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ABSTRACT

We presentainapproximately-dfcient andapproximately-
strat@yproof auction mechanismfor a single-goodmulti-unit
allocation problem. The bidding languagein our auctionsal-
lows maminal-decreasingiecavise constantcurves. First, we
develop a fully polynomial-timeapproximationschemefor the
multi-unit allocationproblem,which computesa (1 + ¢)-
approximationin worst-casdime 7' = O(n3/¢), givenn bids
eachwith a constantnumberof pieces.Secondwe embedthis
approximationschemewithin a Vickrey-Clarke-Groves (VCG)
mechanismand computepaymentsto n agentsfor an asymp-
totic costof O(1'logn). The maximalpossiblegain from ma-
nipulationto a bidderin the combinedschemeis boundedby
e/(14€)V,whereV isthetotal surplusin theefficientoutcome.
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1. INTRODUCTION

In this paperwe presenta fully polynomial-timeapproxima-
tion schemdor the single-goodmulti-unit auctionproblem.Our
schemas bothapproximatelefficientandapproximatelystrate-
gyproof. The auctionsettingsconsideredn our paperare mo-
tivated by recenttrendsin electroniccommerce;for instance,
corporationsare increasinglyusing auctionsfor their stratgjic
sourcing. We considerboth a reverseauctionvariation and a
forward auctionvariation, and proposea compactand expres-
sive biddinglanguagehatallows maginal-decreasingiecavise
constantunes.

In the reverse auction, we considera single buyer with a
demandfor M units of a good and n suppliers,eachwith a
maiginal-decreasingiecavise-constantostfunction. In addi-
tion, eachsuppliercanalsoexpressan upperbound or capacity
constrainton the numberof units shecansupply Thereverse
variationmodels,for example,a procurementauctionto obtain
raw materialsor otherservices(e.g. circuit boards,power sup-
pliers,tonercartridges)with flexible-sizedlots.

In the forward auction, we considera single sellerwith M
units of a goodandn buyers,eachwith a maginal-decreasing
piecavise-constantaluationfunction. A buyercanalsoexpress
alower bound or minimum/lot size,on the numberof unitsshe
demandsTheforwardvariationmodels for example,anauction
to sell excessinventoryin flexible-sizedlots.

We considerthe computationakcompleity of implementing
the Vickrey-Clarke-Groves[22, 5, 11] mechanisnfor the multi-
unit auctionproblem.The Vickrey-Clarke-Grores(VCG) mech-
anismhasa numberof interestingeconomicpropertiesin this
setting,including strategypmoofnesssuchthattruthful biddingis
adominantstrateyy for buyersin theforwardauctionandsellers
in thereverseauction,andallocativeefficiency suchthattheout-
comemaximizesthetotal surplusin the system.However, aswe
discusdn Section2, theapplicationof the VCG-basedpproach
is limited in the reversedirectionto instancesn which the total
paymentsto the sellersare lessthan the value of the outcome
to the buyer Otherwise eitherthe auctionmustrun atalossin
theseinstancespr the buyer cannotbe expectedto voluntarily
chooseto participate. This is an example of the budget-deficit
problemthatoftenoccursin efficientmechanisntesign[17].

The computationaproblemis interesting,becauseven with
maiginal-decreasingid cures,the underlyingallocationprob-
lem turnsout to (weakly) intractable. For instance the classic
0/1 knapsackis a specialcaseof this problem! We modelthe

'However, the problemcanbe solved easilyby a greedyscheme
if we remove all capacity constraintsfrom the seller and all



allocationproblemas a novel andinterestinggeneralizatiorof

the classicknapsackproblem,and develop a fully polynomial-
time approximatiorschemecomputinga (1 + ¢)-approximation
in worst-casdime I' = O(n3/¢), whereeachbid hasa fixed

numberof piecavise constanpieces.

Giventhis schemea straightforvard computatiorof the VCG
paymentdo all n agentsequirestime O(n1"). We computeap-
proximateVCG paymentsn worst-casgéime O (a1 log(an/e)),
whereq is aconstanthatquantifiesareasonabléno-monopoly”
assumption. Specifically in the reverseauction, supposethat
C(Z) istheminimal costfor procuring)M unitswith all sellersZ,
andC'(Z \ i) is theminimal costwithout selleri. Then,thecon-
stantx is definedasanupperboundfor theratio C(Z \ i) /C(Z),
over all sellersi. This upperboundtendsto 1 asthe numberof
sellersincreases.

The approximate/CG mechanisnis (1j5)-stratgyprooffor
an approximationto within (1 + €) of the optimal allocation.
This meanghata biddercangainat most (= )V from a non-
truthful bid, whereV is thetotal surplusfrom tFeefficientalloca—
tion. As such,this is anexampleof a computationally-tractable
e-dominanceresult? In practice,we canhave good confidence
that bidderswithout goodinformation aboutthe bidding strate-
giesof otherparticipantswill have little to gainfrom attemptsat
manipulation.

Section2 formally definesthe forward and reverseauctions,
and definesthe VCG mechanisms.We also prove our claims
aboute-stratgyproofness. Section3 provides the generalized
knapsacKormulationfor the multi-unit allocationproblemsand
introduceghefully polynomialtime approximatiorschemeSec-
tion 4 definesthe approximatiorschemeéor the paymentsn the
VCG mechanismSection5 concludes.

1.1 RelatedWork

Therehasbeenconsiderablénterestin recentyearsin char
acterizingpolynomial-timeor approximablespecialcasef the
generatombinatoriakllocationproblem in whichtherearemul-
tiple differentitems. Thecombinatoriahbllocationproblem(CAP)
is both NP-completeandinapproximable(e.g. [6]). Although
somepolynomial-timecaseshave beenidentified for the CAP
[6, 20], introducingan expressie exclusive-orbiddinglanguage
quickly breaksthesespecialcases.We identify a non-trivial but
approximableallocationproblemwith an expressie exclusive-
or bidding language—thdid taker in our settingis allowed to
acceptatmostonepointonthebid cune.

The ideaof usingapproximationsvithin mechanismswhile
retainingeitherfull-strategyproofnes®r e-dominancéhasreceved
someprevious attention.For instance L.ehmannetal. [15] pro-
poseagreedyandstratgyproofapproximatiorto asingle-minded
combinatorialauctionproblem. Nisan& Ronen[18] discussed
approximaté/CG-basednechanismdyut eitherappealedo par

ticularmaximal-in-ange approximationso retainfull strateyproof-

nessor to resource-boundeagentswith informationor compu-
tationallimitations on the ability to computestratgies. Feigen-

minimume-lotsizeconstraintfrom the buyers.

2However, this may not be an exampleof what Feigenbaurn&

Shenler referto asa tolerably-manipulablemechanisn{8] be-
causewe have not tried to boundthe effect of sucha manipula-
tion ontheefficieng of theoutcome VCG mechanisndohave a
natural“self-correcting”property though,because usefulma-
nipulationto anagentis a reportedvaluethatimprovesthe total
value of the allocationbasedon the reportsof otheragentsand
theagents own value.

baumé& Shenler [8] have definedthe conceptof strategically
faithful approximationsand proposedhe study of approxima-
tions as an importantdirection for algorithmic mechanisnde-
sign. Schummef21] andParkeset al [19] have previously con-
siderede-dominance jn the context of economicimpossibility
results for examplein combinatoriakexchanges.

