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Notice that the SBC is memoryless. It is natural to assign tlhechannel can also be analyzed using the SC/SBC correspon-
symbol (integer) a cost in the SBC, since it corresponds todence. In this regard, our approach can also be used to handle
bits in the SC. We claim that it is immediate that the capacitjeletions, as long as we can guarantee that it is never the case
of the SC, under the duplication distribution is equal to the thatall the bits of a block are deleted, so that the block structure
capacity per unit cost of the SBC given by the matrix is preserved.
Although the correspondence is very natural, in order to pointWe emphasize that when considering the capacity per unit
out a few details, we formalize a proof, following the notatiowost of the SBC, we consider the limit as
of [8]. Letan code be one with block length, code-grows; this is the standard deition, corresponding to the cost
words, a bound on the total cost of a codeword, and averagi®r the sender. However, in the general setting we have described
error probability at most. As in [8, Débnition 2], a number we could also consider , Which would corre-
is an -achievable rate per unit cost if for every , spond to the (expected) cost for the receiver. For sticky channels
there exists such that for , an code governed by a duplication distribution these values are equal,
can be found with . Further, is achievable but they need not be so in the more general block setting with
per unit cost if it is -achievable per unit cost for all , generalPnite matrices .
and the capacity per unit cost is the least upper bound over thélso, while we have thus far discussed only binary alphabets,
achievable . we can extend these ideas to determine a similar correspondence
Theorem 2.1:The capacity per unit cost of the SBC equalfsor nonbinary_alphabets_. Suppos_e that the alphabet for the sticky
. channel consists of the integers in the range . Anatural
the capacity of the SC.

Proof: First, we argue that any rate per unit cost achievab?é)rreSpondmg representation for the sticky block channel has

by the SBC is achievable (up to differences) by the SC each symbol consist of an ordered pair with Hnst Peld being

channel. If the SBC has capacity per unit costhen for every a block length and the Seco"‘.‘*'d being number in the range
. . representing the difference modulo between the
, for suteciently large  there exists an code

with _ Moreover, as shown in [8], we rnaytwo corresponding symbols in the sticky channel. For example,

assume that is linear in . Such a code immediately mapsfor a -ary channel, the SC input

to a code for the SC, except that the cost per codeword in the
SBC, which corresponds to the length in the SC, can vary. If
we accepted variable-length codewords, we could conclude thieuld be represented as
argument here; we instead aim faxred-length codewords.
We restrict ourselves to the subset of codewords with

error probablhty at most ; by standard arguments, MUSE Note that for thebrst symbol of the SBC we can adopt the con-
contain at least half the codewords. We can further restrict OUknhtion that the secorteeld gives theédrst symbol from the SC:
selvgs tothe subset of cpdewords from . ofaspedpc cost e 4oes not affect the capacity. '
with for which IS largest. We then Here, the symbol for the SBC should have a cost of
have _that L (for ~ sutrciently large and _since it corresponds tosymbols in the SC. The capacity of the
sutecienty small). This gives us a code on the SC channel W'%b under the duplication distribution again has an immediate

rgte a_t least -and error probability , from which one correspondence to the capacity per unit cost of the SBC.
direction of the claim follows.

Similarly, if the SC has capacity , we can use codes for lIl. L OWER BOUNDS
the SC to obtain codes for the SBC, with the rate of the SC
mapping to the rate per unit cost of the SBC. A similar proble%
arises here in that the length of a block in bits for the SC

This correspondence gives us a meanisrtd a lower bound

r the capacity of the SC; simplynd a lower bound on the ca-

: pacity per unit cost of the corresponding SBC. When the block
does not correspond tokxed number of symbols in the SBC.Iengths in the SC have boundedite length and the duplica-

However, the number of symbols in the SBCis at mgste can . S . .
consider all possible codeword lengths inthe SBC, and choo“t(e)n distribution ha$nite support, then the corresponding ma-

the length that gives the largest subset of codewords of that x5 Pnite. In this case, capz_;tcny per _unlt cost given a ma-
trix ~ can be computed numerically, using a variation of the

lceons%tgf tﬁz SBC by ' tg:';gng) afzrﬁfjst:; ;ig%ca'gtsefgl:mtBIahuiE)A_ri_moto algorithm for qalculating the capacity, under
the SC gives a capacity per unit cosfor the SBC. Fhe conditions that we are dealing withite alphqbets and pos-
itive symbol costs, as is the case here [6]. This approach does
We note that we can also apply the analyses of this papeot give an actual &tient coding scheme, but yields a distri-
including Theorem 2.1, to channels correspondingrtite ma- bution of block lengths, from which the capacity per unit cost
trices that do not arise from a duplication distribution, butan be derived. (This approach can also bziehtly applied
instead simply satisfy the requirement that . For in the case of -ary alphabets, taking advantage of the sym-
example, suppose block lengths at the sender are at ntott, metry among all SBC symbols corresponding to the same block
and a sent block of length is received as a block of lengthlength.)
with probability  for a constant and as a block We emphasize that the only methods we are aware of for ef-
of length otherwise. That is, a block may obtain an extra bfectively computing the capacity per unit cost requirete al-
with probability proportional to the length of the block. Suclphabets for the derived SBC. As this approach uses a numerical
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Fig. 1. Capacity lower bounds for the elementary i.i.d. duplication channel based on numerically calculated optimal input distributions ar{ttuaodtad)
input distributions for maximal block lengths of 8 and 16 bits.

