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ABSTRACT
Wepresentanapproximately-efficient andapproximately-
strategyproof auction mechanismfor a single-goodmulti-unit
allocationproblem. The bidding languagein our auctionsal-
lows marginal-decreasingpiecewise constantcurves. First, we
develop a fully polynomial-timeapproximationschemefor the
multi-unit allocationproblem,which computesa �������
	 -
approximationin worst-casetime �
�������������
	 , given � bids
eachwith a constantnumberof pieces.Second,we embedthis
approximationschemewithin a Vickrey-Clarke-Groves (VCG)
mechanismand computepaymentsto � agentsfor an asymp-
totic costof ��������������	 . The maximalpossiblegain from ma-
nipulation to a bidder in the combinedschemeis boundedby������� �!�
	#" , where" is thetotalsurplusin theefficientoutcome.
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F.2[Theory of Computation]: Analysisof AlgorithmsandProb-
lem Complexity; J.4[Computer Applications]: SocialandBe-
havioral Sciences—Economics.
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1. INTRODUCTION
In this paperwe presenta fully polynomial-timeapproxima-

tion schemefor thesingle-goodmulti-unit auctionproblem.Our
schemeis bothapproximatelyefficientandapproximatelystrate-
gyproof. The auctionsettingsconsideredin our paperaremo-
tivatedby recenttrendsin electroniccommerce;for instance,
corporationsare increasinglyusing auctionsfor their strategic
sourcing. We considerboth a reverseauctionvariation and a
forward auctionvariation, and proposea compactand expres-
sivebiddinglanguagethatallowsmarginal-decreasingpiecewise
constantcurves.

In the reverse auction, we considera single buyer with a
demandfor & units of a good and � suppliers,eachwith a
marginal-decreasingpiecewise-constantcost function. In addi-
tion, eachsuppliercanalsoexpressanupperbound, or capacity
constrainton the numberof units shecansupply. The reverse
variationmodels,for example,a procurementauctionto obtain
raw materialsor otherservices(e.g. circuit boards,power sup-
pliers,tonercartridges),with flexible-sizedlots.

In the forward auction, we considera singlesellerwith &
units of a goodand � buyers,eachwith a marginal-decreasing
piecewise-constantvaluationfunction. A buyercanalsoexpress
a lower bound, or minimumlot size,on thenumberof unitsshe
demands.Theforwardvariationmodels,for example,anauction
to sell excessinventoryin flexible-sizedlots.

We considerthe computationalcomplexity of implementing
theVickrey-Clarke-Groves[22, 5, 11] mechanismfor themulti-
unit auctionproblem.TheVickrey-Clarke-Groves(VCG) mech-
anismhasa numberof interestingeconomicpropertiesin this
setting,includingstrategyproofness, suchthattruthful biddingis
adominantstrategy for buyersin theforwardauctionandsellers
in thereverseauction,andallocativeefficiency, suchthattheout-
comemaximizesthetotal surplusin thesystem.However, aswe
discussin Section2, theapplicationof theVCG-basedapproach
is limited in thereversedirectionto instancesin which the total
paymentsto the sellersare lessthan the value of the outcome
to thebuyer. Otherwise,eithertheauctionmustrun at a lossin
theseinstances,or the buyer cannotbe expectedto voluntarily
chooseto participate. This is an exampleof the budget-deficit
problemthatoftenoccursin efficient mechanismdesign[17].

The computationalproblemis interesting,becauseeven with
marginal-decreasingbid curves,theunderlyingallocationprob-
lem turnsout to (weakly) intractable. For instance,the classic
0/1 knapsackis a specialcaseof this problem.1 We model the

1However, theproblemcanbesolvedeasilyby a greedyscheme
if we remove all capacityconstraintsfrom the seller and all



allocationproblemasa novel and interestinggeneralizationof
the classicknapsackproblem,anddevelop a fully polynomial-
timeapproximationscheme,computinga ���'����	 -approximation
in worst-casetime �(�)����� � ��* 	 , whereeachbid hasa fixed
numberof piecewiseconstantpieces.

Giventhisscheme,astraightforwardcomputationof theVCG
paymentsto all � agentsrequirestime �����+�,	 . We computeap-
proximateVCGpaymentsin worst-casetime ����-.�/�����0��-0�1�#* 	�	 ,
where- is aconstantthatquantifiesareasonable“no-monopoly”
assumption. Specifically, in the reverseauction, supposethat2 ��34	 is theminimalcostfor procuring& unitswith all sellers3 ,
and

2 ��36507�	 is theminimalcostwithout seller7 . Then,thecon-
stant- is definedasanupperboundfor theratio

2 ��385 7�	#� 2 ��31	 ,
over all sellers7 . This upper-boundtendsto 1 asthenumberof
sellersincreases.

TheapproximateVCG mechanismis �:9;=< 9 	 -strategyprooffor
an approximationto within ���>�?�
	 of the optimal allocation.
This meansthata biddercangainat most � 9;=< 9 	#" from a non-
truthful bid,where" is thetotalsurplusfrom theefficientalloca-
tion. As such,this is anexampleof a computationally-tractable* -dominanceresult.2 In practice,we canhave goodconfidence
that bidderswithout goodinformationaboutthe bidding strate-
giesof otherparticipantswill have little to gainfrom attemptsat
manipulation.

Section2 formally definesthe forward andreverseauctions,
and definesthe VCG mechanisms.We also prove our claims
about * -strategyproofness.Section3 provides the generalized
knapsackformulationfor themulti-unit allocationproblemsand
introducesthefully polynomialtimeapproximationscheme.Sec-
tion 4 definestheapproximationschemefor thepaymentsin the
VCG mechanism.Section5 concludes.

1.1 RelatedWork
Therehasbeenconsiderableinterestin recentyearsin char-

acterizingpolynomial-timeor approximablespecialcasesof the
generalcombinatorialallocationproblem,in whichtherearemul-
tipledifferentitems.Thecombinatorialallocationproblem(CAP)
is both NP-completeand inapproximable(e.g. [6]). Although
somepolynomial-timecaseshave beenidentified for the CAP
[6, 20], introducinganexpressive exclusive-orbiddinglanguage
quickly breaksthesespecialcases.We identify a non-trivial but
approximableallocationproblemwith an expressive exclusive-
or bidding language—thebid taker in our settingis allowed to
acceptatmostonepointon thebid curve.

The ideaof usingapproximationswithin mechanisms,while
retainingeitherfull-strategyproofnessor * -dominancehasreceived
somepreviousattention.For instance,Lehmannet al. [15] pro-
poseagreedyandstrategyproofapproximationtoasingle-minded
combinatorialauctionproblem. Nisan& Ronen[18] discussed
approximateVCG-basedmechanisms,but eitherappealedto par-
ticularmaximal-in-rangeapproximationsto retainfull strategyproof-
ness,or to resource-boundedagentswith informationor compu-
tationallimitationson theability to computestrategies. Feigen-

minimum-lotsizeconstraintsfrom thebuyers.
2However, this may not be an exampleof what Feigenbaum&
Shenker refer to asa tolerably-manipulablemechanism[8] be-
causewe have not tried to boundtheeffect of sucha manipula-
tion ontheefficiency of theoutcome.VCG mechanismdohavea
natural“self-correcting”property, though,becausea usefulma-
nipulationto anagentis a reportedvaluethat improvesthe total
valueof theallocationbasedon the reportsof otheragentsand
theagent’s own value.

baum& Shenker [8] have definedthe conceptof strategically
faithful approximations,andproposedthe studyof approxima-
tions as an importantdirection for algorithmic mechanismde-
sign. Schummer[21] andParkeset al [19] have previously con-
sidered* -dominance,in the context of economicimpossibility
results,for examplein combinatorialexchanges.

Esoet al. [7] have studieda similarprocurementproblem,but
for a differentvolumediscountmodel.This earlierwork formu-
latestheproblemasa generalmixedintegerlinearprogram,and
givessomeempiricalresultson simulateddata.
Kalagnanametal. [12] addressdoubleauctions,wheremultiple
buyersandsellerstradea divisible good. The focusof this pa-
per is alsodifferent: it investigatestheequilibriumpricesusing
thedemandandsupplycurves,whereasour focusis on efficient
mechanismdesign.Ausubel[1] hasproposedanascending-price
multi-unit auction for buyerswith marginal-decreasingvalues
[1], with aninterpretationasa primal-dualalgorithm[2].

2. APPROXIMA TELY-STRATEGYPROOF
VCG AUCTIONS

In thissection,wefirst describethemarginal-decreasingpiece-
wise bidding languagethat is usedin our forward and reverse
auctions.Continuing,we introducetheVCG mechanismfor the
problemandthe * -dominanceresultsfor approximationsto VCG
outcomes. We also discussthe economicpropertiesof VCG
mechanismsin theseforwardandreverseauctionmulti-unit set-
tings.

