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Abstract

To better understand Best Fit, researchers then turned
their attention to the skewed distributions U (0; a) where
the item sizes are independent random variables uniform
over the interval [0; a] for some a strictly less than one.1
For these distributions, the optimal packing is perfect in the
sense that limn!1 E (OPT (Ln )=(a1 + a2 +   + an )) = 1.
Therefore the expected asymptotic performance ratio of
Best Fit is strictly greater than 1 if and only if the waste
grows linearly in the number of items. Based on experimental evidence, it was conjectured that for all skewed distributions U (0; a) the growth of the waste was linear [5, 1].

We prove that Best Fit bin packing has linear waste on
the discrete distribution U fj; k g (where items are drawn
uniformly from the set f1=k; 2=3;    ; j=k g) for sufficiently
large k when j = k and 0:66  < 2=3. Our results
extend to continuous skewed distributions, where items are
drawn uniformly on [0; a], for 0:66  a < 2=3. This implies that the expected asymptotic performance ratio of Best
Fit is strictly greater than 1 for these distributions.

The discrete distributions U fj; k g were introduced in [4]
in the hope of gaining insight into the continuous case.
Under distribution U fj; k g, items are drawn independently
and uniformly from the set f1=k; 2=k; : : :; j=k g. The distributions U fj; k g approximate the continuous distribution
U (0; a) if one sets j = ak and lets k go to infinity. Note that
U fj; kg can equivalently be thought of as the bins having
capacity k and the item sizes being uniformly distributed
on the integers f1; : : : ; j g; we generally use this formulation. Thanks to extensive experimental work [4, 6], several extreme cases have been analyzed under U fj; k g: when
j = k ; 1, the expected waste is (n1=2 log k) [4]; when
j = k ;2, the expected waste is O(1) [9] (a result which can
also be extended to First
p Fit [2]); and the expected waste is
also O(1) when j  2k + 2:25 ; 1:5 [4]. The only case
where the expected waste of Best Fit was proven to be linear
was for the two distributions U f8; 11g and U f9; 12g [6].
Unfortunately, none of these results gave any information
about the continuous distributions U (0; a).

1 Introduction
1.1 Background and results
In the bin packing problem, one is given a sequence

Ln = a1 ; : : : ; an 2 (0; 1] of items and asked to pack them

into bins of unit capacity so as to minimize the number of
bins used. This problem is well known to be NP-hard, and
a vast literature has developed around the design and analysis of efficient approximation algorithms for it. The most
widely studied among these is the Best Fit algorithm, in
which the items are packed on-line, with each successive
item going into a partially filled bin with the smallest residual capacity large enough to accommodate it; if no such bin
exists, a new bin is started.
Best Fit was first analyzed in the worst case in 1974
in [7], where it was proved that the number of bins used
is always within a factor 1.7 of optimal, so that the asymptotic performance ratio of Best Fit is 1.7. For the uniform
distribution on [0; 1], the expected asymptotic performance
ratio of Best Fit is 1, and more precisely the expected waste
of Best Fit is (n1=2 log3=4 n) [14, 10]. The waste is the
total unused space, i.e. the difference between the number
of bins used and the sum of the sizes of all the items.

In this paper, we first study the discrete distributions

U fj; kg and prove that Best Fit has linear waste when k
is large enough and 0:66k < j < (2=3)k . We then pro-

ceed to prove our main result: Best Fit has linear waste for
the continuous distributions U (0; a) with 0:66  a < 2=3.
This work therefore provides the first proof of linear waste
for Best Fit under skewed continuous distributions.
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1.2 Proof techniques

ment. The result for discrete distributions cannot be applied
directly to continuous distributions by simply letting k go to
infinity, because when bin sizes are scaled to 1, our discrete
result shows that s1 , the number of bins with remaining capacity 1=k , grows linearly, but as 1=k goes to 0 the contribution to the waste is sublinear. Hence in the continuous
case, instead of studying s1 , we focus on bins with remaining capacity in the range (0; ] for some small constant ,
and suitably adapt the proof of the discrete case.