Esoetal. [7] have studieda similar procuremenproblem,but
for adifferentvolumediscountmodel. This earlierwork formu-
latesthe problemasa generalmixedintegerlinearprogram,and
givessomeempiricalresultson simulateddata.
Kalagnananetal. [12] addressloubleauctionswheremultiple
buyersandsellerstradea divisible good The focusof this pa-
peris alsodifferent: it investigateghe equilibrium pricesusing
thedemandandsupplycunes,whereaur focusis on efficient
mechanisndesign.Ausubel[1] hasproposednascending-price
multi-unit auctionfor buyerswith mamginal-decreasingalues
[1], with aninterpretatiorasa primal-dualalgorithm[2].

2. APPROXIMA TELY-STRATEGYPROOF
VCG AUCTIONS

In thissectionwefirst describehemamginal-decreasinpiece-
wise bidding languagethat is usedin our forward and reverse
auctions.Continuing,we introducethe VCG mechanisnior the
problemandthes-dominanceesultsfor approximationso VCG
outcomes. We also discussthe economicpropertiesof VCG
mechanismin theseforward andreverseauctionmulti-unit set-
tings.

2.1 Marginal-DecreasingPiecewiseBids

We provide apiecavise-constanandmaiginal-decreasingid-
ding language.This bidding languages expressie for a natu-
ral classof valuationand costfunctions: fixed unit pricesover
intervals of quantities. SeeFigure 1 for an example. In addi-
tion, we slightly relax the maiginal-decreasingequirementto
allow: a bidderin the forward auctionto statea minimal pur-
chaseamount suchthatshehaszeo valuefor quantitiessmaller
thanthatamount;asellerin thereverseauctionto stateacapacity
constaint, suchthatshehasaneffectively infinite costto supply
guantitiesn excessof a particularamount.
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Figure 1: Marginal-decreasing, piecewiseconstant bids. In the
forward auction bid, the bidder offers $10 per unit for quantity in
the range [5, 10), $8 per unit in the range [10, 20), and $7 in the
range [20, 25]. Her valuation is zero for quantities outsidethe range
(10, 25]. In the reverseauction bid, the costof the selleris co outside
the range [10, 25].

In detall, in a forward auction, a bid from buyer i can be
written asa list of (quantity-rangeunit-price)tuples,((u; , p; ),
(2, p?), ..., (u~", pri~t)), with anupperboundu.* onthe
quantity The interpretationis that the bidder’s valuationin the



(semi-open)quantityrange[u?, u2 ') is p! for eachunit. Ad-
ditionally, it is assumedhatthe valuationis O for quantitiedess
thanu! aswell asfor quantitiesmorethanw?™. This is imple-
mentedby addingtwo dummybid tuples,with zeropricesin the
range(0, u}) and (u]**, 0c0). We interpretthe bid list asdefin-
ing a price function, puia.i(q) = qp?, if ul < ¢ < u!™', where
j=1,2,...,m;—1. In orderto resole theboundarycondition,
we assumehatthebid pricefor theupperboundquantityu": is
Poid,i(uf") = uMpltih

A seller’s bid is similarly definedin the reverseauction. The
interpretationis that the bidders costin the (semi-open)quan-
tity range[u?,u}"") is p! for eachunit. Additionally, it is as-
sumedthat the costis oo for quantitieslessthanu} aswell as
for quantitiesmorethanj*. Equivalently the unit pricesin the
ranges0, u; ) and(u}", o) areinfinity. We interpretthe bid list
asdefininga pricefunction, p.sx,i(¢) = qpl, if u} < q < ul*'.

2.2 VCG-BasedMulti-Unit Auctions

We constructhetractableandapproximately-stratg/proofmulti-

unit auctionsarounda VCG mechanism. We assumethat all
agenthave quasilineautility functions;thatis, u; (g, p) = vi(q)—
p, for abuyer ¢ with valuationw; (¢) for ¢ units at price p, and
u;(q,p) = p— ci(q) for aselleri with coste; (¢) atpricep. This
is a standardassumptiorin the auctionliterature,equivalentto
assumingisk-neutralagentg13]. We will usethe term payof
interchangeabljor utility.

In theforward auction, thereis a sellerwith M unitsto sell.
We assumehat this sellerhasno intrinsic value for the items.
Givena setof bidsfrom Z agentsjet V(Z) denotethe maximal
revenueto theseller giventhatatmostonepointonthebid curve
canbeselectedrom eachagentandno morethan M unitsof the
item canbe sold. Let z* = (z7,...,x) denotethe solution
to this winner determinatiorproblem,wherez; is the number
of unitssoldto agenti. Similarly, let V/(Z \ ¢) denotethe max-
imal revenueto the sellerwithout bids from agenti. The VCG
mechanisms definedasfollows:

1. Receve piecavise-constanbid curves and capacitycon-
straintsfrom all the buyers.

2. Implementheoutcomer™ thatsolvesthewinnerdetermination

problemwith all buyers.
3. Collectpaymentpyeg,i = poia,i(zi) — [V(Z) — V(T \ 9)]
from eachbuyer, andpassthe paymentdo thesellet

In this forward auction,the VCG mechanisnis strategyproof
for buyers,which meanghattruthful biddingis adominantstrat-
egy, i.e. utility maximizingwhatever the bids of otherbuyers.
In addition,the VCG mechanisnis allocatively-eficient andthe
paymentdrom eachbuyerarealwayspositive® Moreover, each
buyerpayslessthanits value,andrecevespayof V(Z) — V(Z\
1) in equilibrium; this is preciselythe mamginal-valuethat buyer
i contritutesto the economicefficiency of the system.

In thereverseauction, thereis a buyerwith M unitsto buy,
andn suppliers. We assumethat the buyer hasvalueV > 0
to purchaseall M units, but zerovalue otherwise. To simplify
the mechanisndesignproblemwe assumethat the buyer will
truthfully announcehis valueto the mechanisnd. The winner

3In fact, the VCG mechanismmaximizesthe expectedpayof
to the selleracrossall efficient mechanismsgven allowing for
Bayesian-Nasimplementation$14].

4Without this assumptionthe Myerson-Satterthaite [17] im-
possibility resultwould alreadyimply thatwe shouldnot expect
anefficienttradingmechanismn this setting.

determinatiorproblemin the reverseauctionis to determinethe
allocation,z*, that minimizesthe costto the buyer, or forfeits
tradeif theminimal costis greaterthanvalue,V'.

Let C(Z) denotethe minimal costgivenbids from all sellers,
andlet C'(Z \ ) denotethe minimal costwithoutbidsfrom seller
1. We can assumewithout loss of generality that thereis an
efficienttradeandV > C(Z). Otherwisethenthe efficient out-
comeis no trade andthe outcomeof the VCG mechanisnis no
tradeandno payments.

The VCG mechanisnimplementsthe outcomez™ that mini-
mizescostbasedn bidsfrom all sellers,andthenprovidespay-
MeNtpyeg,i = Pask,i (i )+ [V —C(Z)—max(0,V—-C(Z\i))]to
eachseller Thetotal paymenis collectedfrom thebuyer Again,
in equilibrium eachseller’s payof is exactly the maginal-value
thatthe sellercontritutesto the economicefficiency of the sys-
tem;in thesimplecasethatV > C(Z \ ¢) for all sellersi, thisis
preciselyC(Z \ i) — C(Z).