2.1 Mar ginal-DecreasingPiecewiseBids
Weprovideapiecewise-constantandmarginal-decreasingbid-

ding language.This bidding languageis expressive for a natu-
ral classof valuationandcost functions: fixed unit pricesover
intervals of quantities. SeeFigure1 for an example. In addi-
tion, we slightly relax the marginal-decreasingrequirementto
allow: a bidder in the forward auctionto statea minimal pur-
chaseamount, suchthatshehaszero valuefor quantitiessmaller
thanthatamount;asellerin thereverseauctionto stateacapacity
constraint, suchthatshehasaneffectively infinite costto supply
quantitiesin excessof aparticularamount.
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Figure 1: Mar ginal-decreasing, piecewiseconstant bids. In the
forward auction bid, the bidder offers $10 per unit for quantity in
the range \ ]B^�_a` b , $8 per unit in the range \c_a`B^�de` b , and $7 in the
range \ de`B^fde]eg . Her valuation is zero for quantities outsidethe range\c_a`B^Mde]eg . In the reverseauction bid, the costof the seller is h outside
the range \c_a`B^fde]eg .

In detail, in a forward auction, a bid from buyer 7 can be
written asa list of (quantity-range,unit-price)tuples, ����i ;j
k=l ;j 	 k��i'mj k=l mj 	 konYnonok ��i.p�q�r ;j k=l p�qar ;j 	�	 , with anupperboundi.p�qj onthe
quantity. The interpretationis that the bidder’s valuationin the



(semi-open)quantity range s i+tj k iut <';j 	 is l t j for eachunit. Ad-
ditionally, it is assumedthatthevaluationis 0 for quantitiesless
than i ;j aswell asfor quantitiesmorethan i pj . This is imple-
mentedby addingtwo dummybid tuples,with zeropricesin the
range s v k i ;j 	 and ��i.p�qj kow 	 . We interpretthe bid list asdefin-
ing a pricefunction, l[xey z�{ j ��|[	��}| l t j , if i t j�~ |/�:i t <';j , where� ��� ko�TkonYnonek=� j�� � . In orderto resolvetheboundarycondition,
weassumethatthebid pricefor theupperboundquantityi.p�qj islZxey z�{ j ��i.p�qj 	���i.p�qj l p�qPr ;j .

A seller’s bid is similarly definedin the reverseauction. The
interpretationis that the bidder’s cost in the (semi-open)quan-
tity range s i t j k i t <.;j 	 is l t j for eachunit. Additionally, it is as-
sumedthat the cost is w for quantitieslessthan i ;j aswell as
for quantitiesmorethan i pj . Equivalently, theunit pricesin the
rangess v k i ;j 	 and ��i pj kew 	 areinfinity. We interpretthebid list
asdefiningapricefunction, l��P���e{ j ��|[	���| l t j , if i t j�~ |���i t <';j .

2.2 VCG-BasedMulti-Unit Auctions
Weconstructthetractableandapproximately-strategyproofmulti-

unit auctionsarounda VCG mechanism. We assumethat all
agentshavequasilinearutility functions;thatis, i j ��| k=l 	'��� j ��|B	 �l , for a buyer 7 with valuation � j ��|B	 for | units at price l , andi j ��| kVl 	'� l ��� j ��|B	 for aseller7 with cost� j ��|[	 atprice l . This
is a standardassumptionin the auctionliterature,equivalent to
assumingrisk-neutralagents[13]. We will usethe term payoff
interchangeablyfor utility.

In the forward auction, thereis a sellerwith & units to sell.
We assumethat this sellerhasno intrinsic value for the items.
Givena setof bidsfrom 3 agents,let "���34	 denotethemaximal
revenueto theseller, giventhatatmostonepointonthebid curve
canbeselectedfrom eachagentandnomorethan& unitsof the
item canbe sold. Let � � ����� � ;YkononenYk � � � 	 denotethe solution
to this winner- determinationproblem,where� � j is the number
of unitssold to agent7 . Similarly, let "���3�5'7�	 denotethemax-
imal revenueto the sellerwithout bids from agent7 . The VCG
mechanismis definedasfollows:

1. Receive piecewise-constantbid curvesandcapacitycon-
straintsfrom all thebuyers.

2. Implementtheoutcome� � thatsolvesthewinner-determination
problemwith all buyers.

3. Collectpaymentl[�#�V� { j � l xey z�{ j ��� � j 	 � s�",��34	 � "���3�5X7�	M�
from eachbuyer, andpassthepaymentsto theseller.

In this forwardauction,theVCG mechanismis strategyproof
for buyers,whichmeansthattruthful biddingis adominantstrat-
egy, i.e. utility maximizingwhatever the bids of otherbuyers.
In addition,theVCG mechanismis allocatively-efficient, andthe
paymentsfrom eachbuyerarealwayspositive.3 Moreover, each
buyerpayslessthanits value,andreceivespayoff "���31	 � "���3857�	 in equilibrium; this is preciselythemarginal-valuethatbuyer7 contributesto theeconomicefficiency of thesystem.

In the reverseauction, thereis a buyerwith & units to buy,
and � suppliers. We assumethat the buyer hasvalue "��)v
to purchaseall & units, but zerovalueotherwise.To simplify
the mechanismdesignproblemwe assumethat the buyer will
truthfully announcethis valueto the mechanism.4 Thewinner-
3In fact, the VCG mechanismmaximizesthe expectedpayoff
to the selleracrossall efficient mechanisms,even allowing for
Bayesian-Nashimplementations[14].
4Without this assumption,the Myerson-Satterthwaite [17] im-
possibilityresultwould alreadyimply thatwe shouldnot expect
anefficient tradingmechanismin this setting.

determinationproblemin thereverseauctionis to determinethe
allocation, � � , that minimizesthe cost to the buyer, or forfeits
tradeif theminimal costis greaterthanvalue, " .

Let
2 ��34	 denotetheminimal costgivenbidsfrom all sellers,

andlet
2 ��3�5B7�	 denotetheminimalcostwithoutbidsfrom seller7 . We can assume,without loss of generality, that thereis an

efficient tradeand "¡  2 ��31	 . Otherwise,thentheefficient out-
comeis no trade, andtheoutcomeof theVCG mechanismis no
tradeandno payments.

The VCG mechanismimplementsthe outcome� � thatmini-
mizescostbasedonbidsfrom all sellers,andthenprovidespay-
mentl[�#�V� { j � l��P�M��{ j ��� � j 	��¢s�" � 2 ��31	 ��£6¤�¥ �Mv k " � 2 ��3¦5Y7�	�	M� to
eachseller. Thetotalpaymentis collectedfrom thebuyer. Again,
in equilibriumeachseller’s payoff is exactly themarginal-value
that thesellercontributesto theeconomicefficiency of thesys-
tem;in thesimplecasethat "§  2 ��3¨5u7�	 for all sellers7 , this is
precisely

2 ��3¨5'7�	 � 2 ��34	 .
AlthoughtheVCG mechanismremainsstrategyprooffor sell-

ersin thereversedirection,its applicabilityis limited to casesin
which the total paymentsto thesellersarelessthanthe buyer’s
value.Otherwise,therewill beinstancesin which thebuyerwill
not chooseto voluntarilyparticipatein themechanism,basedon
its own valueandits beliefsaboutthecostsof sellers.This leads
to a lossin efficiency whenthebuyerchoosesnot to participate,
becauseefficient tradesaremissed.Thisproblemwith thesizeof
thepayments,doesnot occurin simplesingle-itemreverseauc-
tions,or evenin multi-unit reverseauctionswith abuyerthathas
a constantmarginal-valuationfor eachadditionalitem that she
procures.5

Intuitively, the problemoccursin the reversemulti-unit set-
ting becausethe buyer demandsa fixed numberof items, and
haszerovaluewithout them. This leadsto thepossibilityof the
tradebeing contingenton the presenceof particular, so-called
“pivotal” sellers.Definea seller 7 aspivotal, if

2 ��34	 ~ " but2 ��3¦5Y7�	1�©" . In words,therewouldbenoefficienttradewithout
theseller. Any time thereis a pivotal seller, theVCG payments
to thatsellerallow her to extractall of thesurplus,andthepay-
mentsaretoo largeto sustainwith thebuyer’s valueunlessthis
is theonly winningseller.