In the discrete case, as in most previous work, we view
the algorithm as a multi-dimensional Markov chain [6].
The states of the chain are non-negative integer vectors
s = (s1 ; : : : ; sk;1 ), where si represents the current number of open bins of residual capacity i. It is a simple matter
to write down the new vector s0 that results from the arrival
of any item i 2 f1; : : : ; j g when in state s. This defines
an infinite Markov chain on Z k+;1 . The expected waste of
Best Fit is directly related to the asymptotic behavior of this
chain, which we analyze in detail.
The first novel ingredient in this paper is Lemma 1, a
simple but crucial observation which we formulated after
examining detailed simulations: if the maximum item size
max is less than 2=3 times the bin capacity c, then Best
Fit has at most one open bin with remaining capacity in the
range [c=3; c ; max). Hence we focus on values of j with
j < 2k=3.
At a high level, our approach is surprisingly simple. Our
goal is to show that s1 , the number of bins of residual capacity 1, grows linearly in n. For most configurations, the
next incoming item will on average tend to increase s 1 or
at least not decrease it. The only exceptions are configurations with open bins of remaining capacity 1; 2; : : : ; m, and
no bins of larger remaining capacity (up to j +1). Thanks to
Lemma 1, this implies m  k=3. Intuitively, such configurations are then extremely short-lived, and inserting a few
more items then typically modifies them into configurations
in which s1 is biased towards increasing. Thus the undesirable effects of these configurations should be amortized by
running the Markov chain forward in time for a few steps.
In practice, running the Markov chain for C steps, there
are j C possible sequences to analyze, which would be computationally infeasible as j gets large. To get around this
problem, our detailed analysis partitions the configurations
into a constant number of groups. We then use stochastic
domination, i.e. take the worst case configuration within
each group. This worst case configuration is determined by
dynamic programming: we successively find the worst configuration within each group given that there is one more
item to be inserted, and from that calculate the worst case
given that there are two more items to be inserted, and so
on. This use of dynamic programming is commonly used in
the analysis of Markov decision processes (see, e.g., [3, 12])
and has been used for contention resolution protocols [11];
as far as we know, this is the first time it has been applied to
stochastic bin-packing. Although the derived dynamic program only has to deal with a constant number of cases, it
is too large to be processed manually and so we ended up
writing a computer program for it. The actual table filled in
by the program has tens of thousands of entries.
The continuous model follows the same general argu-

2 Analysis of discrete skewed distributions
2.1 The Markov chain
In this section we study the discrete distribution U fj; k g
where the bin capacity is k and items are picked uniformly
at random from the set f1; 2; : : :; j g. We focus specifically
on the case where j = k for 33=50 <
< 2=3, and
we assume that j and k are sufficiently large so that our
arguments hold throughout.
Let us first recall the associated Markov chain setting.
We shall denote the state of the system at time t by s(t) =
(s1 (t); : : : ; sk;1 (t)), where si (t) is the number of open
bins at time t with residual capacity exactly i. Initially,
the state of the system is s(0) = (0; : : : ; 0), reflecting the
fact that there are no open bins. Let ` be the size of the
next item inserted. Let i be the smallest index such that
i  ` and si (t) > 0, if such exists: in this case, the algorithm inserts item ` into a bin with capacity i, so we have
si (t +1) = si (t) ; 1 and, if i > `, si;` (t +1) = si;` (t)+1;
all other components of s(t) are unchanged. If no such i exists, then the algorithm inserts item ` into an empty bin, so
we have sk;` (t + 1) = sk;` (t) + 1 and all other components of s are unchanged. This completes the description of
the Markov chain.