Althoughthe VCG mechanismremainsstrateyyprooffor sell-
ersin thereversedirection,its applicabilityis limited to casesn
which the total paymentdo the sellersarelessthanthe buyer’s
value.Otherwise therewill beinstancesn which the buyerwill
notchooseo voluntarily participatein the mechanismbasecdn
its own valueandits beliefsaboutthe costsof sellers.Thisleads
to alossin efficiency whenthe buyerchoosesot to participate,
becausefficienttradesaremissed.This problemwith the sizeof
the paymentsdoesnot occurin simplesingle-itemreverseauc-
tions,or evenin multi-unit reverseauctionswith abuyerthathas
a constantmaiginal-valuationfor eachadditionalitem that she
procures.

Intuitively, the problemoccursin the reversemulti-unit set-
ting becausehe buyer demandsa fixed numberof items, and
haszerovaluewithout them. This leadsto the possibility of the
trade being contingenton the presenceof particular so-called
“pivotal” sellers. Definea selleri aspivotal, if C(Z) < V but
C(Z\#) > V. Inwords,therewouldbenoefficienttradewithout
theseller Any time thereis a pivotal seller the VCG payments
to thatsellerallow herto extractall of the surplus,andthe pay-
mentsaretoo large to sustainwith the buyer’s value unlessthis
is theonly winning seller

Concretely we have this participationproblemin thereverse
auctionwhenthe total payof to the sellers,in equilibrium, ex-
ceedghetotal payof from the efficientallocation:

vV —-C(T) > Z [V — C(T) — max(0,V — C(T\ 4))]

As statedabove, first notice that we requireV > C(Z \ 1)
for all sellersi. In otherwords,theremustbe no pivotal sellers.
Giventhis, it is thennecessarandsuficient that:

V-C@@ > Z(C(Z\i)*C(Z)) )

To male the reverseauctionsymmetricwith theforward direc-
tion, we would needa buyer with a constantmaiginal-value to
buy the first M units, and zerovalue for additionalunits. The
paymentgo the sellerswould never exceedthe buyer’s valuein
this case. Corversely to male the forward auctionsymmetric
with thereverseauction,we would needa sellerwith a constant
(and high) mamginal-costto sell arything lessthanthe first M
units,andthenalow (or zero)maminal cost. Thetotal payments
receved by the seller can be lessthanthe sellers costfor the
outcomein this case.



In words,thesurplusof theefficientallocationmustbegreater
thanthetotal mamginal-surplusprovided by eachseller®

Consideran examplewith 3 agents{1, 2,3}, andV = 150
andC'(123) = 50. Condition(1) holdswhenC'(12) = C'(23) =
70 and C(13) = 100, but not whenC(12) = C(23) = 80
and C(13) = 100. In the first case,the agentpayofs = =
(mo, m1, w2, m3), WhereO is the seller is (10, 20, 50, 20). In the
secondtasethe payofs arer = (—10, 30, 50, 30).

One thing we do know, becausehe VCG mechanismwill
maximizethepayof to thebuyeracrossall efficientmechanisms
[14], is thatwheneaer Eq. 1 is not satisfiedtherecanbe no effi-
cientauctionmechanisni.

2.3 <-Strategyproofness

We now considerthe sameVCG mechanismbut with anap-
proximationschemefor the underlyingallocationproblem. We
derive an e-stratgyproofnessresult, that boundsthe maximal
gainin payof thatanagentcanexpectto achieve througha uni-
lateraldeviation from following asimpletruth-revealingstrateyy.
We describetheresultfor the forward auctiondirection,but it is
quiteagenerabbsenration.

As before,let V(Z) denotethe value of the optimal solution
to the allocationproblemwith truthful bidsfrom all agentsand
V(Z\ i) denotethevalueof theoptimalsolutioncomputedwith-
out bids from agenti. Let V(Z) andV/(Z \ i) denotethe value
of the allocationcomputedwith an approximationschemeand
assumehatthe approximatiorsatisfies:

1+eV(T) > V(D)

for somee > 0. We provide suchan approximationscheme
for our settinglater in the paper Let & denotethe allocation
implementedy theapproximatiorscheme.

Thepayof to agenti, for announcingraluationd;, is:

vi(25) + Z 0;(25) — V(T \ )
J#i

Thefinal termis independentf theagents announcedialue,
and canbeignoredin anincentive-analysis. However, agent:
cantry to improve its payof throughthe effect of its announced
valueontheallocationz implementedy themechanismin par
ticular, agent; wantsthe mechanisnto selecti to maximizethe
sumof its true value,v;(Z;), andthereportedvalueof the other
agentsy_ ., 9;(%;). If themechanisns allocationalgorithmis
optimal,thenall theagenteedso dois truthfully stateits value
andthe mechanisnwill do therest. However, facedwith anap-
proximateallocationalgorithm, the agentcantry to improve its
payof by announcinga value that correctsfor the approxima-
tion, and causeghe approximationalgorithmto implementthe
allocationthat exactly maximizesthe total reportedvalue of the
otheragentgogethemwith its own actualvalue[18].

5This conditionis implied by the agentsare substitutesequire-
ment[3], thathasreceved someattentionin the combinatorial
auctionliteraturebecausé characterizethecasan whichVCG
paymentsanbe supportedn a competitve equilibrium. Useful
characterizationsf conditionsthatsatisfyagentsaresubstitutes,
in termsof theunderlyingvaluationsof agentshave provedquite
elusive.

"Moreover, althoughthereis a small literature on maximally-
efficient mechanismssubject to requirementsof voluntary-
participationand budget-balancéi.e. with the mechanismrmei-
ther introducingor removing money), analytic resultsare only
known for simpleproblems(e.g.[16, 4]).

We can nowv analyzethe bestpossiblegain from manipula-
tion to an agentin our setting. We first assumethat the other
agentsaretruthful, andthenrelaxthis. In both casesthe max-
imal benefitto agenti occurswhenthe initial approximationis
worst-case.With truthful reportsfrom otheragentsthis occurs
whenthe value of choicez is V(Z)/(1 + ). Then,anagent
couldhopeto receve animproved payof of:

V(I) €
V(D) 1+ 1 +6V(I)
This is possibleif the agentis ableto selecta reportedtype to
correcttheapproximatioralgorithm,andmalke thealgorithmim-
plementheallocationwith valueV'(Z). Thus,if otheragentsare
truthful, andwith a (1 + ¢)-approximatiorschemeo thealloca-
tion problem,thenno agentcanimprove its payof by morethan
afactore /(1 + ¢) of thevalueof the optimalsolution.

The analysisis very similar when the other agentsare not
truthful. In this case,an individual agentcanimprove its pay-
off by nomorethanafactore/(1 + €) of thevalueof theoptimal
solutiongiventhevaluesreportedby the otheragents

Let V' in the following theoremdefinethe total value of the
efficient allocation, given the reportedvaluesof agentsj # i,
andthetruevalueof agent.

THEOREM 1. AVCG-basednehanismwitha (1 + ¢)-
allocationalgorithmis ( e — V') strategyproof for agenti, and
agent s can gain at mostthis payof through somenon-truthful

strategy.