Concretely, we have this participationproblemin the reverse
auctionwhenthe total payoff to the sellers,in equilibrium, ex-
ceedsthetotal payoff from theefficientallocation:

" � 2 ��34	1 «ª j s�" � 2 ��31	 �¬£6¤�¥ �Mv k " � 2 ��3¨5'7�	�	M�
As statedabove, first notice that we require "­� 2 ��3®5�7�	

for all sellers7 . In otherwords,theremustbeno pivotal sellers.
Giventhis, it is thennecessaryandsufficient that:

" � 2 ��31	�  ª j � 2 ��3�507�	 � 2 ��31	�	 (1)

5To make thereverseauctionsymmetricwith theforwarddirec-
tion, we would needa buyer with a constantmarginal-valueto
buy the first & units, andzerovaluefor additionalunits. The
paymentsto thesellerswould never exceedthebuyer’s valuein
this case. Conversely, to make the forward auctionsymmetric
with thereverseauction,we would needa sellerwith a constant
(and high) marginal-costto sell anything lessthan the first &
units,andthena low (or zero)marginalcost.Thetotalpayments
received by the seller can be lessthan the seller’s cost for the
outcomein this case.



In words,thesurplusof theefficientallocationmustbegreater
thanthetotalmarginal-surplusprovidedby eachseller.6

Consideran examplewith 3 agents$
� ko�Tko¯ % , and "��°��±�v
and

2 ��� ��¯ 	1�©±#v . Condition(1) holdswhen
2 ��� � 	�� 2 � ��¯ 	4�² v and

2 ��� ¯ 	¨�³��v�v , but not when
2 ��� � 	¨� 2 � ��¯ 	��­´�v

and
2 ��� ¯ 	��µ�#v�v . In the first case,the agentpayoffs ¶·���¶0¸ k ¶ ; k ¶ m k ¶ � 	 , where0 is theseller, is ����v kY� v k ±�v ko� v�	 . In the

secondcase,thepayoffs are¶��©� � ��v ko¯ v k ±�v ko¯ v�	 .
One thing we do know, becausethe VCG mechanismwill

maximizethepayoff to thebuyeracrossall efficientmechanisms
[14], is thatwhenever Eq. 1 is not satisfiedtherecanbeno effi-
cientauctionmechanism.7

2.3 * -Strategyproofness
We now considerthesameVCG mechanism,but with anap-

proximationschemefor theunderlyingallocationproblem. We
derive an * -strategyproofnessresult, that boundsthe maximal
gainin payoff thatanagentcanexpectto achieve througha uni-
lateraldeviationfrom following asimpletruth-revealingstrategy.
We describetheresultfor theforwardauctiondirection,but it is
quitea generalobservation.

As before,let "���34	 denotethe valueof the optimal solution
to theallocationproblemwith truthful bids from all agents,and"���3¢5¹7�	 denotethevalueof theoptimalsolutioncomputedwith-
out bids from agent7 . Let º"���34	 and º"���3�5�7�	 denotethevalue
of the allocationcomputedwith an approximationscheme,and
assumethattheapproximationsatisfies:

�����¨�
	 º",��34	1 ©"���31	
for some �«�»v . We provide suchan approximationscheme
for our settinglater in the paper. Let º� denotethe allocation
implementedby theapproximationscheme.

Thepayoff to agent7 , for announcingvaluation º� j , is:

� j � º� j 	+�:ª
tY¼½ j º

� t � º� t 	 � º",��365.7�	
Thefinal termis independentof theagent’s announcedvalue,

andcanbe ignoredin an incentive-analysis.However, agent7
cantry to improve its payoff throughtheeffect of its announced
valueontheallocation º� implementedby themechanism.In par-
ticular, agent7 wantsthemechanismto select º� to maximizethe
sumof its true value, � j � º� j 	 , andthereportedvalueof theother
agents,¾ tY¼½ j º� t � º� t 	 . If themechanism’s allocationalgorithmis
optimal,thenall theagentneedsto do is truthfully stateits value
andthemechanismwill do therest.However, facedwith anap-
proximateallocationalgorithm,theagentcantry to improve its
payoff by announcinga value that corrects for the approxima-
tion, andcausesthe approximationalgorithmto implementthe
allocationthatexactly maximizesthetotal reportedvalueof the
otheragentstogetherwith its own actualvalue[18].

6This conditionis implied by theagentsare substitutesrequire-
ment [3], that hasreceived someattentionin the combinatorial
auctionliteraturebecauseit characterizesthecasein whichVCG
paymentscanbesupportedin a competitive equilibrium. Useful
characterizationsof conditionsthatsatisfyagentsaresubstitutes,
in termsof theunderlyingvaluationsof agentshaveprovedquite
elusive.
7Moreover, althoughthere is a small literatureon maximally-
efficient mechanismssubject to requirementsof voluntary-
participationandbudget-balance(i.e. with the mechanismnei-
ther introducingor removing money), analytic resultsareonly
known for simpleproblems(e.g.[16, 4]).

We can now analyzethe bestpossiblegain from manipula-
tion to an agentin our setting. We first assumethat the other
agentsaretruthful, andthenrelax this. In both cases,the max-
imal benefitto agent7 occurswhenthe initial approximationis
worst-case.With truthful reportsfrom otheragents,this occurs
when the value of choice º� is "���31	#�
���¢�®* 	 . Then,an agent
couldhopeto receive animprovedpayoff of:

",��34	 � "���31	���6* � *���6* ",��34	
This is possibleif the agentis ableto selecta reportedtype to
correcttheapproximationalgorithm,andmakethealgorithmim-
plementtheallocationwith value "���34	 . Thus,if otheragentsare
truthful, andwith a ���1�¬*B	 -approximationschemeto thealloca-
tion problem,thenno agentcanimprove its payoff by morethan
a factor*[�
������* 	 of thevalueof theoptimalsolution.

The analysisis very similar when the other agentsare not
truthful. In this case,an individual agentcan improve its pay-
off by nomorethanafactor���
���'���
	 of thevalueof theoptimal
solutiongiventhevaluesreportedby theotheragents.

Let " in the following theoremdefinethe total valueof the
efficient allocation,given the reportedvaluesof agents

�À¿�Á7 ,
andthetruevalueof agent7 .

THEOREM 1. A VCG-basedmechanismwith a �����6* 	 -
allocationalgorithmis �«Â;=< Â � "�	 strategyproof for agent 7 , and
agent 7 can gain at mostthis payoff throughsomenon-truthful
strategy.

Noticethatwedidnotneedto boundtheerrorontheallocation
problemswithout eachagent,becausethe � -strategyproofness
result follows from the accuracy of the first-term in the VCG
paymentandis independentof theaccuracy of thesecond-term.
However, the accuracy of the solution to the problemwithout
eachagentis importantto implementa goodapproximationto
therevenuepropertiesof theVCG mechanism.

3. THE GENERALIZED KNAPSACK PROB-
LEM

In this section,we designa fully polynomialapproximation
schemefor thegeneralizedknapsack,which modelsthewinner-
determinationproblemfor the VCG-basedmulti-unit auctions.
We describeour resultsfor thereverseauctionvariation,but the
formulationis completelysymmetricfor theforward-auction.

In describingourapproximationscheme,webegin with asim-
ple property(theAnchor property) of anoptimalknapsacksolu-
tion. Weusethispropertytodevelopan�����4mo	 time2-approximation
for the generalizedknapsack. In turn, we use this basic ap-
proximationto developourfully polynomial-timeapproximation
scheme(FPTAS).

Oneof the major appealsof our piecewise bidding language
is its compactrepresentationof thebidder’s valuationfunctions.
We strive to preserve this,andpresentanapproximationscheme
thatwill dependonly onthenumberof bidders,andnot themax-
imum quantity, & , which canbevery largein realisticprocure-
mentsettings.

TheFPTAS implementsan ���!��* 	 approximationto theop-
timal solution � � , in worst-casetime �Ã�?����� � ��* 	 , where� is
thenumberof bidders,andwherewe assumethat thepiecewise
bid for eachbidder has ������	 pieces. The dependenceon the
numberof piecesis alsopolynomial:if eachbid hasamaximum



of � pieces,thentherunningtime canbederivedby substituting� � for eachoccurrenceof � .

3.1 Preliminaries
Beforewe begin, let us recall the classic0/1 knapsackprob-

lem: we aregiven a setof � items,wherethe item 7 hasvalue� j andsize Ä j , anda knapsackof capacity& ; all sizesare in-
tegers. Thegoal is to determinea subsetof itemsof maximum
valuewith total sizeat most & . Sincewe wantto focuson a re-
verseauction,theequivalentknapsackproblemwill beto choose
a setof itemswith minimumvalue(i.e. cost)whosesizeexceeds& . The generalizedknapsack problemof interestto us canbe
definedasfollows:

GeneralizedKnapsack:
Instance: A target & , anda setof � lists,wherethe 7 th list has

theformÅ j �­ÆP��i ;j k=l ;j 	 konononok ��i0p�qar ;j k=l p�qPr ;j 	 k ��i.p�qj ��7�	 kow 	#Ç k
wherei+tj areincreasingwith

�
andl t j aredecreasingwith�

, andi t j kVl t j k & arepositive integers.