2.2 The difficult configurations
Our attack for proving instability is straightforward: we
show that s1 , the number of almost full bins, is biased upward and hence tends to increase. Let Xt denote the number
of ways to increase s1 and Yt 2 f0; 1g denote the number of
ways to decrease s1 . The value s1 increases exactly when
an item of size x is inserted and we have sx = 0; sx+1 6= 0,
and so Xt is exactly the number of such pairs (sx ; sx+1 )
with x  j . At every time step, if s1 (t) = 0 we have
Yt = 0, and if s1 (t) 6= 0 then Y (t) = 1: namely, s1 can
decrease only when an item of size 1 arrives. The only
situations where s1 is biased downward are if s1 has one
way to decrease and no way to increase, i.e. if for some m,
s1 ; s2 ; : : : ; sm 6= 0 and sm+1 = : : : = sk;j+1 = 0. We
call these configurations where s1 is biased downwards dif2

2.4 A stopping time framework

ficult configurations, as handling them is the challenge of
the problem.
The lemma below will enable us to conclude that m must
be less than k=3 in any difficult configuration.

In this subsection, we demonstrate that one cannot have
more than one bin with remaining capacity within a rather
large range. We call the resulting lemma the open range
lemma. The following fact is a classical basic property of
Best Fit.

Recall that the difficult configurations are the ones such
that for some m < k=3, s1 ; s2 ; : : : ; sm 6= 0 and sm+1 =
: : : = sk;j+1 = 0. In these cases, we consider the evolution of the system over  steps for some random stopping
time  , and will show that the expected number of ways for
s1 to increase is greater than 1 over these  steps. For convenience, imagine the process starting at time 0, with time
t corresponding to the moment after the tth item has been
inserted. The stopping time will correspond to one of the
following events:

Fact 1 Any two open bins with remaining capacities g and
g0 must have g + g0 < k.

1. Time step C has been reached, for some fixed constant
C.

Lemma 1 [Open range lemma] If the maximum item size
j is strictly less than 2k=3, then s k + : : : + sk;j;1  1.

3. The coordinate sm becomes 0.

2.3 The open range lemma

2. The coordinate s1 increases or decreases.
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4. The coordinate sm+1 becomes positive.

Proof: Note that initially sk=3 + : : : + sk;j ;1 = 0. Hence
we need only show that when sk=3 + : : : + sk;j ;1 = 1 it
cannot increase.
Consider any time t when sk=3 +: : :+sk;j ;1 = 1 and let
i 2 fk=3; : : :; k ; j ; 1g be such that si = 1. Let i0 be such
that k=3  i0  k ; j ; 1. How can si0 increase? Note that
si0 cannot increase by having an item of size k ; i0 placed
into an empty bin, since k ; i0 is greater than j , the largest
item size. Thus a bin with remaining capacity i0 can only
be introduced by adding some item of size x to a bin which
already has a remaining capacity of g , with g ; x = i 0 .
Assume then that at time t there is one bin with remaining capacity i and one with remaining capacity g . From
Fact 1, we have i + g < k , so that

k ; g > i  k=3:

5. For some a
2.

6. For some a > m
become positive.

By definition the remaining capacity g must be larger than
Also, by the definition of Best Fit, item x would have
been placed in the bin with remaining capacity i if it had fit
there, rather than in the bin with remaining capacity g . So
it must be that x does not fit in remaining capacity i:

i.

Now, by assumption

(2)

i0  k3 :

(3)

Summing inequalities (1), (2), and (3) we obtain k

x + i0 > k, and hence i0 > g ; x, a contradiction.