TABLE |
COMPUTED OPTIMAL DISTRIBUTIONS, TO FOUR DECIMAL PLACES, FOR THE ELEMENTARY I.1.D DUPLICATION CHANNEL
BlockLength | 1 | 2 | 3 | 4 | 5 | 6 | 7 ] 8 |

p=0.1 0.5138 | 0.2330 | 0.1210 | 0.0625 | 0.0321 | 0.0201 | 0.0045 | 0.0121
p=0.5 0.5804 | 0.1888 | 0.1128 | 0.0502 | 0.0298 | 0.0225 | 0.0001 | 0.0155
p=0.9 0.5169 | 0.2527 | 0.1215 | 0.0581 | 0.0277 | 0.0133 | 0.0063 | 0.0035

distributed with meang, as they would be if each bit were inde-butions for small values of, but ag grows larger, the difference
pendent and uniform. The distribution drifts from this at interappears to increase steadily. Indeed, in contrast to the elemen-
mediate values op; some examples (for blocks up to 8 bits}ary i.i.d. duplication channel, wind that agp increases, the
are shown in Table I. The distributions are nearly geometriptimal calculated distribution differs sididantly and increas-
atp 0Olandp 009; the deviation from the geometric isingly from a geometric distribution; the numerically computed
stronger but still slight for intermediate values suclhas 0 5.  optimal distributions appear to become more focused on a small
Indeed, the capacity achieved by geometric distributions amd well-spread set of values. Some examples for blocks up to
not too much less than for our computed optimal curves, 8dits are shown in Table II. This perhaps explains the challenge
shown in Fig. 1; these curves are labeled“Band” (We cal- in applying our upper bound techniques to this channel; a more
culate the capacity with the probability that a block of maximalomplicated tail distribution may be required.
length & being2 * ! instead of2 *.) This fact may prove In summary, our results suggest that our calculated lower
useful for designing computationallyfafient coding schemes bounds are extremely close to the true capacity, as increasing
that perform close to capacity in practice, by having thethe maximum input and output block lengths leads to only very
use random input distributions instead of specially tailoresimall differences in théinal answers. Also, codes with code-
distributions. words chosen uniformly at random (even with blocks of limited
The geometric i.i.d. duplication channel naturally exhibitaun lengths) would appear to perform close to capacity for the
more complicated behaviors. For our calculations, we requieéementary i.i.d. duplication channel, and for the geometrici.i.d.
bounds on the maximal block length in the received sequendeplication channel with smatl.
Because of this, we limited our calculations for this channel
top < 06. At p 06, a received block will be, on av- B- Upper Bounds
erage, slightly more than twice as long as the correspondingie present numerically derived upper bounds for the elemen-
input block; we allow received blocks to be as londias times tary i.i.d. duplication channel. In all cases below, we began with
the maximal length of a maximal input block. Longer received distribution based on our lower bound calculation, with input
blocks are treated as truncated at this length, and the miatribblocks limited to 30 bits. In all cases, we began by augmenting it
is computed accordingly. with a geometric tail from block lengtm  24. We attempted
In Fig. 2, we present results of capacity calculations whete stay with values g and~ for which the asymptotic values of
the input stream is limited to maximal blocks of 8 and 16 bitd. (z)/x were conservatively far from the derived upper bound.
Again, the difference between using maximal blocks of 8 anhile further optimization of parameter choices might improve
16 bits is quite small. For this channel the capacity fallé &5 things slightly, we found very good results with these choices.
p goes tol. We present results in Table Ill. For ease of presentation, we
We also again present results for random codebooks. ThHegwve rounded our derived lower bounds down in the fourth dec-
perform nearly as well as the optimal calculated truncated distifral place, and the derived upper bounds up in the fourth dec-
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Fig. 2. Capacity lower bounds for the geometric i.i.d. duplication channel based on numerically calculated optimal input distributions andruacdted)(
input distributions for maximal block lengths of 8 and 16 bits.

TABLE Il
CoMPUTED OPTIMAL DISTRIBUTIONS, TO FOUR DECIMAL PLACES, FOR THE GEOMETRIC II.D DUPLICATION CHANNEL

TABLE I
COMPARING UPPER ANDLOWER BOUNDS FOR THEELEMENTARY 1.1.D. DUPLICATION CHANNEL

D 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
v 0.40 0.36 0.36 0.36 0.37 0.39 0.40 0.40 0.40
Lower Bound | 0.7405 | 0.6611 | 0.6400 | 0.6488 | 0.6788 | 0.7273 | 0.7914 | 0.8674 | 0.9469
Upper Bound | 0.7406 | 0.6618 | 0.6404 | 0.6499 | 0.6797 | 0.7277 | 0.7915 | 0.8675 | 0.9479
lim I4(x)/x | 07218 | 0.6276 | 0.6263 | 0.6269 [ 0.6504 | 0.6977 | 0.7243 | 0.7284 | 0.7326

imal place. In some cases, the results were actually the samsitms for capacity bounds for sticky channels, and providing ef-
four decimal places. We emphasize that our point here is Hatient coding techniques for sticky channels.
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