Noticethatwe did notneedto boundtheerrorontheallocation
problemswithout eachagent, becausehe e-stratgyproofness
result follows from the accurag of the first-termin the VCG
paymentandis independenbf theaccuray of the second-term.
However, the accurag of the solutionto the problemwithout
eachagentis importantto implementa good approximationto
therevenuepropertieof the VCG mechanism.

3. THE GENERALIZED KNAPSACK PROB-
LEM

In this section,we designa fully polynomial approximation
schemdor the generalizedknapsackwhich modelsthe winner
determinationproblemfor the VCG-basedmulti-unit auctions.
We describeour resultsfor the reverseauctionvariation, but the
formulationis completelysymmetricfor the forward-auction.

In describingour approximatiorschemewe begin with asim-
ple property(the Anchor property) of anoptimalknapsacksolu-
tion. Weusethis propertyto developanO(rn?) time 2-approximation
for the generalizedknapsack. In turn, we use this basic ap-
proximationto developourfully polynomial-timeapproximation
schemgFPTAS).

Oneof the major appealsof our piecavise bidding language
is its compactrepresentatiorof the bidders valuationfunctions.
We strive to presere this, andpresentinapproximatiorscheme
thatwill dependonly onthenumberof bidders,andnotthemax-
imum quantity M, which canbe very largein realisticprocure-
mentsettings.

The FPTAS implementsan (1 + ¢) approximatiorto the op-
timal solutionz*, in worst-casd¢ime ' = O(n®/¢), wheren is
the numberof bidders,andwherewe assumehatthe piecavise
bid for eachbidderhasO(1) pieces. The dependencen the
numberof piecess alsopolynomial:if eachbid hasa maximum



of ¢ piecesthentherunningtime canbe derived by substituting
nc for eachoccurrencef n.

3.1 Preliminaries

Beforewe begin, let usrecall the classic0/1 knapsackprob-
lem: we aregiven a setof n items, wherethe item 7 hasvalue
v; andsizes;, anda knapsackof capacityM; all sizesarein-
tegers. The goalis to determinea subsetf itemsof maximum
valuewith total sizeatmost M. Sincewe wantto focusonare-
verseauction theequialentknapsackroblemwill beto choose
asetof itemswith minimumvalue(i.e. cost)whosesizeexceeds
M. The genenlized knapsak problemof interestto us canbe
definedasfollows:

GeneralizedKnapsack:

Instance: A target M, andasetof n lists, wheretheith list has
theform

Bi = ((ui,pi)s- o, (w7 p ), (ui (i), 00)),

whereu{ areincreasing/vith j andp! aredecreasingvith
Jj,andul, pl, M arepositive integers.
Problem: Determinea setof integersz? suchthat

1. (Oneperlist) At mostonex{ is non-zerdfor ary i,
2. (Membership):? # 0 impliesz? € [uf, ult"),
3. (Taget)y", 3=, = > M, and

4. (Objectie) 3=, 3= px] is minimized.

This generalizecknapsackfiormulationis a cleargeneraliza-
tion of the classic0/1 knapsackln thelatter, eachlist consistsof
asinglepoint (s;, v;).2

Theconnectiorbetweerthegeneralizednapsaclandourauc-
tion problemis transparent.Eachlist encodes bid, represent-
ing multiple mutually exclusivequantity intervals, and one can
chooseary quantityin aninterval, but at mostoneinterval can
be selected.Choosingintenal [u?,u?™") hascostp? per unit.
Thegoalis to procureat leastM units of the goodat minimum
possiblecost. The problemhassomeflavor of the continuous
knapsaclproblem.However, therearetwo majordifferenceghat
malke our problemsignificantlymoredifficult: (1) intervals have
boundariesandsoto chooseintenal [, u? ") requiresthatat
leastu? andat most« " units mustbe taken; (2) unlike the
classicknapsackwe cannotsortthe items(bids) by value/size,
sincedifferentintervalsin onelist have differentunit costs.

3.2 A 2-Approximation Scheme

We begin with a definition. Given an instanceof the gener
alizedknapsackywe call eachtuplet! = (u?,p}) anandor.
Recallthatthesetuplesrepresenthebreakpointsn the piecavise
constantcurve bids. We saythat the sizeof ananchort? is u?,

8In fact,becausef the“one perlist” constraintthe generalized
problemis closerin spirit to the multiple choiceknapsak prob-
lem [9], wherethe underlingsetof itemsis partitionedinto dis-
joint subsetd/;, Us, . .., Ux, and one can chooseat mostone
item from eachsubset. PTAS do exist for this problem[10],
and indeed,one can corvert our probleminto a huge instance
of the multiple choiceknapsackproblem,by creatingonegroup
for eachlist; put a (quantity price) point tuple (z, p) for eah
possiblequantityfor a bidderinto his group (subset).However,
this corversionexplodesthe problemsize, makingit infeasible
for all but the mosttrivial instances.

the minimum numberof units availableat this anchors pricep? .
Thecostof theanchort! is definedo betheminimumtotal price
associateavith thistuple,namely cost(t]) = plu? if j < ms,
andcost(t;") = pzni_lu;ni.

In afeasiblesolution{xy, z2, ..., z,} of thegeneralizednap-
sack,we saythatanelementz; # 0 is ananchorif z; = u?, for
someanchoru{. Otherwise,we saythat z; is midrange. We
obsere that an optimal knapsacksolution can always be con-
structedsothatatmostonesolutionelemenis midrange If there
aretwo midrangeelementsr andz’, for bidsfrom two different
agentswith = < 2/, thenwe canincrementz’ anddecrement
z, until one of thembecomesan anchor SeeFigure 2 for an
example.

LeEMMA 1. [Anchor Property] Thele existsan optimal solu-
tion ofthegenerlizedknapsak problemwith at mostonemidrange
elementAll otherelementsre andors.

25 1 25 1

20 20
@ [
215 2 — £15 2 —
® 10 3_.__|_.. *~ 10 3..__|_.

5 5

5 10 15 20 25 30 35
Quantity

5 10 15 20 25 30 35
Quantity

(ii) Optimal soltution with

(i) Optimal solution with
1 midrange bid

2 midrange bids

Figure 2: (i) An optimal solution with more than one bid not an-
chored (2,3); (ii) an optimal solution with only one bid (3) not an-
chored.

We usethe anchorpropertyto first obtaina polynomial-time
2-approximatiorschemeWe dothis by solvingseveralinstances
of arestrictedgeneralized-knapsagkoblem,which we call iK-
napsackwhereoneelements forcedto be midrangefor a par
ticularinterval

Specifically supposeslementz, for agent! is forcedto lie in
its jthrange,[uj, v "), while all otherelementsg1, ..., z;_1,
Zi+1, Tn, arerequiredto be anchorsor zero. This corresponds
to therestrictedoroblemiKnapsackt, j), in whichthegoalis to
obtainat least}M — uj units with minimum cost. Elementz,
is assumedo have alreadycontrituted « units. The value of
a solutionto iKnapsackt, j) representshe minimal additional
costto purchaseherestof the units.