+ 1, the coordinates sa

and sa;1

The idea of this stopping time is as follows: we run the
chain for at most C steps, or until some other (unlikely)
event occurs. If s1 is more likely to increase than decrease
over the interval corresponding to the stopping time, then
we can “collapse” the steps of the process until the stopping
time into a single long superstep. Then s1 is either unbiased
or biased upwards over any normal step or any superstep of
the chain, and this is sufficient to prove instability.
We include certain events in the stopping time that would
affect our analysis. In particular, in our analysis, we consider that the number of ways for s 1 to increase is exactly
sm+1 + sm+2 + : : : + sj+1 ; thus we assume that whenever some sa for k=2 > a > m becomes non-zero then
it becomes 1, and that it corresponds to a “useful gap” for
us (i.e. an entering item of size a ; 1 will cause s1 to increase). This fails to be true if both sa and sa;1 become
positive, or if sa becomes 2. Rather than complicate our
analysis further, we essentially remove these “edge effects”
from analysis by introducing these events into the stopping
time. As these events occur with very small (constant) probability (for large enough values of k compared to C ) they
will not affect our argument, as we explain, and so we will
generally dismiss them in subsequent analysis.
We wish to show that the probability that s1 increases
over the interval of  steps is greater than the probability
that s1 decreases. We now introduce another simplification.
Let Xt be a random variable representing the number of
ways for s1 to increase at time t for t 2 [0; C ). Then, up to

(1)

x > i  k=3:

> m, the coordinate sa becomes equal to

;g+

We reiterate that the open range lemma simplifies the
analysis, since it ensures that there is some well-defined
range of values i where most of the values s i must be 0, and
hence that any difficult configuration must have m < k=3.
3

lower order terms, the difference from the probability that
s1 increases to the probability that s1 decreases is at least

2.5.1 Using stochastic domination: a nonrigorous example

i 
 hP
E Ct=0;1 Xt =C j state at time 0 ; 1

We first present an example of a simplified and nonrigorous analysis, which demonstrates how we attack the underlying Markov chain. For our simplified analysis, we will
ignore the effect of non-empty bins with remaining capacity at least k=2. That is, we assume the number of such
bins is 0 throughout. As we describe subsequently, such
mostly empty bins complicate the analysis. Take the example where k ;j  m  k=4. At every step, there are j = k
possibilities for the item arriving. Out of these possibilities,
Xt has at least j ; k=2 = k(2 ; 1)=2 ways of increasing, corresponding to insertions of items k=2; k=2+1; : : :; j
(this is because of our assumption that there are never bins
more than half empty). On the other hand, since s m stays
positive Xt has at most k=2 ; m ways of decreasing if it
is non-zero and no way of decreasing if it is equal to 0. It
is worth also noting that Xt has at most mXt ways to decrease in general, since for bin than contributes to X t , there
are only m possible items that could enter and reduce its
residual capacity to something less than m. (For this range
of m, however, the bound of k=2 ; m is better.) We now use
stochastic domination. Following standard definitions (see,
e.g. [13]) we say that X stochastically dominates Y and
write X  Y if Pr(X > u)  Pr(Y > u) for all real values
u. Intuitively, X is more likely to take on larger values than
Y . It is simple to show (say via induction) that Xt  Zt ,
where

j

:

Intuitively, the above formula shows that we can just count
the number of ways s1 can increase at each step and subtract
the number of ways s1 can decrease at each step over C
steps in order to compute difference in the probability that
s1 increases rather than decreases over an interval that ends
at a stopping time. Of course this calculation is not exact,
since for example the stopping time might be reached before
C steps. However, because the probability that an event of
type 2; 3; 4; 5; or 6 occurs over C steps is O(1=j ) (where
the constant factor depends on C ), it can be checked that
the above expectation differs from the proper difference by
an O(1=j 2 ) lower order term. Hence, for our purposes, the
above expression gives the proper bound.
From our definition of the stopping time, which excludes
problematic events, it is easy to see that Xt , the number of
ways for s1 to increase, at each time step in this range is
equal to sm+1 + : : : + sj +1 , and thus we are reduced to
analyzing this simple expression. We therefore show that
there exists an integer constants C > 0 and a real constant
 > 0 (independent of k) such that for sufficiently large k,

" PC ;1
#
t
=0 sm+1 (t)+ : : : + sj +1 (t)
E
j state at time 0 > 1+:

Z0 = 08

C

Zt+1

(4)
Note that we require that the right hand side be greater than
1 +  so as to absorb the error term introduced by our approximations due to the stopping time. Hence, we show that
up to amortizing slightly over time, the bin-packing procedure is more likely to increase s1 than decrease it when it
begins in a difficult configuration. We then show that this
implies that s1 must have a slight bias toward increasing
over all steps; from this we conclude that s1 and hence the
waste grow linearly in the number of items n.