Problem: Determinea setof integers� t j suchthat

1. (Oneperlist) At mostone� t j is non-zerofor any 7 ,
2. (Membership)�utj ¿��v implies �utj�È s iutj k iut <.;j 	 ,
3. (Target) ¾ j ¾ t �utj  É& , and

4. (Objective) ¾ j ¾ t l t j �utj is minimized.

This generalizedknapsackformulation is a cleargeneraliza-
tion of theclassic0/1knapsack.In thelatter, eachlist consistsof
a singlepoint �#Ä j k � j 	 .8

Theconnectionbetweenthegeneralizedknapsackandourauc-
tion problemis transparent.Eachlist encodesa bid, represent-
ing multiple mutuallyexclusivequantity intervals, andonecan
chooseany quantityin an interval, but at mostoneinterval can
be selected.Choosinginterval s i+tj k iut <';j 	 hascost l t j per unit.
Thegoal is to procureat least& unitsof thegoodat minimum
possiblecost. The problemhassomeflavor of the continuous
knapsackproblem.However, therearetwo majordifferencesthat
make our problemsignificantlymoredifficult: (1) intervalshave
boundaries,andsoto chooseinterval s iutj k iut <.;j 	 requiresthatat
least iutj and at most iut <.;j units must be taken; (2) unlike the
classicknapsack,we cannotsort the items(bids)by value� size,
sincedifferentintervalsin onelist have differentunit costs.

3.2 A 2-Approximation Scheme
We begin with a definition. Given an instanceof the gener-

alizedknapsack,we call eachtuple Ê�t j �Ë��iutj kal t j 	 ananchor.
Recallthatthesetuplesrepresentthebreakpointsin thepiecewise
constantcurve bids. We saythat thesizeof ananchorÊ t j is i t j ,
8In fact,becauseof the“one perlist” constraint,thegeneralized
problemis closerin spirit to themultiplechoiceknapsack prob-
lem [9], wheretheunderlingsetof itemsis partitionedinto dis-
joint subsetsÌ ; k Ì m konononYk Ì4Í , and one can chooseat mostone
item from eachsubset. PTAS do exist for this problem[10],
and indeed,onecan convert our probleminto a huge instance
of themultiple choiceknapsackproblem,by creatingonegroup
for eachlist; put a (quantity, price) point tuple ��� kVl 	 for each
possiblequantityfor a bidderinto his group(subset).However,
this conversionexplodesthe problemsize,makingit infeasible
for all but themosttrivial instances.

theminimumnumberof unitsavailableat thisanchor’s price l t j .
Thecostof theanchorÊ t j is definedto betheminimumtotalprice
associatedwith this tuple,namely, Î#ÏTÐ#Ño��Ê�t j 	¬� l t j iutj if

� � � j ,
and Î#ÏTÐ#Ño��ÊYp�qj 	�� l p�qar ;j i.p�qj .

In afeasiblesolution $�� ; k � m konYnonok �.Ò[% of thegeneralizedknap-
sack,we saythatanelement� j ¿��v is ananchorif � j �®i+tj , for
someanchori t j . Otherwise,we say that � j is midrange. We
observe that an optimal knapsacksolution can always be con-
structedsothatatmostonesolutionelementis midrange.If there
aretwo midrangeelements� and �XÓ , for bidsfrom two different
agents,with � ~ � Ó , thenwe canincrement� Ó anddecrement� , until oneof them becomesan anchor. SeeFigure 2 for an
example.

LEMMA 1. [Anchor Property] There existsan optimalsolu-
tionof thegeneralizedknapsack problemwithat mostonemidrange
element.All otherelementsare anchors.
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Figure 2: (i) An optimal solution with more than one bid not an-
chored (2,3); (ii) an optimal solution with only one bid (3) not an-
chored.

We usethe anchorpropertyto first obtaina polynomial-time
2-approximationscheme.Wedothisbysolvingseveralinstances
of a restrictedgeneralized-knapsackproblem,which we call iK-
napsack, whereoneelementis forcedto bemidrangefor a par-
ticular interval.

Specifically, supposeelement�0ò for agentó is forcedto lie in
its

�
th range,s i t ò k i t <.;ò 	 , while all otherelements,� ; konononok �.ô r ; k�'ô <.; k � Ò , arerequiredto beanchors,or zero. This corresponds

to therestrictedproblemiKnapsack��õ k � 	 , in which thegoalis to
obtainat least & � i+tò units with minimum cost. Element� ò
is assumedto have alreadycontributed iutò units. The value of
a solutionto iKnapsack��õ k � 	 representsthe minimal additional
costto purchasetherestof theunits.

We create� � � groupsof potentialanchors,where7 th group
containsall theanchorsof thelist 7 in thegeneralizedknapsack.
The groupfor agentó containsa singleelementthat represents
theinterval s v k iut <';ò � iutò 	 , andtheassociatedunit-pricel t ò . This
interval representsthe excessnumberof units that canbe taken
from agent ó in iKnapsack��õ k � 	 , in addition to i t ò , which has
alreadybeencommitted. In any othergroup,we canchooseat
mostoneanchor.

The following pseudo-codedescribesour algorithm for this
restrictionof thegeneralizedknapsackproblem. Ì is theunion
of all thetuplesin � groups,includinga tuple Ê�ò for agentó . The
sizeof this specialtuple is definedas i t <.;ò � i t ò , andthecostis
definedasl t ô ��iut <';ò � iutò 	 . ö is thenumberof unitsthatremainto
beacquired.÷ is thesetof tuplesacceptedin thecurrenttentative



solution. ø�ùeÐ#Ñ is thebestsolutionfoundsofar. Variable ÷�úe7 l is
only usedin theproof of correctness.

Algorithm Greedy��õ k � 	
1. Sortall tuplesof Ì in theascendingorderof unit price;in

caseof ties,sort in ascendingorderof unit quantities.

2. Set û¢üTý�þ[��7�	���v , for all lists 71��� ko�TkonYnonok � .
Initialize öÃ��& � iutò , ÷��©ø�ùeÐ#Ñ���÷�ú�7 l ��ÿ .

3. Scanthetuplesin Ì in thesortedorder. Supposethenext
tupleis Ê Íj , i.e. the ú th anchorfrom agent7 .
If û¢üTý�þB��7�	4�©� , ignorethis tuple;
otherwisedo thefollowing steps:� if Ð ��� ù¹��Ê Íj 	4��ö and 74��õ

return£���� $
Î�Ï�Ð�ÑY�#÷�	+�6ö l t ò k Î#ÏTÐ#Ño��ø�ùeÐ#Ñ�	#% ;� if Ð ��� ù¹��Ê Íj 	4��ö and Î#ÏTÐ#Ñ���Ê Íj 	 ~ Î#ÏTÐ#Ño�#÷'	
return£���� $
Î�Ï�Ð�ÑY�#÷�	+�®Î�Ï�Ð�Ñ���Ê Íj 	 k Î#ÏTÐ#ÑY��ø�ùeÐ#Ñ�	#% ;� if Ð ��� ù¹��Ê Íj 	4��ö and Î#ÏTÐ#Ñ���Ê Íj 	��«Î#ÏTÐ#Ño�#÷'	
Add Ê Íj to ÷�ú�7 l ; Set ø1ùeÐ�Ñ to ÷	�/$#Ê Íj % if cost
improves;� if Ð ��� ù¹��Ê Íj 	 ~ ö then
add Ê Íj to ÷ ; û8üTý�þZ��7�	 � � ; subtract Ð ��� ù ��Ê Íj 	

from ö .

Theapproximationalgorithmis verysimilar to theapproxima-
tion algorithmfor knapsack.Sincewewishto minimizethetotal
cost,weconsiderthetuplesin orderof increasingperunit cost.If
thesizeof tuple Ê Íj is smallerthanö , thenweaddit to ÷ , updateö , anddeletefrom Ì all thetuplesthatbelongto thesamegroup
asÊ Íj . If ÄP7�

� ��Ê Íj 	 is greaterthanö , then ÷ alongwith Ê Íj formsa
feasiblesolution.However, thissolutioncanbefar from optimal
if thesizeof Ê Íj is muchlarger than ö . If total costof ÷ and Ê Íj
is smallerthanthe currentbestsolution,we updateø�ùeÐ#Ñ . One
exceptionto this rule is thetuple Ê�ò . Sincethis tuplecanbetaken
fractionally, weupdateø�ùeÐ#Ñ if thesumof ÷ ’scostandfractional
costof Ê�ò is animprovement.