We createn — 1 groupsof potentialanchorswhereith group
containsall theanchor=of thelist i in the generalizeknapsack.
The groupfor agent! containsa single elementthat represents
theinterval [0, v} ** —u7), andtheassociatednit-pricep;. This
interval representshe excessnumberof units that canbe taken
from agentl in iKnapsackt, j), in additionto w3, which has
alreadybeencommitted. In ary othergroup,we canchooseat
mostoneanchor

The following pseudo-codalescribesour algorithm for this
restrictionof the generalizedknapsackproblem. U is the union
of all thetuplesin » groups,ncludingatuplet, for agent.. The
sizeof this specialtupleis definedasu) ™" — 7, andthe costis
definedasp] (u} "' —u}). R isthenumberof unitsthatremainto
beacquired.S is thesetof tuplesacceptedn thecurrenttentative



solution. Best is thebestsolutionfoundsofar. VariableSkip is
only usedin the proof of correctness.

Algorithm Greedy/, j)

1. Sortall tuplesof U in theascendingrderof unit price;in
caseof ties,sortin ascendingrderof unit quantities.

2. Setmark(i) = 0, for all listsi = 1,2,...,n.
Initialize R = M — u}, S = Best = Skip = 0.
3. Scanthetuplesin U in the sortedorder Supposehe next
tupleis t¥, i.e. the kth anchorfrom agent;.
If mark(i) = 1, ignorethistuple;
otherwisedo thefollowing steps:

o if size(t}) > Randi =/ _
returnmin {cost(S) + Rp), cost(Best)};

o if size(t¥) > Randcost(tF) < cost(S)
returnmin {cost(S) + cost(t¥), cost(Best)};

o if size(t¥) > Randcost(tF) > cost(S)
Add tf to Skip; SetBest to S U {t}'} if cost
improves;

o if size(t¥) < Rthen
addt¥ to S; mark(i) = 1; subtractsize(t¥)
from R.

Theapproximatioralgorithmis very similarto theapproxima-
tion algorithmfor knapsack Sincewe wish to minimizethetotal
cost,we considethetuplesin orderof increasingoerunit cost. If
thesizeof tupletéC is smallerthan R, thenwe addit to S, update
R, anddeletefrom U all thetuplesthatbelongto thesamegroup
ast?. If size(t¥) is greatethanR, thenS alongwith ¢t¥ formsa
feasiblesolution. However, this solutioncanbe far from optimal
if thesizeof t¥ is muchlargerthanR. If total costof S andt*
is smallerthanthe currentbestsolution,we updateBest. One
exceptionto thisruleis thetuplet,. Sincethistuplecanbetaken
fractionally, we updateBest if thesumof S’s costandfractional
costof ¢, is animprovement.

The algorithm terminatesin either of the first two casesor
whenall tuplesarescannedIn particular it terminatesvheneer
we find at? suchthat size(t¥) is greaterthan R but cost (t¥) is
lessthancost(.S), or whenwe reachthetuplerepresentinggent
[ andit givesafeasiblesolution.

LEMMA 2. Supposel™ is anoptimalsolutionofthegeneal-
izedknapsak, andsupposehatelement(, 5) is midrangein the
optimalsolution. ThenthecostV (1, ), returnedby Greedy/, j),
satisfies:

V(£,5) + cost(t)) < 2cost(A”)

PROOF. LetV (¢, j) bethevaluereturnecby Greedy/, 5) and
letV*(¢, j) beanoptimalsolutionfor iKnapsacke, j). Consider
the set Skip at the terminationof Greedy/, j). Therearetwo
casedo consider:eithersometuplet € Skipisalsoin V* (¢, j),
or notuplein Skip isin V*(4, 7). In thefirst case et S; bethe
tentatize solution S at thetime ¢t wasaddedto Skip. Because
t € Skip thensize(t) > R, andS; togetherwith ¢ forms a
feasiblesolution,andwe have:

V(£,7) < cost(Best) < cost(St) + cost(t).

Again,because € Skip thencost(t) > cost(S:), andwe have
V(£,7) < 2cost(t). Ontheotherhand,sincet is includedin

V*(£,7), wehave V*(£,j) > cost(t). Thesetwo inequalities
imply thedesiredbound:

VI, §) < V(L) < 2V7(L, ).

In the secondcase,imagine a modified instanceof iKnap-
sack¥, j), which excludesall the tuplesof the setSkip. Since
noneof thesetupleswereincludedin V* (¢, j), theoptimalsolu-
tion for the modified problemshouldbe the sameasthe onefor
the original. Supposeour approximationalgorithm returnsthe
valueV’ (¢, j) for this modifiedinstance.Let ¢’ bethelasttuple
consideredby the approximationalgorithm before termination
onthemodifiedinstanceandlet S;, bethe correspondingenta-
tive solutionsetin that step. Sincewe considertuplesin order
of increasingper unit price, andnoneof the tuplesaregoingto
beplacedin thesetSkip, we musthave cost(Sy) < V*(¢,7)
becauses,, is theoptimalway to obtainsize(Sy/ ).

We alsohave cost(t') < cost(Sy), andthe following in-
equalities:

V(,7) <V'(4j) < cost(Sy)+ cost(t")
< 2V*(¢4,5)

TheinequalityV (¢, j) < V'(4, j) follows from thefactthata
tuplein the Skip list canonly affectthe Best but notthetentative
solutions.Thereforedroppingthetuplesin thesetSkip canonly
male the solutionworse.

Theabore agumenthasshavn thatthevaluereturnedoy Greedy/, j)
is within a factor 2 of the optimal solutionfor iKnapsacke, 7).
Wenow shaw thatthevalueV (¢, j) plus cost(t)) isa2-approximation
of theoriginal generalizeknapsackproblem.

Let A* be an optimal solution of the generalizecknapsack,
and supposethatelementrf; is midrange. Let x_, to be setof
the remainingelementsgitherzeroor anchors;n this solution.
Furthermoregdefinez; = x — uj. Thus,

cost(A*) = cost(x]) + cost(t]) + cost(x_;)

It iseasyto seethat(x_¢, x;) is anoptimalsolutionfor iKnapsack?, 7).
SinceV (¢, j) is a 2-approximatiorfor this optimal solution,we
have thefollowing inequalities:

V(€,5) + cost(t)) < cost(t]) + 2(cost(x}) + cost(x_s))
< 2(cost(xy) + cost(t)) + cost(x_y))
< 2cost(A")

This completegheproof of Lemma2. [

It is easyto seethat, afteraninitial sortingof thetuplesin U,
the algorithm Greedy/, ;) takes O(n) time. We have our first
polynomialapproximatioralgorithm.

THEOREM 2. A2-appioximationofthegenealizedknapsak
problemcanbefoundin time O(n?), whee n is numberof item
lists (each of constantength).

PrRoOOF. We runthealgorithmGreedy/, j) oncefor eachtu-
ple (I, j) asa candidatefor midrange. Thereare O(n) tuples,
andit sufficesto sortthemonce thetotal costof thealgorithmis
O(n?). By Lemmal, thereis an optimal solutionwith at most
onemidrangeelementsoouralgorithmwill find a2-approximation,
asclaimed. [

The dependencen the numberof piecesis alsopolynomial:
if eachbid hasa maximumof ¢ piecesthenthe runningtime is
O((ne)?).