< Zt + 1 w.p. k(22k;1) ;
= : Zt ; 1 w.p. (k=k2;m) if Zt 6= 0; 0 otherwise,
Zt
with all remaining probability.

It is easily checked that the probability of Zt increasing is
smallest and the probability of Zt decreasing is largest for
the smallest value of , = 33=50, and the smallest value
of m, m = k=4. That is, Xt  Zt , where

Z0 = 08

< Zt + 1
Zt+1 = : Zt ; 1
Zt

2.5 The analysis starting from a difficult configuration

w.p. 8=33;
w.p. 25=66 if Zt 6= 0; 0 otherwise,
with all remaining probability.

We check by explicit calculation that E ((Z0 + Z1 + : : : +
ZC ;1)=C ) > 1 for a small constant C . (For C = 30,
E ((Z0 + Z1 + : : : + ZC ;1)=C )  1:007; by calculating the
stationary distribution, we see that as C gets large, E ((Z0 +
Z1 + : : : + ZC ;1)=C ) approaches 169 .) Hence, since X
stochastically dominates Z , we have for a small constant C
that

We assume that j = k for 2 (33=50; 2=3). We begin
in a state where s1 ; s2 ; : : : ; sm 6= 0 and sm+1 = : : : =
sj+1 = 0. In this state s1 has no possibility to increase.
Note that proving (4) will imply that for sufficiently large
k the value s1 diverges to infinity. Our proof is based on
stochastic domination.

E ((X0 +: : :+XC ;1 )=C )  E ((Z0 +: : :+ZC ;1 )=C ) > 1:
4

P ;1
Ec = E ( ct=0
Xt =c j state at time 0) until we find a sufficiently large C so that EC > 1 + . The interesting point

We can continue by breaking down the process into a finite number of similar cases, covering the entire range of m.
(For example, we could take the cases 0  m  k=8 and
k=8  m  k=4.) In each case, we can bound the probability of Xt increasing and decreasing, so as to find a dominating simple one-dimensional random walk. It is therefore
easy to check each specific case, simply by determining the
distribution of Zt over a reasonably small number of steps.

of our calculation is that in ambiguous situations we use a
worst-case analysis, similar in spirit to allowing an oblivious adversary some limited power in deciding the flow of
the process. For example, suppose At = 1, and an item
of size in the range [0:5k; j ] arrives. Such an item could
be placed in the light bin; alternatively, such an item may
prove too large for the light bin, and instead cause X t to increase. The effect of the item depends on the exact residual
capacity of the light bin and the value of the entering item;
however, we have failed to include the capacity of the light
bin in our state.

2.5.2 The important parameters describing a configuration
The above analysis captures the fundamental flavor of our
argument: simplify the high-level behavior of the Markov
process according to the number of ways that s 1 can increase, and consider this behavior over a small number of
steps. Unfortunately, the analysis above fails to take into
consideration the behavior of the process when “mostly
empty” bins arise. That is, it ignores possibilities when
si > 0 for i  k=2.
To see that these cases have an important impact, consider the case where j = 0:34k , and m = 0:32k , and
s0:64k = 1. In this case it is impossible for any of
sm+1 ; sm+2 ; : : : ; sk=2 to increase on the next step. Thus it
is important to keep track of the presence of bins of remaining capacity greater than k=2. The following fact, easily
derived from Fact 1, proves fundamental:

