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Abstract

ITERATIVE COMBINATORIAL AUCTIONS:

ACHIEVING ECONOMIC AND COMPUTATIONAL EFFICIENCY

David Christopher Parkes

Supervisor: Lyle H. Ungar

This thesis presents new auction-based mechanisms to coordinate systems of self-

interested and autonomous agents, and new methods to design such mechanisms and prove

their optimality.

Computation is increasingly carried out on open networks, with self-interested pro-

grams (\agents"), competing to derive the most utility for users. In addition, new inter-

connectivity and distributed computing is changing business practices. It is now possible

to implement dynamic mechanisms to trade goods and services, both business-to-consumer

(B2C) and business-to-business (B2B), and remove the ine�ciencies in traditional market-

places. Auctions o�er great promise as simple and robust dynamic mechanisms for e�cient

resource allocation. There are already on-line consumer auctions, and nascent auctions for

B2B trade in the supply-chain. However the majority of on-line auctions remain simple

variations on standard auctions.

My thesis is that it is necessary to take an explicitly computational approach to auction

design. Auctions will be populated with automated bidding agents, and only auctions that

are robust and present simple optimal bidding strategies will be successful. In addition,

combinatorial auctions are important in many important applications, but present inher-

ently hard computational problems for agents and for auctioneers.

A combinatorial auction allows agents to bid for bundles of items. Consider a manu-

facturer that needs either components A and B, or just component C; consider a mobile

agent that needs an interval of compute time; consider a train that needs a bundle of
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departure and arrival times on tracks across its route. Combinatorial auctions present

two key computational problems: (1) the winner-determination problem, to compute a

revenue-maximizing set of bids, is NP-hard; (2) agents often have hard valuation prob-

lems, for example local optimization problems, to compute the value of di�erent bundles.

I propose iBundle, an iterative combinatorial auction, that is economically e�cient

under a reasonable assumption about agent bidding strategies, minimizes agent valu-

ation work, and allows the auctioneer to introduce approximate solutions for winner-

determination.

Iterative auctions allow agents to compute incremental values for items or bundles

of items, in response to bids from other agents, and avoid valuation altogether on high

priced bundles. In addition, the auctioneer can tradeo� economic e�ciency with compu-

tational e�ciency. Increasing the bid increment decreases the number of rounds and the

number of winner-determination problems to solve. Approximate algorithms for winner-

determination can be introduced while maintaining incentives for agents to follow the same

bidding strategy.

iBundle is the �rst iterative combinatorial auction that is optimal for a reasonable bid-

ding strategy, in this case myopic best-response to current prices. Its optimality is proved

through a fundamental connection with primal-dual optimization theory. iBundle main-

tains feasible primal and dual solutions to the resource allocation problem, the allocation

and prices in the auction. The strong duality theorem of linear-programming states that

primal and dual solutions are optimal if and only if they satisfy complementary slackness

conditions, which express logical constraints between their values. Best-response bids from

agents in iBundle provide enough information for the auctioneer to adjust prices so that

the auction provably terminates with primal and dual solutions that satisfy complemen-

tary slackness conditions.

The primal-dual interpretation of iBundle also suggests a method to boost the \strategy-

proofness" of the auction, adjusting the price after iBundle terminates towards prices that

make myopic best-response an optimal strategy for rational self-interested agents. When

successful, together with proxy bidding agents which constrain agent bidding strategies

to (possibly untruthful) best-response bidding strategies, this \proxy and adjust" method

makes iBundle an iterative, optimal, and non-manipulable auction.
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Preface

This dissertation proposal has a slightly novel form. The early chapters provide an ex-

tended introduction, and an overview of my work. Subsequent chapters review important

literature in economic mechanism design, and introduce primal-dual optimization theory,

which provides a road-map for the design of optimal iterative auctions in hard distributed

problems.

Later chapters on iBundle, and methods to prevent strategic-manipulation in iterative

auctions, can be viewed as \extended abstracts" of a collection of papers that I attach

as an Appendix. This document, taken with the attached papers, provides an accurate

description of the work already completed towards my dissertation. In addition, at the

end of the Introduction, I summarize my current contributions and describe the work that

I propose to complete for my full dissertation.