3.3 An Approximation Scheme

We now usethe 2-approximatioralgorithm presentedn the
precedingsectionto develop a fully polynomial approximation
(FPTAS) for the generalizedknapsackproblem. The high level
ideais fairly standardput the detailsrequiretechnicalcare. We
usea dynamicprogrammingalgorithmto solve iKnapsacK, ;)
for eachpossiblemidrangeelement,with the 2-approximation
algorithmproviding anupperboundon the value of the solution
andenablingthe useof scalingon the costdimensionof the dy-
namicprogrammingDP) table.

Considey for example, the casethatthe midrangeelementis
z¢, Which falls in the range[ufg,ufl). In our FPTAS, rather
than using a greedy approximationalgorithm to solve iKnap-
sack¢, j), we constructa dynamicprogrammingtableto com-
pute the minimum costat which at least M — «*" units can
be obtainedusing the remainingn — 1 lists in the generalized
knapsack.

Suppose’|i, ] denotesthe maximum numberof units that
canbeobtainedat costat mostr usingonly thefirst i listsin the
generalizecknapsack. Then, the following recurrencerelation
describedow to constructhedynamicprogrammingable:

G[o,r] = 0

|

whereB(i,r) = {j : 1 <j < my, cost(t]) < r},istheset
of anchordor agenti. As corvention,agent; will index therow,
andcostr will index thecolumn

Thisdynamicprogrammingalgorithmis only pseudo-polynomial,
sincethe numberof columnin the dynamicprogrammingtable
dependsiponthe total cost. However, we canconvert it into a
FPTAS by scalingthe costdimension.

Let A denotethe2-approximatiorto thegeneralized&knapsack
problem,with total cost, cost(A). Let e denotethe desiredap-
proximationfactor We computethe scaledcostof a tuple 7,
denotedscost (t!), as

. Gli —1,7] 4 _
Gli,r] = max ){G[i —1, r— cost(t))] +ul}
JEB(L,r

n cost(t?)
ecost(A) 1 @

This scalingimproves the running time of the algorithm be-
causethe numberof columnsin the modified table is at most
(g], andindependenbf the total cost. However, the computed
solution might not be an optimal solutionfor the original prob-
lem. We shawv thatthe errorintroduceds within afactorof ¢ of
theoptimalsolution.

As a preludeto our approximationguaranteewe first shav
that if two different solutionsto the iKnapsackproblem have
equalscaledcost,thentheir original (unscaledxostscannotdif-
fer by morethane cost(A).

scost(t]) = [

LEMMA 3. Letz andy betwo distinctfeasiblesolutionsof
iKnapsackt, j), excludingtheir midrange elements.If = andy
haveequalscaledcosts,thentheir unscaledcostscannotdiffer
by more thanecost(A).

PROOF. LetI, andI,, respectiely, denoteheindicatorfunc-
tions associateavith the anchorvectorsz andy—thereis 1 in
position I, [, k] if thez¥ > 0. Sincez andy hasequalscaled
cost,

Z Z scost(t¥)I.[i, k] = Z Z scost(t¥)1, i, k]

i£l k i#l k

(©)

However, by (2), the scaledcostssatisfythe following inequali-
ties:

(scost(th) — 1)ecost(A)

scost(t¥)ecost(A)

4
Substitutingheupperboundon scaledcostfrom (4) for cost (),
the lower-boundon scaledcostfrom (4) for cost(y), andusing
equality(3) to simplify, we have:

< cost(tF) <

cost(z) — cost(y) < EC%MZZQ[LIC] < ecost(A),
itk

The last inequality usesthe fact that at mostn components

of anindicatorvectorarenon-zerothatis, ary feasiblesolution
containsatmostn tuples. [

Finally, giventhedynamicprogrammingdablefor iKnapsacke, j),
weconsideiall theentriesin thelastrow of thistable,G[n—1, r].
Theseentriescorrespondo optimalsolutionswith all agentsex-
ceptl, for differentlevels of cost. In particulay we considerthe
entriesthat provide at leastM — ufz“ units. Togetherwith a
contrikution from agentl, we choosethe entry in this setthat
minimizeghetotal cost,definedasfollows:

cost(Gn —1,7]) + max {uj, M —G[n—1,7]}p,

wherecost() is theoriginal, unscaledcostassociateavith en-
try G[n—1, r]. Itisworthnoting,thatunlike the2-approximation
schemdor iKnapsackt, j), thevaluecomputedvith thisFPTAS
includesthe costto acquireu; unitsfrom .

Thefollowing lemmashavsthatwe achieve a (1+¢)-approximation.

LEMMA 4. SupposeA™ is an optimal solution of the gen-
eralized knapsak problem, and supposethat element(, j) is
midrange in theoptimalsolution. Then thesolution A(Z, 5) from

runningthescaleddynamic-pogrammingalgorithmon iKnapsack, j)

satisfies
cost(A(l, 7)) < (14 2¢)cost(A")

PrRoOOF. Let z_, denotethe vector of the elementsin solu-
tion A* without elementl. Then, by definition, cost(A*) =
cost(x_¢) + pya). Letr = scost(xz_,) bethe scaledcostas-
sociatedwith the vectorz_,. Now considerthe dynamicpro-
grammingtableconstructedor iKnapsack¢, j), andconsideiits
entryG[n — 1,r]. Let A denotethe 2-approximatiorto thegen-
eralizedknapsaclproblem,and A(l, j) denotethe solutionfrom
thedynamic-programminglgorithm.

Supposey_; is the solutionassociatedvith this entryin our
dynamicprogramihecomponentsf thevectory_, arethequan-
tities from differentlists. Sinceboth z_, andy_, have equal
scalectostspy Lemma3, theirunscaledostsarewithin e cost(A)
of eachother;thatis,

cost(y—e) — cost(x—¢) < ecost(A).
Now, definey; = max{uj, M — Y, ., >, y!}; thisisthe
contritution neededrom ¢ to male (y_., yJ ) afeasiblesolution.

Among all the equalcostsolutions,our dynamicprogramming
tableschooseshe onewith maximumunits. Therefore,
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Thereforejt mustbethecasethaty) < . Becausdy], y—_.)
is alsoafeasiblesolution,if ouralgorithmreturnsa solutionwith
costcost(A(l, 7)), thenwe musthave

cwost(A(,7)) < costly—e) + Pyl
cost(z_g) + ecost(A) + p) )
(1 + 2¢)cost(A”),

wherewe usethefactthat cost(A) < 2cost(A*). O

IAINIA

Puttingthis togetherour approximatiorschemdor thegener
alizedknapsaclproblemwill iteratetheschemelescribedabore
for eachchoiceof the midrangeelement(l, j), and choosethe
bestsolutionfrom amongtheseO(n) solutions.

For agivenmidrangethemostexpensve stepin thealgorithm
is the constructiorof dynamicprogrammingable,which canbe
donein O(n? /¢) time assumingonstanintenalsperlist. Thus,
we have thefollowing result.

THEOREM 3. We cancomputean (1 + ¢) appoximationto
the solution of a generlized knapsak problemin worst-case
timeO(n?/¢).

The dependencen the numberof piecesis also polynomial: if
eachbid hasa maximumof ¢ piecesthenthe runningtime can
be derivedby substitutingen for eachoccurrencef n.