In such ambiguous situations we can compute E t+1 from
Et by taking the worst-case possibility for Et . This simpli-

fies our case analysis, in that we need not try to distinguish
further subcases when At = 1; however, it complicates it,
in that we must consider several various possibilities at each
step. This makes any direct analysis very complicated, requiring us to use computer analysis.
Finally, note that we must apply this analysis over the
space of all (m; ) pairs, but we may wish to break up this
space into several cases, as we did in Section 2.5.1. We
suggest the approach we have taken. Suppose one focuses
on a specific value of (such as = 33=50), and proves
EC > 1 +  by splitting up the possible values of m over a
small number of ranges. We claim that then there are small
constants ; 0 > 0 such that EC > 1 + 0 for 0 2 [ ;
; + ]. This is because with very high probability, the
Markov chain will behave the same over C steps regardless
of whether j = k or j = 0 k ; the small probability that
the two behave differently is absorbed in the ;  0 . Hence
it suffices to try a sufficiently dense subset of values in
the range [33=50; 2=3), and by the “continuity” implied by
the above argument, we may conclude E C > 1 +  for a
suitable  everywhere in the interval.

Fact 2 There can be only one open bin with remaining capacity at least k=2.
Let us call a non-empty bin with remaining capacity at
least k=2 a light bin. Fact 2 says there is at most one light
bin. Hence we can consider two kinds of states: those with
a light bin, and those without. In fact, we refine our analysis further, to three kinds of states, by dividing states with
a light bin into two subtypes. Let us call a light bin helpful if its remaining capacity is at most j + 1. A helpful
light bin can immediately lead to an increase in s1 , if an appropriately sized item arrives. Similarly we call a light bin
unhelpful if its remaining capacity is greater than j + 1.
We may now represent the state of our bin-packing process by a triple (Xt ; At ; Bt ), where Xt is again the number
of ways for s1 to increase at time t, At is a 0/1 random variable representing whether or not there is a light helpful bin,
and Bt is a 0/1 random variable representing whether or not
there is a light unhelpful bin. Note that when A t = 1, we
must have that X (t)  1, since by definition a helpful light
bin provides one way for s 1 to increase.

The list of cases is substantial enough that we do not include it in this extended abstract. (A sample case is included
in the appendix.) Luckily we have found that calculating up
to E100 is sufficient. (Indeed, the worst case appears to be
the lower end of the interval, 33=50; we cannot expand the
range beyond 2=3 simply because the open range lemma
ceases to apply.) Hence our calculations, when aided by a
machine, are actually relatively straightforward.
We note that we have chosen the barrier 33=50 for convenience, and we have not tried to determine the exact range
for which the argument holds. It appears that additional
work detailing the cases would be required, however, to extend the lower bound of the range below 0:65 = 13=20.

2.5.3 The dynamic program
We then use a computer program to assist in computing
successive lower bounds for the value of the expression
5

2.6 Wrapping up the proof

hPC ;1

with constant probability. In fact the probability is approximately 2 =4; we simply need the immediate insertion of
two items into empty bins that yield bins with remaining
capacity in this range.
To show that all of sk;j ; sk;j +1 ; sk;j + j=2 are simultaneously 0 for an expected constant fraction of the
time steps, we show that S = sk;j + sk;j +1 : : : +
sk;j+ j=2 is stochastically dominated by a random walk
that is biased downward. This follows since when the range
sk=3+ =4 ; : : : ; sk;j;1 are all 0, there are at most j=2 entering item sizes that increase S when S 6= 0, corresponding
to when items are placed into empty bins. No other items
can increase S , by the same logic as the open range lemma.
Of course, at least 3 j=4 possible item sizes decrease S ;
namely, any item size in the range [k=3 + =4; k ; j ; 1].
(Note there may be at most one non-zero entry in the
range sk=3+ =4 ; : : : ; sk;j ;1 , by Lemma 1, in which case
we do not know that 3 j=4 possible entering item sizes
decrease S . However, it is easy to show that this nonzero entry disappears after an expected constant number
of steps, and no such non-zero entry can return as long as
sk;j + sk;j+1 : : : + sk;j+ j=2 > 0; hence it has a trivial
effect on the argument.)
Hence we either have that some constant fraction of
the supersteps are going to be short supersteps such that
Z (t) > 0, or a constant fraction of the supersteps are long
supersteps, and so E (s1 (T )) = (T ). Note that the constant factor implied by the notation is in fact independent
of k .