Papers in Appendix:

1. David C. Parkes and Lyle H. Ungar. Bounded-rational compatible auctions. Under

review, Journal of Arti�cial Intelligence Research, 2000.

2. David C. Parkes. iBundle: An e�cient ascending-price bundle auction. In Proc.

ACM Conf. on Electronic Commerce (EC-99), 1999.

3. David C. Parkes and Lyle H. Ungar. Iterative combinatorial auctions: Theory and

Practice. In Proc. 18th National Conference on Arti�cial Intelligence (AAAI-00), 2000.

To appear.

4. David C. Parkes and Lyle H. Ungar. Preventing strategic manipulation in itera-

tive auctions: Proxy agents and Price-adjustment. In Proc. 18th National Conference on

Arti�cial Intelligence (AAAI-00), 2000. To appear.
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Chapter 1

Introduction

Computation is no longer restricted to the mainframe, or even to the PC; computation

is increasingly ubiquitous, powerful processors are found in handheld computers, mobile

phones, automobiles, even wrist watches. The web browser provides users on thin-clients

with instant access to air schedules on all the Worlds' airlines, and powerful servers for

search and query optimization. Mobile agents can migrate over networks of computers,

searching for information, or simply consuming computational resources. Moreover, the

engineering complexity of systems is decentralized to multiple developers and competing

applications, networks are open, and programs (\agents") need not be cooperative. In fact,

applications are more likely to be self-interested, competing to derive the most utility for

users.

More recently, the Internet and electronic commerce has generated renewed interest in

electronic marketplaces and auction systems, both as dynamic mechanisms to sell items to

individuals and as systems for business-to-business transactions. Many retailers have online

consumer auctions, e.g. www.onsale.com, and there are nascent auctions for procurement

in the supply-chain, e.g. www.freemarkets.com. Forrester Research predicts that on-

line business-to-business (B2B) trade in e-marketplaces, e.g. auctions and exchanges, will

increase from $54.7 billion to $1,417 billion over the next 5 years, from 13.5% to 53% of

B2B e-commerce trade, to form 10% of total B2B trade by 2004 (U.S. data). Electronic

marketplaces will intermediate more B2B transactions and at �ner levels than in current

practice. However, at present the vast majority of online auctions are simple variations on

the traditional English auction, an ascending-price single-item auction

Auctions provide useful mechanisms for resource allocation problems with autonomous

and self-interested agents, respecting the autonomy and information decentralization in
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open systems. Applications range from distributed task allocation, to procurement in

the supply-chain, to multi-agent scheduling problems. Typical characteristics include dis-

tributed information about agents' local problems and multiple con
icting goals. Auctions

can minimize communication within a system, and generate optimal (or near-optimal)

solutions that maximize the sum value over all agents.

Away from the rare�ed atmosphere of the traditional auction house, auctions can ex-

tend to multiple items, and to complex decision spaces. In addition, with agent-mediation

many participation costs are either reduced or eliminated. Fixed prices, useful in static

markets with many agents and stationary aggregate demand statistics, often lead to subop-

timal outcomes in dynamic multiagent problems. Similarly, bilateral negotiated outcomes

and long-term agreements in the supply chain are too static and often suboptimal. Auc-

tions can compute prices to support optimal solutions without a priori information about

the preferences of agents in a system.

My thesis is that it is necessary to take an explicitly computational approach to auc-

tion design. Not only will auctions become increasingly agent-mediated| with automated

bidding, winner-determination and price-adjustment |but auctions will also be applied to

solve di�cult distributed problems. Potential computational complexity exists for bidding

agents that must compute strategies to participate optimally in new marketplaces, and in

the implementation of mechanisms by auctioneers. Limited and costly computation re-

quires a rethinking of traditional auction theory, because direct generalizations of auctions

that work well in small problems can fail in large distributed systems.

This dissertation presents work that is especially important in systems with the fol-

lowing characteristics, which are very di�erent from the assumptions made in traditional

auction theory:

[A1 ] Agents have hard valuation problems and limited or costly computation.

In many important problems agents must solve di�cult problems to compute val-

ues for items before bidding. For example, consider an auction-based system for

distributed task allocation where agents need to reformulate local plans to compute

costs for performing additional tasks.

[A2 ] Agents demand bundles of items.

