticatedproblemssuchasquantiles
andheavyhitters.Thespaceand/ortime boundsof our solutionsimprovepreviouslybestknown
boundsfor theseproblems.Typically theimprovementis from 1/ε2 factorto 1/ε which is signif-
icant in realapplications.Our CM sketchis quitesimple,andis likely to ®nd manyapplications,
includingin hardwaresolutionsfor theseproblems.

Wehaverecentlyappliedtheseideasto theproblemof changedetectionondatastreams[9], andwe
alsobelievethatit canbeappliedto improvethetime andspaceboundsfor constructingapproxi-
matewaveletandhistogramrepresentationsof datastreams[19]. Also, theCM Sketchcanalsobe
naturallyextendedto solveproblemson streamsthatdescribemultidimensionalarraysratherthan
theunidimensionalarrayproblemswehavediscussedsofar.

OurCM sketchis noteffectivewhenonewantsto computethenormsof datastreaminputs.These
haveapplicationsto computingcorrelationsbetweendatastreamsandtrackingthenumberof dis-
tinct elementsin streams,bothof which areof greatinterest.It is anopenproblemto designex-
tremelysimple,practicalsketchessuchasourCM Sketchfor estimatingsuchcorrelationsandmore
complexdatastreamapplications.
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