The algorithm terminatesin either of the first two cases,or
whenall tuplesarescanned.In particular, it terminateswhenever
we find a Ê Íj suchthat Ð ��� ù ��Ê Íj 	 is greaterthan ö but Î#ÏTÐ#Ñ���Ê Íj 	 is
lessthan Î#ÏTÐ#Ño�#÷'	 , or whenwereachthetuplerepresentingagentó andit givesa feasiblesolution.

LEMMA 2. Suppose� � is anoptimalsolutionof thegeneral-
izedknapsack, andsupposethatelement��ó k � 	 is midrange in the
optimalsolution.Then,thecost "���ó k � 	 , returnedbyGreedy��õ k � 	 ,
satisfies:

",��õ k � 	u�:Î#ÏTÐ#ÑY��Ê t ò 	 ~ � Î�Ï�Ð�ÑY��� � 	
PROOF. Let "���õ k � 	 bethevaluereturnedbyGreedy��õ k � 	 and

let " � ��õ k � 	 beanoptimalsolutionfor iKnapsack��õ k � 	 . Consider
the set ÷�úe7 l at the terminationof Greedy��õ k � 	 . Therearetwo
casesto consider:eithersometuple Ê È ÷�úe7 l is alsoin " � ��õ k � 	 ,
or no tuple in ÷�úe7 l is in " � ��õ k � 	 . In thefirst case,let ÷�� bethe
tentative solution ÷ at the time Ê wasaddedto ÷�ú�7 l . BecauseÊ È ÷�ú�7 l then Ð ��� ù¹��Êo	¨� ö , and ÷�� togetherwith Ê forms a
feasiblesolution,andwe have:

"���õ k � 	 ~ Î�Ï�Ð�ÑY� Å �BÄPÊo	 ~ ��� ÄPÊo�#÷ � 	+� ��� Ä�ÊY��Êo	 n
Again,becauseÊ È ÷�ú�7 l then Î#ÏTÐ#ÑY��Êo	��©Î#ÏTÐ#ÑY�#÷��P	 , andwe have"���õ k � 	�� � Î�Ï�Ð�ÑY��Êo	 . On the otherhand,since Ê is includedin

" � ��õ k � 	 , we have " � ��õ k � 	8  Î#ÏTÐ#Ño��ÊY	 . Thesetwo inequalities
imply thedesiredbound:

" � ��õ k � 	 ~ "���õ k � 	¨� � " � ��õ k � 	 n
In the secondcase,imaginea modified instanceof iKnap-

sack��õ k � 	 , which excludesall the tuplesof theset ÷�ú�7 l . Since
noneof thesetupleswereincludedin " � ��õ k � 	 , theoptimalsolu-
tion for themodifiedproblemshouldbethesameastheonefor
the original. Supposeour approximationalgorithmreturnsthe
value " Ó ��õ k � 	 for this modifiedinstance.Let Ê Ó bethelast tuple
consideredby the approximationalgorithm beforetermination
on themodifiedinstance,andlet ÷ ��� bethecorrespondingtenta-
tive solutionset in that step. Sincewe considertuplesin order
of increasingperunit price,andnoneof the tuplesaregoing to
beplacedin theset ÷�úe7 l , we musthave Î#ÏTÐ#ÑY�#÷ ��� 	:� " � ��õ k � 	
because÷ � � is theoptimalway to obtain Ð ��� ù¹�#÷ � � 	 .

We alsohave Î#ÏTÐ#ÑY��Ê Ó 	 ~ ��� ÄPÊo�#÷ ��� 	 , and the following in-
equalities:

",��õ k � 	 ~ " Ó ��õ k � 	 ~ Î#ÏTÐ#ÑY�#÷ ��� 	u�®Î#ÏTÐ#Ño��Ê Ó 	
� � " � ��õ k � 	

Theinequality "���õ k � 	 ~ " Ó ��õ k � 	 follows from thefactthata
tuplein the ÷�ú�7 l list canonly affectthe ø�ùeÐ#Ñ but notthetentative
solutions.Therefore,droppingthetuplesin theset ÷�úe7 l canonly
make thesolutionworse.

Theaboveargumenthasshown thatthevaluereturnedbyGreedy��õ k � 	
is within a factor2 of the optimal solutionfor iKnapsack��õ k � 	 .
Wenow show thatthevalue ",��õ k � 	 plus Î#ÏTÐ#Ñ���Ê t ò 	 isa2-approximation
of theoriginalgeneralizedknapsackproblem.

Let � � be an optimal solution of the generalizedknapsack,
andsupposethat element�utò is midrange.Let � r ò to be setof
the remainingelements,eitherzeroor anchors,in this solution.
Furthermore,define� Ó ò ��� tò � i t ò . Thus,

Î�Ï�Ð�Ñ���� � 	¬�(Î#ÏTÐ#ÑY��� Ó ô 	+�®Î�Ï�Ð�Ñ���Ê t ô 	u�®Î#ÏTÐ#ÑY��� r ô�	
It iseasytoseethat ��� r ò k � Ó ò 	 isanoptimalsolutionfor iKnapsack��õ k � 	 .
Since "���õ k � 	 is a 2-approximationfor this optimalsolution,we
have thefollowing inequalities:

"���õ k � 	0��Î#ÏTÐ#Ño��Ê t ò 	 ~ Î#ÏTÐ#Ño��Ê t ò 	+� � ��Î#ÏTÐ#Ño��� Ó ò 	X�®Î�Ï�Ð�ÑY��� r ò#	�	~ � ��Î�Ï�Ð�ÑY��� Ó ò 	+�:Î#ÏTÐ#ÑY��Ê t ò 	X�®Î�Ï�Ð�ÑY��� r ò#	�	~ � Î�Ï�Ð�ÑY��� � 	
Thiscompletestheproof of Lemma2.

It is easyto seethat,afteraninitial sortingof thetuplesin Ì ,
the algorithmGreedy��õ k � 	 takes ������	 time. We have our first
polynomialapproximationalgorithm.

THEOREM 2. A2-approximationof thegeneralizedknapsack
problemcanbefoundin time ����� m 	 , where � is numberof item
lists (each of constantlength).

PROOF. We run thealgorithmGreedy��õ k � 	 oncefor eachtu-
ple ��ó k � 	 asa candidatefor midrange. Thereare ������	 tuples,
andit sufficesto sortthemonce,thetotal costof thealgorithmis����� m 	 . By Lemma1, thereis anoptimal solutionwith at most
onemidrangeelement,soouralgorithmwill find a2-approximation,
asclaimed.

Thedependenceon the numberof piecesis alsopolynomial:
if eachbid hasa maximumof � pieces,thentherunningtime is������� � 	#mo	 .



3.3 An Approximation Scheme
We now usethe 2-approximationalgorithmpresentedin the

precedingsectionto develop a fully polynomialapproximation
(FPTAS) for the generalizedknapsackproblem. Thehigh level
ideais fairly standard,but thedetailsrequiretechnicalcare.We
usea dynamicprogrammingalgorithmto solve iKnapsack��õ k � 	
for eachpossiblemidrangeelement,with the 2-approximation
algorithmproviding anupperboundon thevalueof thesolution
andenablingtheuseof scalingon thecostdimensionof thedy-
namicprogramming(DP) table.

Consider, for example,thecasethat the midrangeelementis�0ò , which falls in the range s i t ò k i t <.;ò 	 . In our FPTAS, rather
than using a greedyapproximationalgorithm to solve iKnap-
sack��õ k � 	 , we constructa dynamicprogrammingtableto com-
pute the minimum cost at which at least & � i+t <.;ò units can
be obtainedusing the remaining� � � lists in the generalized
knapsack.

Suppose��s 7 k�� � denotesthe maximum numberof units that
canbeobtainedat costat most� usingonly thefirst 7 lists in the
generalizedknapsack.Then, the following recurrencerelation
describeshow to constructthedynamicprogrammingtable:��s v k�� �µ� v��s 7 k�� �µ� £6¤�¥ � ��s 7 � � k�� �£¨¤�¥

t���� � j { !�" $#��s 7 � � k$� � Î#ÏTÐ#ÑY��Ê#t j 	M�X�6iutj % %
where&4��7 k�� 	¦�Á$ �(' � ~ � ~ � j k Î#ÏTÐ#Ño��Ê�t j 	 ~ � % , is theset
of anchorsfor agent7 . As convention,agent7 will index therow,
andcost� will index thecolumn.

Thisdynamicprogrammingalgorithmisonlypseudo-polynomial,
sincethenumberof columnin thedynamicprogrammingtable
dependsuponthe total cost. However, we canconvert it into a
FPTAS by scalingthecostdimension.