4. COMPUTING VCG PAYMENTS

We now considerthe relatedproblemof computingthe VCG
paymentdor all the agents.A nave approachrequiressolving
the allocationproblemn times,remaving eachagentin turn. In
this sectionwe shav thatourapproximatiorschemedor thegen-
eralizedknapsackcanbe extendedto determineall n payments
intotaltime O(aZ'log(an/€)), wherel < C(Z\:)/C(Z) < a,
for a constanupperbound,«, andT' is the compleity of solv-
ing the allocationproblemonce. This a-boundcanbe justified
asa “no monopoly” condition, becauset boundsthe mamginal
valuethata single buyer bringsto the auction. Similarly, in the
reversevariation we can computethe VCG paymentsto each
sellerintime O(aT log(an/e)), wherea boundgheratio C(7\
1)/C(Z) for all 4.

Our overall stratgy will be to build two dynamicprogram-
ming tables forward and backward, for eachmidrangeelement
(1, 7) once Theforwardtableis built by consideringhe agents
in theorderof theirindices,whereasthe backwardtableis built
by consideringthemin the reverseorder The optimal solution
correspondingo C(Z \ ¢) canbebrokeninto two parts:onecor-
respondingo first (i — 1) agentsandthe othercorrespondindgo
last(n — i) agentsAs the (: — 1)th row of theforwardtablecor
respondso thesellerswith first (: — 1) indices,anapproximation
to thefirst partwill becontainedn (i — 1)th row of theforward
table. Similarly, (n — ¢)th row of thebackwardtablewill contain
an approximationfor the secondpart. We first presenta sim-
ple but aninefficientway of computingthe approximatevalueof
C(Z \ 1), whichillustratesthe mainideaof our algorithm. Then
we presenfanimproved schemewhich usesthe factthatthe el-
ementsn therows aresorted to computethe approximatevalue
moreefficiently.

In the following, we concentrateon computingan allocation
with 27 beingmidrange,andsomeagenti # [ removed. This
will beacomponentn computinganapproximatiorto C(Z \ ),
thevalueof thesolutionto thegeneralizednapsackvithoutbids
from agenti. We begin with the simplescheme.

4.1 A Simple Approximation Scheme

Weimplementhescaleddynamicprogrammingalgorithmfor
iKnapsacK¢, j) with two alternateorderingsover the othersell-
ers,k # 1, onewith sellersorderedl, 2, ..., n, and onewith
sellersorderedn,n — 1,...,1. We call thefirst table the for-
ward table,anddenoteit F;, andthe secondablethe badkward
table,anddenoteit B;. Thesubscript remindsusthattheagent
£ is midrange®

In building thesetables we usethe samescalingfactorasbe-
fore; namely the costof atuplet! is scaledasfollows:

i\ ncost(t])
scost(t]) = [scost(A |
where cost(A) is the upperboundon C(Z), givenby our 2-
approximationscheme In this case because&’(Z \ i) canbea
timesC(Z), thescaledvalueof C(Z \ ) canbeat mostna/e.
Therefore,the costdimensionof our dynamicprograms table
will bena/e.

1 2 3 m-1m 1 2 3 m-1m
1 n-1
2 n-2
i-1] | 9] RGD h| 8 (n-i) n-i
n-1 1
Table R Table B

Figure 3: Computing VCG payments.m = ==

Now, supposeve wantto computea (1 + €)-approximation
to the generalizedknapsackproblemrestrictedto element(, j)
midrange andfurtherrestrictedto remae bidsfrom someseller
i # 1. Call this problemiKnapsack ¢ (¢, j).

Recallthattheith row of our DP tablestoresthe bestsolution
possibleusing only the first i agentsexcluding agent!, all of
themeither clearedat zero, or on anchors. Thesefirst i agents
areadifferentsubsebf agentsn the forward andthe backward
tables. By carefully combiningonerow of F; with onerow of
B; we cancomputean approximatiorto iknapsack® (¢, j). We
considertherow of F; thatcorrespondso solutionsconstructed
fromagents(1, 2,...,7 — 1}, skippingagent. We considerthe
row of B; thatcorrespondso solutionsconstructedrom agents
{i+1,i4+2,...,n}, againskippingagent. Therowsarelabeled
Fi(i — 1) and B;(n — i) respectiely.’® The scaledcostsfor
acquiringtheseunitsarethe columnindicesfor theseentries.To
solve iKnapsack® (¢, j) we chooseoneentryfrom row Fy(i—1)
andonefromrow B, (n— i) suchthattheirtotal quantityexceeds
M — )" andtheir combinedcostis minimum over all such
combinationsFormally, letg € Fi(i — 1), andh € B;(n — 1)
denoteentriesin eachrow, with size(g), size(h), denotingthe
numberof unitsand cost(g) and cost(h) denotingthe unscaled
costassociateavith theentry We computethefollowing, subject

®We couldlabelthe tableswith both ¢ andj, to indicatethe jth
tupleis forcedto be midrange but omit ; to avoid clutter.

1970 be precisetheindex of therows are (i — 2) and(n — ) for
F; andB; whenl < ¢,and(i — 1) and(n — i — 1), respecirely,
whenl > i.



to the conditionthatg andh satisfy size(g) + size(h) > M —
j+1.
wy

min cost(g) + cost(h) +
9€th(i71>,}meBe(n7i){ (9) (h)

p) - max{u), M — size(g) — size(h)}} (%)

LEMMA 5. Supposel ¢ is anoptimalsolutionof thegener
alizedknapsak problemwithoutbidsfromagenti, and suppose
that element(l, j) is the midrange elementin the optimal solu-
tion. Then,the expressionin Eg. 5, for the restrictedproblem
iKnapsack® (¢, j), computes (1 + ¢)-appoximationto A~".

PrROOF. Fromearlier we definecost(A™%) = C(T \ i). We
cansplit the optimal solution, A%, into threedisjoint parts: z;
correspondso the midrangeseller z; correspondso firsti — 1
sellers(skippingagentl if [ < i), andz_; correspondgo last
n — i sellers(skippingagent if I > 7). We have:

cost(A™") = cost(x:) + cost(x—;) + pya)
Letr; = scost(x;) andr_; = scost(x—;). Lety; andy_;
be the solutionvectorscorrespondingo scaledcostr; andr_;

in Fy(i — 1) and B¢(n — 1), respectiely. FromLemma3 we
concludethat,

cost(ys) + cost(y—qi) — cost(x;) — cost(z—;) < ecost(A)

where cost(A) is the upperboundon C(Z) computedwith the
2-approximation.

Among all equalscaledcostsolutions,our dynamicprogram
chooseshe onewith maximumunits. Thereforewe alsohave,

(size(ys) > size(x;)) and (size(y—;) > size(z—s))

wherewe useshorthandsize(x) to denotetotal numberof units
in all tuplesin x. .

Now, definey] = max(u], M — size(ys) — size(y—s)). From
the precedingnequalitieswe have y/ < z7. Since(y}, yi, y—i)
is alsoa feasiblesolutionto the generalizedknapsackproblem
without agenti, thevaluereturnedby Eq.5 is at most

C(Z \ i) + ecost(A)
C(T \ 4) + 2cost(A")e
C(T\ i) +2C(T \ i)e

cost(ys) + cost(y—:) + ply]

VANVARRVAN

This completegheproof. [

A naive implementatiorof this schemewill beinefficient be-
causet might check(na/e)? pairs of elementsfor ary partic-
ular choiceof (I, 7) andchoiceof droppedagenti. In the next
sectionwe presentnefficient way to computeEq. 5, andeven-
tually to computethe VCG payments.

