
MITZENMACHER: CAPACITY BOUNDS FOR STICKY CHANNELS 73

Notice that the SBC is memoryless. It is natural to assign the
symbol (integer) a cost in the SBC, since it corresponds to

bits in the SC. We claim that it is immediate that the capacity
of the SC, under the duplication distribution, is equal to the
capacity per unit cost of the SBC given by the matrix.

Although the correspondence is very natural, in order to point
out a few details, we formalize a proof, following the notation
of [8]. Let an code be one with block length, code-
words, a bound on the total cost of a codeword, and average
error probability at most . As in [8, DeÞnition 2], a number

is an -achievable rate per unit cost if for every ,
there exists such that for , an code
can be found with . Further, is achievable
per unit cost if it is -achievable per unit cost for all ,
and the capacity per unit cost is the least upper bound over the
achievable .

Theorem 2.1:The capacity per unit cost of the SBC equals
the capacity of the SC.

Proof: First, we argue that any rate per unit cost achievable
by the SBC is achievable (up to differences) by the SC
channel. If the SBC has capacity per unit cost, then for every

, for sufÞciently large there exists an code
with . Moreover, as shown in [8], we may
assume that is linear in . Such a code immediately maps
to a code for the SC, except that the cost per codeword in the
SBC, which corresponds to the length in the SC, can vary. If
we accepted variable-length codewords, we could conclude the
argument here; we instead aim forÞxed-length codewords.

We restrict ourselves to the subset of codewords with
error probability at most ; by standard arguments, must
contain at least half the codewords. We can further restrict our-
selves to the subset of codewords from of a speciÞc cost

with for which is largest. We then
have that (for sufÞciently large and
sufÞciently small). This gives us a code on the SC channel with
rate at least and error probability , from which one
direction of the claim follows.

Similarly, if the SC has capacity , we can use codes for
the SC to obtain codes for the SBC, with the rate of the SC
mapping to the rate per unit cost of the SBC. A similar problem
arises here in that the lengthof a block in bits for the SC
does not correspond to aÞxed number of symbols in the SBC.
However, the number of symbols in the SBC is at most; we can
consider all possible codeword lengths in the SBC, and choose
the length that gives the largest subset of codewords of that
length. As , this only affects the capacity per unit
cost of the SBC by terms, so weÞnd that a capacity for
the SC gives a capacity per unit costfor the SBC.

We note that we can also apply the analyses of this paper,
including Theorem 2.1, to channels corresponding toÞnite ma-
trices that do not arise from a duplication distribution, but
instead simply satisfy the requirement that . For
example, suppose block lengths at the sender are at mostbits,
and a sent block of length is received as a block of length

with probability for a constant and as a block
of length otherwise. That is, a block may obtain an extra bit
with probability proportional to the length of the block. Such

a channel can also be analyzed using the SC/SBC correspon-
dence. In this regard, our approach can also be used to handle
deletions, as long as we can guarantee that it is never the case
thatall the bits of a block are deleted, so that the block structure
is preserved.

We emphasize that when considering the capacity per unit
cost of the SBC, we consider the limit as
grows; this is the standard deÞnition, corresponding to the cost
for the sender. However, in the general setting we have described
we could also consider , which would corre-
spond to the (expected) cost for the receiver. For sticky channels
governed by a duplication distribution these values are equal,
but they need not be so in the more general block setting with
generalÞnite matrices .

Also, while we have thus far discussed only binary alphabets,
we can extend these ideas to determine a similar correspondence
for nonbinary alphabets. Suppose that the alphabet for the sticky
channel consists of the integers in the range . A natural
corresponding representation for the sticky block channel has
each symbol consist of an ordered pair with theÞrstÞeld being
a block length and the secondÞeld being number in the range

representing the difference modulo between the
two corresponding symbols in the sticky channel. For example,
for a -ary channel, the SC input

would be represented as

Note that for theÞrst symbol of the SBC we can adopt the con-
vention that the secondÞeld gives theÞrst symbol from the SC;
this does not affect the capacity.

Here, the symbol for the SBC should have a cost of,
since it corresponds tosymbols in the SC. The capacity of the
SC under the duplication distributionagain has an immediate
correspondence to the capacity per unit cost of the SBC.

III. L OWER BOUNDS

This correspondence gives us a means toÞnd a lower bound
for the capacity of the SC; simplyÞnd a lower bound on the ca-
pacity per unit cost of the corresponding SBC. When the block
lengths in the SC have boundedÞnite length and the duplica-
tion distribution hasÞnite support, then the corresponding ma-
trix is Þnite. In this case, capacity per unit cost given a ma-
trix can be computed numerically, using a variation of the
BlahutÐArimoto algorithm for calculating the capacity, under
the conditions that we are dealing withÞnite alphabets and pos-
itive symbol costs, as is the case here [6]. This approach does
not give an actual efÞcient coding scheme, but yields a distri-
bution of block lengths, from which the capacity per unit cost
can be derived. (This approach can also be efÞciently applied
in the case of -ary alphabets, taking advantage of the sym-
metry among all SBC symbols corresponding to the same block
length.)