Let � denotethe2-approximationto thegeneralizedknapsack
problem,with total cost, Î�Ï�Ð�Ñ����>	 . Let * denotethedesiredap-
proximationfactor. We computethe scaledcost of a tuple Ê t j ,
denotedÐ#Î#ÏTÐ#Ño��Ê�t j 	 , as

Ð#Î#ÏTÐ#Ño��Ê t j 	Ã�*) ��Î#ÏTÐ#Ñ���Ê t j 	*BÎ#ÏTÐ#Ñ����>	,+ (2)

This scalingimproves the running time of the algorithmbe-
causethe numberof columnsin the modified table is at most) Ò 9 + , andindependentof the total cost. However, thecomputed
solutionmight not be an optimal solutionfor the original prob-
lem. We show thattheerror introducedis within a factorof * of
theoptimalsolution.

As a preludeto our approximationguarantee,we first show
that if two different solutionsto the iKnapsackproblemhave
equalscaledcost,thentheiroriginal (unscaled)costscannotdif-
fer by morethan * Î#ÏTÐ#ÑY���>	 .

LEMMA 3. Let � and - be two distinct feasiblesolutionsof
iKnapsack��õ k � 	 , excludingtheir midrange elements.If � and -
haveequalscaledcosts,thentheir unscaledcostscannotdiffer
bymore than * Î#ÏTÐ#ÑY���>	 .

PROOF. Let .
/ and.
0 , respectively, denotetheindicatorfunc-
tions associatedwith the anchorvectors� and - —thereis 1 in
position .1/�s 7 k úo� if the � Íj ��v . Since� and - hasequalscaled
cost,

ª j ¼½ ò
ª Í Ð�Î#ÏTÐ#Ño��Ê Íj 	�. / s 7 k úo���­ª j ¼½ ò

ª Í Ð#Î�Ï�Ð�Ñ���Ê Íj 	�. 0 s 7 k úo� (3)

However, by (2), thescaledcostssatisfythefollowing inequali-
ties:

��Ð#Î�Ï�Ð�ÑY��Ê Íj 	 � ��	�* Î#ÏTÐ#ÑY���8	� ~ Î#ÏTÐ#Ño��Ê Íj 	 ~ Ð#Î#ÏTÐ#Ño��Ê Íj 	�* Î�Ï�Ð�Ñ����>	�
(4)

Substitutingtheupper-boundonscaledcostfrom (4) for Î#ÏTÐ#Ño���'	 ,
the lower-boundon scaledcostfrom (4) for Î#ÏTÐ#ÑY��-+	 , andusing
equality(3) to simplify, we have:

Î#ÏTÐ#ÑY���'	 � Î#ÏTÐ#ÑY��-+	 ~ * Î#ÏTÐ#ÑY���8	� ª j ¼½ ò
ª Í .
0�s 7 k úo� ~ * Î�Ï�Ð�Ñ����>	 k

The last inequality usesthe fact that at most � components
of anindicatorvectorarenon-zero;that is, any feasiblesolution
containsat most� tuples.

Finally, giventhedynamicprogrammingtablefor iKnapsack��õ k � 	 ,
weconsiderall theentriesin thelastrow of thistable, ��s � � � k�� � .
Theseentriescorrespondto optimalsolutionswith all agentsex-
cept ó , for differentlevelsof cost. In particular, we considerthe
entriesthat provide at least & � iut <';ò units. Togetherwith a
contribution from agent ó , we choosethe entry in this set that
minimizesthetotal cost,definedasfollows:

Î#ÏTÐ#Ño�2��s � � � k�� �=	>� £6¤#¥ $#i t ò k & � ��s � � � k�� �a% l t ò k
where Î#ÏTÐ#Ño��	 is theoriginal,unscaledcostassociatedwith en-

try ��s � � � k�� � . It isworthnoting,thatunlikethe2-approximation
schemefor iKnapsack��õ k � 	 , thevaluecomputedwith thisFPTAS
includesthecostto acquireiut ô unitsfrom ó .

Thefollowing lemmashowsthatweachievea ������*B	 -approximation.

LEMMA 4. Suppose� � is an optimal solution of the gen-
eralized knapsack problem,and supposethat element��ó k � 	 is
midrange in theoptimalsolution.Then,thesolution�>��ó k � 	 from
runningthescaleddynamic-programmingalgorithmon iKnapsack��õ k � 	
satisfies

Î#ÏTÐ#Ño���>��ó k � 	�	 ~ ����� � * 	�Î#ÏTÐ#Ño��� � 	
PROOF. Let � r ò denotethe vector of the elementsin solu-

tion � � without elementó . Then, by definition, Î#ÏTÐ#ÑY��� � 	É�Î#ÏTÐ#ÑY��� r ò#	�� l t ò �+tò . Let � � Ð#Î#ÏTÐ#Ño��� r ò#	 be the scaledcostas-
sociatedwith the vector � r ò . Now considerthe dynamicpro-
grammingtableconstructedfor iKnapsack��õ k � 	 , andconsiderits
entry ��s � � � k�� � . Let � denotethe2-approximationto thegen-
eralizedknapsackproblem,and�8��ó k � 	 denotethesolutionfrom
thedynamic-programmingalgorithm.

Suppose- r ò is the solutionassociatedwith this entry in our
dynamicprogram;thecomponentsof thevector- r ò arethequan-
tities from different lists. Sinceboth � r ò and - r ò have equal
scaledcosts,byLemma3, theirunscaledcostsarewithin *BÎ#ÏTÐ#Ñ����>	
of eachother;thatis,

Î#ÏTÐ#ÑY��- r ò�	 � Î#ÏTÐ#ÑY��� r ò�	 ~ * Î�Ï�Ð�Ñ����>	 n
Now, define-Ztò � £¨¤�¥ $�i+tò k & � ¾ j ¼½ ò ¾ t -�tj % ; this is the

contributionneededfrom õ to make ��- r ò k -Ztò 	 afeasiblesolution.
Among all the equalcostsolutions,our dynamicprogramming
tableschoosestheonewith maximumunits.Therefore,

ª j ¼½ ò
ª
t
- tj   ª j ¼½ ò

ª
t
� t j



Therefore,it mustbethecasethat -Ztò ~ �utò . Because��-Ztò k - r ò�	
is alsoafeasiblesolution,if ouralgorithmreturnsasolutionwith
cost Î�Ï�Ð�ÑY���>��ó k � 	�	 , thenwemusthave

Î#ÏTÐ#Ñ����>��ó k � 	�	 ~ Î#ÏTÐ#Ñ���- r ò�	8� l t ò - tò~ Î#ÏTÐ#Ñ���� r ò#	/�»* ��� ÄPÊo���>	�� l tò � t ò~ ����� � * 	�Î#ÏTÐ#ÑY��� � 	 k
wherewe usethefactthat Î#ÏTÐ#ÑY���8	 ~ � Î#ÏTÐ#ÑY��� � 	 .
Puttingthis together, ourapproximationschemefor thegener-

alizedknapsackproblemwill iteratetheschemedescribedabove
for eachchoiceof the midrangeelement��ó k � 	 , andchoosethe
bestsolutionfrom amongthese������	 solutions.

For agivenmidrange,themostexpensivestepin thealgorithm
is theconstructionof dynamicprogrammingtable,whichcanbe
donein ����� m ��* 	 timeassumingconstantintervalsperlist. Thus,
we have thefollowing result.

THEOREM 3. We cancomputean ���!� * 	 approximationto
the solution of a generalized knapsack problem in worst-case
time ����� � ��* 	 .
Thedependenceon thenumberof piecesis alsopolynomial: if
eachbid hasa maximumof � pieces,thentherunningtime can
bederivedby substituting� � for eachoccurrenceof � .