Bundles are important in many real-world problems: consider a manufacturer that
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needs either components A and B, or just component C; consider a mobile agent that

needs an interval of compute time; consider a train that needs a bundle of departure

and arrival times on tracks across its route.

In comparison, most existing auction theory assumes: that agents know a priori their

values for items before bidding; and that agents demand single items, multiple identical

items, or have additive values for items.

As an example, consider an auction-based system for a scheduling problem, with dis-

tributed agents competing for the access to shared resources. An auction-based mecha-

nisms for an NP-hard scheduling problem, must either expect to compute approximate

solutions or expect to solve NP-hard problems. Only mechanisms that remove economic

ine�ciencies and handle computational complexities will succeed. The ultimate impact of

this work will be judged by the simplicity, robustness, and performance of the auction-

based systems that follow from the new insights and results.

As I address computational issues, I strive to retain important auction properties, in

particular:

[P1 ] Allocative e�ciency. A good resource allocation should maximize the sum value

over all agents.

[P2 ] Incentive-compatibility. An agent's optimal bidding strategy is truth-revelation,

whatever the bids of other agents.

Allocative e�ciency is a measure of the total quality of an allocation, taking all agents

as equal and seeking to maximize the total value over the system, i.e. maximize the \social

welfare". This metric is meaningful in many distributed problems, equivalent to minimizing

the total costs of delay over all trains in a train-scheduling problem, or maximizing the

total value of computation and bandwidth in an application to competition for network

resources between mobile agents.

Incentive compatible mechanisms are important because they are self-enforcing such

that it is no single agent can successfully manipulate the outcome by misstating its true

values for di�erent items, or outcomes. Strategic manipulation is undesirable because

it can reduce the allocative e�ciency of an outcome, and also because it is inherently

computationally complex. Moreover strategic manipulation is often hard to detect; for
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example an auctioneer typically has no way to know whether an agent is misstating its

preferences, e.g. over-reporting or under-reporting its value for a certain type of outcome.

Consider a couple of examples of systems that are not incentive-compatible:

� A recent report stated that pilots into Heathrow on 
ights from the Far East tend to

misstate medical emergencies or fuel shortages on their arrival, to jump the queue of

holding planes. The problem with the current system is that their is little incentive

not to misstate conditions on board a place. One remedy that is being considered is

to require pilots to complete a full \emergency" report on landing if such a request

is made, making its use for strategic manipulation less attractive.

� In performing simulations of auction-based systems for my dissertation I have ac-

cessed a shared cluster of workstations, Eniac-2000. A simple scheduler uses a queue

to control jobs waiting for compute time. There are no \prices" associated with jobs,

but shorter jobs receive precedence over longer jobs, and earlier jobs over later jobs.

One simple way to manipulate the scheduler is to check the queue, and whenever no

jobs are waiting in the queue release my current jobs and resubmit jobs with new

extended deadlines.

First, I review existing economic mechanism-design theory. I introduce the Groves

family of mechanisms, that represent the complete set of incentive-compatible mechanisms

in a quite general sense. As applied to auctions, the Vickrey auction and its extension to

problems with bundles of items, the generalized Vickrey auction, are examples of Groves

mechanisms. In addition, I introduce the central revelation-principle of mechanism design,

and suggest its shortcomings in systems with agents that have limited computation, hard

valuation problems [A1], and need bundles of items [A2].

The revelation-principle states that it is su�cient to consider direct-revelation mecha-

nisms in which agents report (possibly untruthfully) all of their private-information. This

is clearly infeasible in many interesting applications, in the absence of unlimited compu-

tation and communication. I introduce a new property, bounded-rational compatibility,

which describes auctions that in comparison allow agents to participate optimally with

approximate values for some outcomes. Iterative auctions are especially useful: intuitively

it is easier to respond to prices than submit a sealed-bid for items.
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I introduce primal-dual optimization theory, which provides an important theoretical

framework for designing iterative auctions with provable properties. The strong-duality

theorem of linear-programming states that feasible primal and dual solutions are optimal

if and only if they satisfy complementary-slackness conditions, which express constraints

on their values. In the context of an iterative auction that maintains a provisional allo-

cation, and prices for items or bundles of items, the allocation can be interpreted as a

primal solution and the prices can be interpreted as a dual solution. With a reasonable

assumption about agents' bidding strategies it is possible to adjust prices in the auction so

that the allocation and prices satisfy complementary-slackness conditions when the auction

terminates, and are therefore optimal solutions.