We emphasize that the only methods we are aware of for ef-
fectively computing the capacity per unit cost requireÞnite al-
phabets for the derived SBC. As this approach uses a numerical
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Fig. 1. Capacity lower bounds for the elementary i.i.d. duplication channel based on numerically calculated optimal input distributions and random(truncated)
input distributions for maximal block lengths of 8 and 16 bits.

TABLE I
COMPUTED OPTIMAL DISTRIBUTIONS, TO FOUR DECIMAL PLACES, FOR THEELEMENTARY I.I.D DUPLICATION CHANNEL

distributed with mean, as they would be if each bit were inde-
pendent and uniform. The distribution drifts from this at inter-
mediate values of ; some examples (for blocks up to 8 bits)
are shown in Table I. The distributions are nearly geometric
at and ; the deviation from the geometric is
stronger but still slight for intermediate values such as .

Indeed, the capacity achieved by geometric distributions is
not too much less than for our computed optimal curves, as
shown in Fig. 1; these curves are labeled by“Rand.” (We cal-
culate the capacity with the probability that a block of maximal
length being instead of .) This fact may prove
useful for designing computationally efficient coding schemes
that perform close to capacity in practice, by having them
use random input distributions instead of specially tailored
distributions.

The geometric i.i.d. duplication channel naturally exhibits
more complicated behaviors. For our calculations, we require
bounds on the maximal block length in the received sequence.
Because of this, we limited our calculations for this channel
to . At , a received block will be, on av-
erage, slightly more than twice as long as the corresponding
input block; we allow received blocks to be as long asfive times
the maximal length of a maximal input block. Longer received
blocks are treated as truncated at this length, and the matrix
is computed accordingly.

In Fig. 2, we present results of capacity calculations where
the input stream is limited to maximal blocks of 8 and 16 bits.
Again, the difference between using maximal blocks of 8 and
16 bits is quite small. For this channel the capacity falls toas

goes to .
We also again present results for random codebooks. They

perform nearly as well as the optimal calculated truncated distri-

butions for small values of, but as grows larger, the difference
appears to increase steadily. Indeed, in contrast to the elemen-
tary i.i.d. duplication channel, wefind that as increases, the
optimal calculated distribution differs significantly and increas-
ingly from a geometric distribution; the numerically computed
optimal distributions appear to become more focused on a small
and well-spread set of values. Some examples for blocks up to
8 bits are shown in Table II. This perhaps explains the challenge
in applying our upper bound techniques to this channel; a more
complicated tail distribution may be required.

In summary, our results suggest that our calculated lower
bounds are extremely close to the true capacity, as increasing
the maximum input and output block lengths leads to only very
small differences in thefinal answers. Also, codes with code-
words chosen uniformly at random (even with blocks of limited
run lengths) would appear to perform close to capacity for the
elementary i.i.d. duplication channel, and for the geometric i.i.d.
duplication channel with small.

B. Upper Bounds

We present numerically derived upper bounds for the elemen-
tary i.i.d. duplication channel. In all cases below, we began with
a distribution based on our lower bound calculation, with input
blocks limited to 30 bits. In all cases, we began by augmenting it
with a geometric tail from block length . We attempted
to stay with values of and for which the asymptotic values of

were conservatively far from the derived upper bound.
While further optimization of parameter choices might improve
things slightly, we found very good results with these choices.

We present results in Table III. For ease of presentation, we
have rounded our derived lower bounds down in the fourth dec-
imal place, and the derived upper bounds up in the fourth dec-
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Fig. 2. Capacity lower bounds for the geometric i.i.d. duplication channel based on numerically calculated optimal input distributions and random (truncated)
input distributions for maximal block lengths of 8 and 16 bits.

TABLE II
COMPUTED OPTIMAL DISTRIBUTIONS, TO FOUR DECIMAL PLACES, FOR THEGEOMETRIC I.I.D DUPLICATION CHANNEL

TABLE III
COMPARING UPPER ANDLOWER BOUNDS FOR THEELEMENTARY I.I.D. DUPLICATION CHANNEL

imal place. In some cases, the results were actually the same to
four decimal places. We emphasize that our point here is not
the numbers themselves, which could be improved with further
calculation, but that for this and possibly other sticky channels,
quite tight bounds are possible with these techniques. Table III
demonstrates that the derived lower bounds are quite close to
the derived upper bounds across the range of values of.

VI. CONCLUSION

We have given numerical methods for calculating bounds on
the capacity of sticky channels, explicitly showing quite tight
bounds in the case of the elementary i.i.d. duplication channel.
These capacity results should allow this channel to serve as a
test case for future work on more general methods for capacity
bounds for insertion–deletion channels. Similarly, these results
should serve as a goalpost for efficient codes, either for these
specific channels or more general insertion–deletion channels.
Many open questions remain, include generalizing or simpli-
fying our upper bound approach,finding closed-form expres-

sions for capacity bounds for sticky channels, and providing ef-
ficient coding techniques for sticky channels.
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