4. COMPUTING VCG PAYMENTS
We now considertherelatedproblemof computingtheVCG

paymentsfor all the agents.A naive approachrequiressolving
theallocationproblem� times,removing eachagentin turn. In
thissection,weshow thatourapproximationschemefor thegen-
eralizedknapsackcanbe extendedto determineall � payments
in total time ����-.�/�����+��-0�1�#* 	�	 , where� ~ 2 ��3¦5o7�	#� 2 ��34	 ~ - ,
for a constantupperbound,- , and � is thecomplexity of solv-
ing the allocationproblemonce. This - -boundcanbe justified
asa “no monopoly” condition,becauseit boundsthe marginal
valuethata singlebuyerbringsto theauction.Similarly, in the
reversevariation we can computethe VCG paymentsto each
sellerin time ����-.�/�����0��-0�1�#* 	�	 , where- boundstheratio

2 ��3�57�	#� 2 ��31	 for all 7 .
Our overall strategy will be to build two dynamicprogram-

ming tables,forward andbackward, for eachmidrangeelement��ó k � 	 once. The forward tableis built by consideringtheagents
in theorderof their indices,whereasthebackwardtableis built
by consideringthemin the reverseorder. The optimal solution
correspondingto

2 ��3�5�7�	 canbebrokeninto two parts:onecor-
respondingto first (7 � � ) agentsandtheothercorrespondingto
last(� � 7 ) agents.As the(7 � � )th row of theforwardtablecor-
respondsto thesellerswith first (7 � � ) indices,anapproximation
to thefirst partwill becontainedin (7 � � )th row of theforward
table.Similarly, ��� � 7�	 th row of thebackwardtablewill contain
an approximationfor the secondpart. We first presenta sim-
plebut aninefficientwayof computingtheapproximatevalueof2 ��3�5.7�	 , which illustratesthemainideaof our algorithm.Then
we presentanimprovedscheme,which usesthefact that theel-
ementsin therows aresorted,to computetheapproximatevalue
moreefficiently.

In the following, we concentrateon computingan allocation
with � t ò beingmidrange,andsomeagent7 ¿��ó removed. This
will beacomponentin computinganapproximationto

2 ��3�5[7�	 ,
thevalueof thesolutionto thegeneralizedknapsackwithoutbids
from agent7 . Webegin with thesimplescheme.

4.1 A SimpleApproximation Scheme
Weimplementthescaleddynamicprogrammingalgorithmfor

iKnapsack��õ k � 	 with two alternateorderingsover theothersell-
ers, ú ¿� ó , onewith sellersordered � kY��kenononok � , andonewith
sellersordered� k � � � kenononok � . We call the first table the for-
ward table,anddenoteit 31ò , andthesecondtablethebackward
table,anddenoteit

Å ô . Thesubscriptõ remindsusthattheagentõ is midrange.9

In building thesetables,we usethesamescalingfactorasbe-
fore; namely, thecostof a tuple Ê t j is scaledasfollows:

Ð#Î#ÏTÐ#Ño��Ê t j 	¡�*) ��Î#ÏTÐ#Ño��Ê#t j 	* Î#ÏTÐ#ÑY���>	1+
where Î#ÏTÐ#ÑY���8	 is the upperboundon

2 ��34	 , given by our 2-
approximationscheme.In this case,because

2 ��3 5'7�	 canbe -
times

2 ��31	 , thescaledvalueof
2 ��3 5�7�	 canbeat most �X-���* .

Therefore,the costdimensionof our dynamicprogram’s table
will be �+-���* .
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Figure3: Computing VCG payments. � � Ò149
Now, supposewe want to computea ��������	 -approximation

to thegeneralizedknapsackproblemrestrictedto element��ó k � 	
midrange,andfurtherrestrictedto removebidsfrom someseller7 ¿��ó . Call thisproblemiKnapsackr j ��õ k � 	 .

Recallthatthe 7 th row of our DP tablestoresthebestsolution
possibleusing only the first 7 agentsexcluding agent ó , all of
themeitherclearedat zero,or on anchors.Thesefirst 7 agents
area differentsubsetof agentsin the forwardandthebackward
tables. By carefully combiningonerow of 3 ô with onerow ofÅ ô we cancomputeanapproximationto iKnapsackr j ��õ k � 	 . We
considertherow of 3�ô thatcorrespondsto solutionsconstructed
from agents$�� ko�TkononenYk 7 � ��% , skippingagentó . Weconsiderthe
row of

Å ô thatcorrespondsto solutionsconstructedfrom agents$#7e�8� k 7e� ��kenononok �1% , againskippingagentó . Therowsarelabeled3�ô���7 � ��	 and
Å ô���� � 7�	 respectively.10 The scaledcostsfor

acquiringtheseunitsarethecolumnindicesfor theseentries.To
solveiKnapsackr j ��õ k � 	 wechooseoneentryfrom row 34ò���7 � ��	
andonefrom row

Å ò ��� � 7�	 suchthattheir totalquantityexceeds& � i t <.;ò andtheir combinedcost is minimum over all such
combinations.Formally, let 5 È 3�ô���7 � ��	 , and 6 È Å ôM��� � ��	
denoteentriesin eachrow, with Ð ��� ù¹��5X	 , Ð ��� ù �26B	 , denotingthe
numberof unitsand Î#ÏTÐ#Ño��5X	 and Î#ÏTÐ#Ño�26[	 denotingtheunscaled
costassociatedwith theentry. Wecomputethefollowing,subject

9We could label the tableswith both õ and
�
, to indicatethe

�
th

tupleis forcedto bemidrange,but omit
�

to avoid clutter.
10To beprecise,theindex of therows are ��7 � � 	 and ��� � 7�	 for3�ô and

Å ô whenó���7 , and ��7 � ��	 and ��� � 7 � ��	 , respectively,
whenó4��7 .



to theconditionthat 5 and 6 satisfy Ð ��� ù ��5X	0�:Ð �7� ù¹�26[	¦�?& �
iut <';ò :

£8�9�: �1;#<�� j r ; "f{ = �?>@<�� Ò r j "�A Î�Ï�Ð�Ñ���5X	1� Î�Ï�Ð�Ñ��26[	+�
l t òCB £6¤�¥ $�i t ò k & � Ð �7� ù¹��5X	 � Ð �7� ù¹�26[	#%?D (5)

LEMMA 5. Suppose� r j is anoptimalsolutionof thegener-
alizedknapsack problemwithoutbidsfromagent 7 , andsuppose
that element��ó k � 	 is the midrange elementin the optimal solu-
tion. Then,the expressionin Eq. 5, for the restrictedproblem
iKnapsackr j ��õ k � 	 , computesa �����¨*B	 -approximationto � r j .

PROOF. Fromearlier, we define Î#ÏTÐ#Ño��� r j 	�� 2 ��3 5�7�	 . We
cansplit theoptimal solution, � r j , into threedisjoint parts: �.ô
correspondsto themidrangeseller, � j correspondsto first 7 � �
sellers(skippingagentó if ó8��7 ), and � r j correspondsto last� � 7 sellers(skippingagentó if ó4��7 ). Wehave:

Î#ÏTÐ#Ñ�����r j 	��©Î#ÏTÐ#Ño��� j 	u��Î#ÏTÐ#Ño��� r j 	u� l t ò � t ò
Let � j �»Ð#Î#ÏTÐ#Ño��� j 	 and � r j �ÉÐ�Î#ÏTÐ#Ño��� r j 	 . Let - j and - r j

be the solutionvectorscorrespondingto scaledcost � j and � r j
in 34ò���7 � ��	 and

Å òY��� � 7�	 , respectively. From Lemma3 we
concludethat,

Î�Ï�Ð�Ñ���- j 	+�:Î#ÏTÐ#ÑY��- r j 	 � Î#ÏTÐ#ÑY��� j 	 � Î�Ï�Ð�Ñ���� r j 	 ~ * Î�Ï�Ð�ÑY���>	
where Î#ÏTÐ#ÑY���>	 is theupper-boundon

2 ��34	 computedwith the
2-approximation.

Amongall equalscaledcostsolutions,our dynamicprogram
choosestheonewith maximumunits.Thereforewe alsohave,

��Ð ��� ù ��- j 	4 «Ð ��� ù¹��� j 	�	 ¤2�FE �PÐ ��� ù ��- r j 	� «Ð ��� ù¹��� r j 	�	
wherewe useshorthandÐ ��� ù ���.	 to denotetotal numberof units
in all tuplesin � .

Now, define- tô � �	G �'��i t ô k & � Ð ��� ùH��- j 	 � Ð ��� ùH��- r j 	�	 . From
theprecedinginequalities,we have -Ztô ~ �ut ô . Since ��-Ztô k - j k - r j 	
is alsoa feasiblesolutionto the generalizedknapsackproblem
withoutagent7 , thevaluereturnedby Eq.5 is atmost

��� ÄPÊo��- j 	u�®Î#ÏTÐ#ÑY��- r j 	u� l t ô - tô ~ 2 ��3�507�	0�¨* Î#ÏTÐ#ÑY���8	~ 2 ��3�507�	0� � Î�Ï�Ð�ÑY��� � 	�*~ 2 ��3�507�	0� � 2 ��3�5'7�	�*
This completestheproof.

A naive implementationof this schemewill be inefficient be-
causeit might check ���X-��#* 	#m pairs of elements,for any partic-
ular choiceof ��ó k � 	 andchoiceof droppedagent7 . In the next
section,we presentanefficient way to computeEq.5, andeven-
tually to computetheVCG payments.