Continuing, I present my main contribution: an ascending-price combinatorial auction,

iBundle. Combinatorial auctions allow agents to bid for bundles of items directly, and

generate prices on bundles. Although combinatorial auctions can be approximated by

multiple auctions on single items, this often results in ine�cient outcomes. In iBundle

agents can adjust their bids in response to bids from other agents, as the auctioneer

updates a provisional allocation and bundle prices.

iBundle is the �rst iterative combinatorial auction that is optimal for any reasonable

bidding-strategy, in this case myopic best-response bids. This relaxes desirable property

[P2], replacing full incentive-compatibility with myopic incentive-compatibility: it com-

putes e�cient allocations with agents that bid to maximize their self-interest in response

to the prices in the current round, but ignore the possibilities of manipulating the out-

come of the auction in future rounds. I prove that iBundle maintains feasible primal and

dual solutions to a linear program formulation of the \top-level" resource-allocation prob-

lem, and terminates with solutions that are optimal by the strong duality theory of linear

programming.

Finally, it is possible to use primal-dual theory to compute the outcome of the gener-

alized Vickrey auction| an incentive-compatible Groves mechanism for the combinatorial

resource allocation problem |from agents' bids during an iterative auction. In applica-

tion of this \proxy-agent and price-adjustment" technique to iBundle, I have a number of

encouraging initial results. When successful iBundle retains its desirable computational

properties, but inherits incentive-compatibility, such that it is an agent's optimal strategy

to truthfully report its values for items to the auctioneer. My hope is that future work
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will extend iBundle to an iterative generalized Vickrey auction, such that truthful bidding

is optimal, whatever the bids of other agents.

I believe that the primal-dual framework holds great promise for the design of useful

auction-based solutions in other problems, indeed many existing algorithms in mathemat-

ical programming have interesting market interpretations.

1.1 Current Status

Let me brie
y review the work that I have completed within each of these areas, and

outline my main contributions.

1.1.1 Bounded-Rational Compatible Auctions

I propose a new auction property, bounded-rational compatibility, which describes auctions

that allow agents to place optimal bids without computing exact values for all items. This

is important in problems with agents that have limited computation and hard valuation

problems. Iterative auctions present a useful special case of bounded-rational compatible

(BRC) auctions. In an iterative auction an agent can adjust its bids in response to bids from

other agents as prices change, and compute incremental values for di�erent outcomes, to

support optimal decisions. In comparison, in a single-shot sealed-bid auction an agent must

perform all computation up-front, for example submitting bids that might be consistent

with all possible outcomes.

Contributions:

� Proposed that cognitive costs in valuing items explains the presence of ascending-

price auctions on-line in favor of sealed-bid auctions [PUF99].

� Demonstrated that strategic equivalence (e.g. between the English and Vickrey auc-

tions) is not su�cient for auctions to have equal performance with agents that have

hard valuation problems [Par99a].

� Proposed bounded-rational compatibility, a property of auctions that allow agents

to follow an optimal bidding strategy with approximate values for items or bundles

of items [PU00a].
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� Proved that all BRC auctions that also compute optimal allocations with enough

agent computation are iterative auctions; characterized su�cient properties for bounded-

rational compatibility [PU00a].

� Proposed metrics to compare the performance of BRC auctions, completed an exper-

imental comparison of auctions in simple multi-item allocation problems [PU00a].

� Proved that agents with approximate values for items continue to have truth-revealing

optimal bidding strategies in strategy-proof auctions [PU00a].

1.1.2 Iterative Combinatorial Auctions

iBundle is an ascending-price combinatorial auction in which agents can bid on bundles of

items and the auctioneer adjusts prices on bundles and maintains a provisional allocation as

bids are received. iBundle is the �rst iterative combinatorial auction to compute optimal

allocations for any reasonable agent bidding strategy, in this case agents with myopic

best-response bidding strategies. iBundle satis�es property P1 (allocative-e�ciency) but

relaxes property P2 (incentive-compatibility), it remains possible for a rational agent with

lookahead to manipulate the outcome of the auction.