i

Xt
Note that showing E
t=0 C j state at time 0 >
1 +  immediately proves that the waste for U fj; kg diverges.
hP We now prove that, given
i that we have shown that
E Ct=0;1 XCt j state at time 0 > 1+, then for sufficiently
large k , the waste for U fj; k g grows linearly.
Theorem 1 The number of s1 bins for Best Fit bin packing under the discrete distribution U fj; k g, 33k=50 < j <
2k=3, grows linearly in n for sufficiently large k.
Proof: Let Yt be the indicator function of the event
s1 (t) 6= 0, and define Z (t) = Xt ; Yt . The distribution
of s1 (t) given the state at time t ; 1 is:

s1 (t) =



s1 (t ; 1) + 1
s1 (t ; 1) ; 1

w.p. Xt;1 =j
w.p. Yt;1 =j:

Thus E (s1 (t) j state at t ; 1) = s1 (t ; 1) + Z (t ; 1), and
PT ;1
summing gives E (s1 (T )) = E ( 0 Z (t)).
We always have Z (t)  ;1. The “bad” configurations
are exactly the ones for which Z (t) = ;1. Consider running the chain for n steps, and divide time into supersteps.
A superstep is simply a normal step of the chain, except in
the case where we reach a state where Z (t) = ;1. In this
case all the steps from this point until the stopping time are
combined into a superstep; in fact, we call this a long superstep. Every short
P superstep has Z (t)  0 and every long
superstep has E ( t2 superstep Z (t)) > 0.
To show linear waste, we note the following: there will
be linear waste over n steps as long as there are (on average)
 cn short supersteps which have Z (t) > 0, or as long as
there are (on average)  cn long supersteps. Note that this
is equivalent to saying that there are at least c0 n steps with
Z (t) > 0, as each such step is either an appropriate short
superstep or falls in a long superstep (of constant size).
Hence we must show that Z (t) > 0 for a constant fraction of the steps, on average. This may appear obvious;
however, a priori it is possible that all of the si except those
determined in the open range lemma are greater than 0 for
almost all steps, in which case we might have Z (t) = 0 for
almost every step. We can show that this is not the case,
simply by showing that the area adjacent to the open range
guaranteed by the open range lemma must also be open a
constant fraction of the time. Specifically, let = 2=3 ; .
We show that all of sk;j ; sk;j +1 ; sk;j + j=2 are simultaneously 0 for an expected constant fraction of the time steps.
From this it is easy to conclude that an expected constant
fraction of the steps are short supersteps with Z (t) > 0,
since from a state where sk;j ; sk;j +1 ; sk;j + j=2 are all
simultaneously 0 we achieve a state where exactly two nonneighboring si in the range are non-zero in two time steps

3 Analysis of continuous skewed distributions
Our above analysis can easily be extended to show that
linear waste occurs when bins have size 1 and the items
are uniform over the real interval (0; a], for a in the range
33=50  a < 2=3. We believe this is the first non-trivial
probabilistic analysis of Best-Fit for the continuous case
when the interval is other than (0; 1].
The result of Theorem 1 cannot be extended immediately
as k grows to infinity to yield the continuous case, since if
we scale back the bin sizes in the U fj; k g model so that all
bins have size 1, Theorem 1 only says that the number of
bins with remaining capacity 1=k grows linearly. A more
careful argument avoids this, giving us waste that grows independent of k . Rather than extend the discrete case, however, we simply outline the corresponding argument for the
continuous case.
We first note that the open range lemma that simplifies
our analysis has a continuous analog.
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Lemma 2 Let 1=2 < a < 2=3. Then when the bin capacity
is 1 and the item sizes are drawn from (0; a], there can only
be one bin with remaining capacity in the interval (1=3; 1 ;
a).