4.2 Improved Approximation Scheme

Ourimprovedapproximatiorschemeor thewinnerdetermination

problemwithout agent; usesthefactthatelementsn Fy(i — 1)
and B.(n — i) aresorted;specifically both, unscaledcost and
quantity (i.e. size), increasedrom left to right. As before,let
g and h denotegenericentriesin Fy(i — 1) and Be(n — i) re-
spectvely. To computeEq. 5, we considerll thetuplepairs,and
first divide the tuplesthatsatisfyconditionsize(g) + size(h) >
M — uJ*" into two disjoint sets. For eachsetwe computethe
bestsolution,andthentake the bestbetweerthetwo sets.
[casel: size(g) + size(h) > M — uj]

Theproblemreducego

: J
geF[(iflI)I,n}?eB[(nfi) {cost(g) + cost(h) + pj ué} (6)
We definea pair (g, h) to be feasibleif size(g) + size(h) >
M — u]. Now to computeEq. 6, we do aforward andbackward
walk on Fy(i — 1) and Be(n — i) respectiely. We startfrom
the smallestindex of F;(i — 1) and move right, and from the
highestindex of B,(n — ¢) and move left. Let (g, h) be the
currentpair. If (g, h) is feasible we decremeniB’s pointer(that
is, move backward) otherwisewe incrementF’s pointer The
feasiblepairsfound during the walk areusedto computeEq. 6.
The compleity of this stepis linear in sizeof F;(i — 1), which
isO(na/e). _

[casell: M —u!™' < size(g) + size(h) < M —ul]

Theproblemreducego

{cost(g) + cost(h) +

min
gEF(i—1), h€By(n—i)
Pl (M — size(g) — sz’ze(h))}

To computetheabove equationwe transformthe above prob-
lemto anotherproblemusingmodifiedcost,whichis definedas:

cost(g) — p{ - size(g)
cost(h) — p] - size(h)

meost(g) =
mcost(h) =

Thenew problemis to compute

: J

geFi(iflI)I,n}?EB[(nfi) {mcost(g) + mcost(h) —I—le} (7)

The modified cost simplifies the problem, but unfortunately
the elementsn F;(i — 1) and B¢(n — i) areno longersorted
with respecto mcost. However, the elementsarestill sortedin
quantityandwe usethis propertyto computeEqg. 7. Call a pair
(g, h) feasibleif M — u}™" < size(g) + size(h) < M — u].
Definethe feasiblesetof g asthe elementsh € By(n — i) that
arefeasiblegiven g. As the elementsaresortedby quantity the
feasiblesetof g is a contiguoussubsef By(n — i) andshifts
left asg increases.

123456
10| 20/ 30| 40| 50| 60| F; (i-1)

12 3456
\15\ 20\ 25\30\35\40\ B (n-i)

Begin End

Figure 4: The feasible set of g = 3, definedon Be(n — i), is
{2,3,4} when M — ™" = 50 and M — u] = 60. Begin and
End representthe start and end pointers to the feasibleset.

Thereforewe cancomputeEq. 7 by doingaforwardandback-
wardwalk on F;(i — 1) and B¢ (n — %) respectrely. Wewalk on
By(n — 1), startingfrom the highestindex, usingtwo pointers,
Begin and End, to indicatethe startandendof the currentfea-
sible set. We maintainthe feasiblesetasa min heap wherethe
key is modifiedcost. To updatethe feasibleset,whenwe incre-
ment F’'s pointer(mae forward), we walk left on B, first using
End to remove elementsrom feasiblesetwhich areno longer



feasibleandthenusing Begin to addnew feasibleelementsFor

a given g, the only elementwhich we needto considerin ¢'s
feasiblesetis the onewith minimum modified costwhich can
be computedin constantime with the min heap So, the main
compleity of the computationlies in heapupdates.Since,ary

elementis addedor deletedat mostonce,thereare O(%2) heap
updatesandthetime complexity of this stepis O (2= log %2).

4.3 Collecting the Pieces

Thealgorithmworksasfollows. First, usingthe 2 approxima-
tion algorithm, we computean upperboundon C(Z). We use
this boundto scaledown the tuple costs.Usingthe scaledcosts,
we build the forwardandbackwardtablescorrespondingo each
tuple (1, ). The forward tablesareusedto computeC(Z). To
computeC(Z \ ¢), we iterateover all the possiblemidrangetu-
plesandusethe correspondindorward and backward tablesto
computethe locally optimal solution using the above scheme.
Amongall the locally optimal solutionswe chooseonewith the
minimumtotal cost.

The mostexpensve stepin the algorithmis computationof
C(Z \ i). Thetime compleity of this stepis O(”zT‘* log %)
aswe have to iterateover all O(n) choicesof t/, for all | #
1, and eachtime usethe abore schemeto computeEqg. 5. In
the worst case,we might needto computeC(Z \ ¢) for all n
sellers,in which casethe final complity of the algorithmwill
beO(™22 log n2).

THEOREM 4. Wecancomputeane/(1+¢)-strategyproofap-
proximationto the VCG medtanismin the forward and reverse

multi-unitauctionsin Worst-casetimeO(’ﬁT"‘ log 22).

It isinterestingo recallthatT = O(”;) is thetime complex-
ity of the FPTAS to the generalizecknapsackproblemwith all
agents Our combinedschemeomputesanapproximatiorto the
completeVCG mechanismincluding paymentdo O(n) agents,
in time compleity O(T log(n/¢)), takingthe no-monopolypa-
rameter «, asa constant. Thus, our algorithm performsmuch
betterthan the naive scheme,which computesthe VCG pay-
mentfor eachagentby solving a new instanceof generalized
knapsackproblem. The speedup comesfrom the way we solve

iKnapsack® (¢, 7). Timecompleity of computngKnapsack®(¢, 5)

by creatinga newv dynamic programmingtable will be O(”—j)
but by usingthe forward andbackward tables the compleity is
reducedio O(Z log 2). We canfurtherimprove the time com-
plexity of our algorithmby computingEq. 5 more efficiently.
Currently thealgorithmusesheapwhich haslograthmicupdate
time. In worst case,we can have two heapupdateoperations
for eachelementwhich makesthetime compleity superlinear
If we cancomputeEq. 5 in linear time thenthe complity of
computingthe VCG paymentwill be sameasthe compleity of
solvingasinglegeneralizeknapsackproblem.

5. CONCLUSIONS

We presentea fully polynomial-timeapproximationscheme
for the single-goodmulti-unit auctionproblem,using maginal
decreasingiecavise constantbidding language. Our scheme
is both approximatelyefficient and approximatelystrateyproof
within ary specifiedfactore > 0. As suchit is an exampleof
computationallytractables-dominanceresult,aswell asan ex-
ampleof a non-trivial but approximableallocationproblem. It

is particularly interestingthat we are ableto computethe pay-
mentsto n agentsn aVCG-basednechanisnin worst-caseime
O(1'logn), wherel' is thetime compleity to computethe so-
lution to a singleallocationproblem.
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