The auction is bounded-rational compatible, and also permits the auctioneer to tradeo�

computation for allocative-e�ciency while maintaining incentives for agents to follow the

same bidding strategies. In comparison, the generalized Vickrey auction (see Chapter 5),

which is the only other known optimal combinatorial auction, is not bounded-rational com-

patible and loses its strategy-proofness with approximate algorithms for winner-determination.

Contributions:

� Proposed iBundle, the �rst iterative combinatorial auction for any reasonable agent

bidding strategy. Proved the optimality of iBundle within a primal-dual framework,

as applied to a linear-program formulation of the combinatorial resource-allocation

problem [PU00b].

� Completed experimental tests in some simulated hard problem designs, demonstrated

that the auction achieves 100% allocative e�ciency for small enough bid increments

[Par99b].
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� Measured savings in \agent valuation work" compared to the generalized Vickrey

auction [Par99b].

� Completed initial computation tests, demonstrated orders-of-magnitude speed-up in

comparison with the generalized Vickrey auction in some hard problems; suggested

cache-based techniques to speed-up winner-determination; tested a simple approxi-

mate winner-determination algorithm [PU00b].

1.1.3 Price-Adjustment to Vickrey Prices

In its basic form, an agent in iBundle can manipulate the outcome of iBundle, for example

placing jump bids, signaling false intentions, or waiting to bid until the end of the auction. I

only prove that iBundle is allocatively-e�cient for agents that submit myopic best-response

bids to current prices.

Recently, I have proposed a new method \proxy agents and adjust" to make iterative

auctions more robust to strategic manipulation, by adjusting agents' prices after the auc-

tion terminates towards prices in that make myopic best-response a sequentially-rational

strategy. The idea is to compute Vickrey prices from agents' bids during the auction. The

proxy agents constrain agents' bids to (possibly untruthful) myopic best-response bids to

current prices.

My insight is that primal-dual theory presents a method, Adjust*, to adjust prices to-

wards minimal competitive equilibrium prices, from which Vickrey prices can be computed.

In application to iBundle, when successful iBundle retains the computational advantages

of an iterative auction, but inherits the incentive-compatibility of the generalized Vickrey

auction.

Contributions [PU00c]:

� Proved that Vickrey prices can be computed from \enough" minimal competitive

equilibrium prices.

� Proposed proxy bidding agents to convert an iterative auction into a progressive

direct revelation mechanism, such that agents report (possibly untruthfully) their

values to the auctioneer (via the proxy agents), but provide information continuously

as necessary during the auction.

8



� Proposed a method to use primal-dual theory to adjust prices after an auction ter-

minates towards minimal competitive equilibrium prices.

� Proposed an approximate method to adjust prices after an auction terminates to-

wards minimal competitive equilibrium prices, based on provisional allocations com-

puted during previous rounds in the auction.

� Derived necessary conditions to compute minimal competitive equilibrium prices;

derived necessary and su�cient conditions to compute Vickrey prices.

� Proposed a dynamic test that allows an auctioneer to determine dynamically whether

an auction terminates with Vickrey prices.

� Classi�ed some resource allocation problems in which Adjust* will compute Vickrey

prices.

� Completed initial experimental tests for \proxy and adjust" with iBundle, with

promising results.

1.2 Proposed Work

Here is an outline of the further work that I propose to complete as part of my full

dissertation:

� Characterize easy special cases of iBundle, with polynomial time winner-determination,

derive iBundle price-update rules for problem-speci�c bid languages.

� Characterize Problems in which iBundle with Adjust* computes Vickrey prices, and

is therefore robust to strategic manipulation.

� Derive upper-bounds on possible gains from strategic behavior as approximations are

introduced into iBundle with price-adjustment.

� Experimental: Test methods to speed-up iBundle; e.g. caching, �-scaling, and ap-

proximate winner-determination algorithms.

� Develop an \iterative GVA" extension of iBundle with Adjust*, that always termi-

nates with the Vickrey outcome
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� Implement an on-line prototype of the �nal auction. Issue a challenge for users to

submit problems and agent strategies that can manipulate the auction.

� Complete the \application" study of iBundle, e.g. to train-scheduling or some other

real-world problem.

� Map the auction to a reverse auction, e.g. an auction by a manufacturer to purchase

components from competing suppliers.