4.2 Impr oved Approximation Scheme
Ourimprovedapproximationschemefor thewinner-determination

problemwithout agent7 usesthefactthatelementsin 31ò���7 � ��	
and

Å ò���� � 7�	 aresorted;specifically, both,unscaledÎ#ÏTÐ#Ñ and
quantity (i.e. Ð ��� ù ), increasesfrom left to right. As before,let5 and 6 denotegenericentriesin 31ò���7 � ��	 and

Å ò���� � 7�	 re-
spectively. To computeEq.5, weconsiderall thetuplepairs,and
first divide thetuplesthatsatisfycondition Ð �7� ù ��5X	X�:Ð ��� ù¹�26[	4�& � i t <.;ô into two disjoint sets.For eachsetwe computethe
bestsolution,andthentake thebestbetweenthetwo sets.
[caseI: Ð ��� ù¹��5X	X�:Ð ��� ù¹�26[	4 �& � iut ô ]

Theproblemreducesto

£8�9�: �1; < � j r ; "f{#= �?> < � Ò r j "HA ��� ÄPÊo��5X	X� ��� ÄPÊo�26[	+� l t ô i t ò D (6)

We definea pair ��5 k 6B	 to be feasibleif Ð �7� ù¹��5X	4�ÀÐ ��� ù �26B	¬ & � i t ô . Now to computeEq.6, wedo a forwardandbackward
walk on 31ò���7 � ��	 and

Å ò���� � 7�	 respectively. We start from
the smallestindex of 3 ò ��7 � ��	 andmove right, and from the
highestindex of

Å ò���� � 7�	 and move left. Let ��5 k 6[	 be the
currentpair. If ��5 k 6B	 is feasible,we decrement

Å
’spointer(that

is, move backward) otherwisewe increment3 ’s pointer. The
feasiblepairsfoundduring thewalk areusedto computeEq. 6.
Thecomplexity of this stepis linear in sizeof 31ò���7 � ��	 , which
is �����X-��#* 	 .
[caseII: & � iut <';ô ~ Ð ��� ù¹��5X	+�®Ð ��� ù¹�26[	 ~ & � iut ô ]

Theproblemreducesto

£����: �?; < � j r ; "F{I= �1> < � Ò r j " A ��� Ä�ÊY��5X	1� ��� Ä�ÊY�26[	��
l t ô ��& � Ð �7� ù¹��5X	 � Ð ��� ù¹�26[	�	JD

To computetheabove equation,we transformtheabove prob-
lemto anotherproblemusingmodifiedcost,which is definedas:

û8Î#ÏTÐ#ÑY��5X	 � Î�Ï�Ð�ÑY��5X	 � l t ôKB Ð ��� ùB��5X	
û8Î#ÏTÐ#ÑY�26[	 � Î�Ï�Ð�ÑY�26[	 � l t ôKB Ð ��� ùB�26[	

Thenew problemis to compute

£8�9�: �?; < � j r ; "F{I= �?> < � Ò r j " A û¢Î�Ï�Ð�Ñ���5X	X�:û¢Î�Ï�Ð�Ñ��26[	0� l t ô & D (7)

The modified cost simplifies the problem,but unfortunately
the elementsin 31ò���7 � ��	 and

Å ò���� � 7�	 areno longersorted
with respectto � ��� Ä�Ê . However, theelementsarestill sortedin
quantityandwe usethis propertyto computeEq. 7. Call a pair��5 k 6B	 feasibleif & � i t <';ô ~ Ð ��� ù ��5X	0�«Ð ��� ù¹�26[	 ~ & � i t ô .
Definethe feasiblesetof 5 astheelements6 È Å ò ��� � 7�	 that
arefeasiblegiven 5 . As theelementsaresortedby quantity, the
feasiblesetof 5 is a contiguoussubsetof

Å ò���� � 7�	 andshifts
left as5 increases.

2 3 4 5

10 20 30 40 50 60

Begin End

B (n−i)15 20 25 30 35 40

65421 3

1 6

F (i−1)l

l

Figure 4: The feasible set of 5 � ¯ , definedon
Å ò ��� � 7�	 , is$ ��ko¯TkML % when & � i t <.;ô �©±�v and & � i t ô �ON�v . ø1ùQP �7R andS RFT

representthe start and endpointers to the feasibleset.

Therefore,wecancomputeEq.7 bydoingaforwardandback-
wardwalk on 31ò���7 � ��	 and

Å ò���� � 7�	 respectively. Wewalk onÅ ò���� � 7�	 , startingfrom the highestindex, usingtwo pointers,ø�ù2P ��R and
S RFT

, to indicatethestartandendof thecurrentfea-
sibleset. We maintainthe feasiblesetasa min heap, wherethe
key is modifiedcost. To updatethefeasibleset,whenwe incre-
ment 3 ’s pointer(move forward),we walk left on

Å
, first usingS RFT

to remove elementsfrom feasiblesetwhich areno longer



feasibleandthenusing ø�ù2P ��R to addnew feasibleelements.For
a given 5 , the only elementwhich we needto considerin 5 ’s
feasibleset is the onewith minimum modifiedcostwhich can
be computedin constanttime with the min heap. So, the main
complexity of thecomputationlies in heapupdates.Since,any
elementis addedor deletedat mostonce,thereare ��� Ò
49 	 heap
updatesandthetimecomplexity of this stepis ��� Ò149 ����� Ò149 	 .
4.3 Collecting the Pieces

Thealgorithmworksasfollows. First,usingthe2 approxima-
tion algorithm,we computean upperboundon

2 ��34	 . We use
this boundto scaledown thetuplecosts.Usingthescaledcosts,
we build theforwardandbackwardtablescorrespondingto each
tuple ��ó k � 	 . The forward tablesareusedto compute

2 ��31	 . To
compute

2 ��3 5�7�	 , we iterateover all thepossiblemidrangetu-
plesandusethe correspondingforward andbackward tablesto
computethe locally optimal solution using the above scheme.
Amongall the locally optimalsolutionswe chooseonewith the
minimumtotal cost.

The most expensive stepin the algorithm is computationof2 ��3:5�7�	 . The time complexity of this stepis ��� ÒVU#49 ����� Ò149 	
as we have to iterateover all ������	 choicesof Ê�t ô , for all ó ¿�7 , andeachtime usethe above schemeto computeEq. 5. In
the worst case,we might needto compute

2 ��3:5¦7�	 for all �
sellers,in which casethefinal complexity of thealgorithmwill
be ��� ÒJW�49 ����� Ò
49 	 .

THEOREM 4. Wecancomputean �������¹�¦��	 -strategyproofap-
proximationto the VCG mechanismin the forward and reverse
multi-unit auctionsin worst-casetime ��� ÒVW#49 ����� Ò149 	 .

It is interestingto recallthat � ����� ÒVW9 	 is thetimecomplex-
ity of the FPTAS to the generalizedknapsackproblemwith all
agents.Ourcombinedschemecomputesanapproximationto the
completeVCG mechanism,includingpaymentsto ������	 agents,
in time complexity �����������+���4��* 	�	 , takingtheno-monopolypa-
rameter, - , asa constant.Thus,our algorithmperformsmuch
better than the naive scheme,which computesthe VCG pay-
ment for eachagentby solving a new instanceof generalized
knapsackproblem.Thespeedup comesfrom theway we solve
iKnapsackr j ��õ k � 	 . Timecomplexity of computngiKnapsackr j ��õ k � 	
by creatinga new dynamicprogrammingtable will be ��� ÒJU9 	but by usingtheforwardandbackward tables,thecomplexity is
reducedto ��� Ò 9 ����� Ò 9 	 . We canfurther improve the time com-
plexity of our algorithmby computingEq. 5 more efficiently.
Currently, thealgorithmusesheap,which haslograthmicupdate
time. In worst case,we can have two heapupdateoperations
for eachelement,which makesthetime complexity superlinear.
If we cancomputeEq. 5 in linear time thenthe complexity of
computingtheVCG paymentwill besameasthecomplexity of
solvinga singlegeneralizedknapsackproblem.

5. CONCLUSIONS
We presenteda fully polynomial-timeapproximationscheme

for the single-goodmulti-unit auctionproblem,usingmarginal
decreasingpiecewise constantbidding language. Our scheme
is bothapproximatelyefficient andapproximatelystrategyproof
within any specifiedfactor *�� v . As suchit is an exampleof
computationallytractable* -dominanceresult,aswell asan ex-
ampleof a non-trivial but approximableallocationproblem. It

is particularly interestingthat we areable to computethe pay-
mentsto � agentsin aVCG-basedmechanismin worst-casetime��������������	 , where� is thetime complexity to computetheso-
lution to a singleallocationproblem.
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