remaining capacity of a bin contributing to s ; is at least
the constant = , this implies linear waste.
Theorem 2 Best Fit bin packing with item sizes chosen uniformly from the range [0; a] has linear waste, for 33=50 
a < 2=3.

Moving from the discrete case to the continuous case requires some care. The primary difference is that for the continuous case, we consider the creation and deletion of bins
with remaining capacity [= ;  ) for some suitably small
constant  and suitably large constant . We call the number of such bins s; . Note that the choices of  and are
dependent on a. Also note that we consider bins with remaining capacity in the range [= ;  ) rather than [0;  ), because if we allow the lower bound to go to 0, we cannot
give strong enough statements about the waste represented
by these bins.
We sketch the proof, which follows the same outline as
before, in that we use our analysis of a chain (X t ; At ; Bt ).
Whereas before Xt represented the number of ways to increase s1 , it should now represent the number of ways that
s; can be increased. That is, suppose that there is a bin
with remaining capacity x < a +  , and no bin with remaining capacity in the range [x ; ; x). Then this bin represents
a way that s; can increase, as any incoming item in the
range [x ; ; x ; = ) increases s; . Assuming without
loss of generality that all open bins have distinct remaining capacities, Xt is simply the number of distinct values x
with this property at time t. The values At and Bt then have
similar meanings as in the discrete case.
We must change our definition of the stopping time as
well. For example, in the discrete case we did not wish
to allow two bins with remaining capacities i and i + 1 to
both count for Xt , and we introduced a stopping time to
prevent such an event. We do the equivalent here; should
we introduce over multiple steps of the process two bins
with remaining capacities x and x +  for  <  that could
count for Xt , the event signals the stopping time.
Given these modifications, we can show with the
same argument as in the discrete case that even when
XthP= 0, over the next Ci steps we have EC =
E Ct=0;1 XC(t) j state at time 0 > 1 + 0 for some constants 0 and C . Indeed, we may use the same dynamic
programming formulation as in the discrete case, where the
evolution of (Xt ; At ; Bt ) is analyzed independent of k ; by
making  sufficiently small and sufficiently large, the effect on the analysis can be made arbitrarily small. As before, the constant 0 also handles any problems introduced
by using stopping times.
We may conclude that the rate at which bins with remaining capacity in the range [= ;  ) are created is slightly
larger (by a small constant factor) than the rate at which
they disappear. Hence the rate at which s; increases is
slightly larger than the rate at which it decreases. Since the

4 Conclusions and open problems
We have shown linear waste for discrete distributions
of the form U fj; k g, where j = k for in the range
[0:66; 2=3), and from this derived an argument for the continuous case (0; a] for a in the above range. Our analysis
depends on a careful breakdown of the underlying Markov
chain. Although we feel that the complexity of our argument is in fact necessitated by the complex behaviors of the
system, it may be possible to simplify our argument substantially.
One open problem is to determine the extent of the range
of values for which our argument functions. It is clear that
the range [0:66; 2=3) can be expanded, in both directions.
Our current argument appears to work down to values of
(or a, in the continuous case) of almost 0:65 = 13=20
and could perhaps be improved further. Extending the range
upwards would be more delicate since Lemma 1 would no
longer apply.
It seems likely that our techniques might also apply to
First Fit. It is conjectured that First Fit has linear waste on
input distributions [0; a] for a < 1 as well.
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Case 2:

We require similar analysis for the following ranges of

m: 0  m  12=100, 12=100  m  22=100, and
22=100  m  25=100.

At = 0; Bt = 0.
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