� Understand how impossibility theorems (e.g. Myerson-Sattherwaite) relate to the

design of new auctions: (i) bundle auctions with sellers that have non-zero reservation

prices; (ii) two-sided bundle auctions.

1.3 Outline

Chapter 2 motivates my work, presenting some illustrative problems in distributed sys-

tems and in electronic commerce that can be solved with combinatorial auctions. The

applications are characterized by bundled items and hard agent valuation problems.

Chapter 3 reviews related work in arti�cial intelligence, economics, game theory and

algorithm design. Chapter 4 introduces bounded-rational compatible (BRC) auctions, and

present a simple example of how it is possible to structure auctions to allow agents to bid

without computing exact values for items. I summarize my main results, providing some

intuition about the characteristics of BRC auctions.

Chapter 5 provides a introduces the literature on economic mechanism design, present-

ing the Groves mechanisms, the generalized Vickrey auction, the revelation principle and

an important impossibility result.

Chapter 6 introduces primal-dual optimization theory, and makes the connection be-

tween the design of iterative auctions and primal-dual algorithms. I also present linear-

program formulations of the combinatorial resource allocation problem, which compute

optimal allocations as primal solutions and corresponding bundle prices as dual solutions.

Chapter 7 presents iBundle, describing the bidding rules in the auction, a best-response

bidding strategy for agents, and the auctioneer's price-update and winner-determination

problems. I summarize some encouraging experimental results in hard resource allocation

problems from the literature.
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Chapter 8 makes a connection between primal-dual theory and mechanism design. It

is possible to compute Vickrey payments from minimal prices that satisfy complementary-

slackness conditions with the optimal allocation, which opens up the method presented

in Chapter 9 to adjust prices after an iterative auction terminates towards prices in the

Vickrey auction.

Chapter 9 introduces the two stage method, \Proxy Agents and Price Adjustment",

which can make iterative auctions robust to strategic manipulation. As an application

of the methodology I consider iBundle, and characterize su�cient conditions on agents'

valuation functions for Adjust* to compute GVA prices.

Finally, Chapter 10 introduces a working prototype of an application of iBundle-style

price-updates to a distributed train scheduling problem, and Chapter 11 concludes.
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Chapter 2

Mechanisms for Self-Interested Agents:

Applications

My basic assumption is that agents have private information, and are uncooperative: they

can not be expected to follow a particular protocol if deviations can be bene�cial and go

undetected and unpunished. The problem addressed in this thesis, in its broadest sense,

is one of mechanism design, or designing the \rules of encounter" between agents [RZ94a].

I assume that while a system-designer can control the types of messages that agents can

send, and state the methods that will be used to compute outcomes based on messages, it is

not possible to control the strategies (or protocols) that agents follow in sending messages

(so long as they are within the system rules).

Iterative combinatorial auctions are useful when: (1) agents demand bundles of items;

(2) agents have hard local optimization problems to compute their value for items;(3)

the information to compute the value of items is an agent's private information. The

applications presented below all have these properties.

Auctions provide useful mechanisms for resource allocation problems with autonomous

and self-interested agents. Typical applications include task assignment and distributed

scheduling problems, and are characterized with distributed information about agents' local

problems and multiple con
icting goals [Wel93, Cle96]. Auctions can minimize communi-

cation within a system, and generate optimal (or near-optimal) solutions that maximize

the sum value over all agents.

More recently, electronic commerce has generated new interest in auction-based sys-

tems, both as dynamic mechanisms to sell items to individuals, and as systems for business-

to-business transactions. At present, the vast majority of online auctions are simple vari-

ations on the standard auctions. In addition, simple extensions of standard auctions do
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not scale to combinatorial problems.

2.1 Resource Allocation in Multi-agent Systems

Many coordination and negotiation problems in multi-agent systems can be formulated as

resource-allocation problems, where the allocation of items to agents represents a negoti-

ated agreement between multiple self-interested agents. All that is required is a �xed set

of items, and agents with private valuation problems such they do not care about the �nal

allocation received by other agents.

1. Distributed scheduling. The supplier controls machines that can be con�gured to

perform particular jobs, agents with jobs bid time slots on machines.

2. MBA course registration. A business school has a �nite supply of courses and class

times. Agents represent students that demand bundles of courses that are con
ict-

free and satisfy requirements for graduation.

3. Train scheduling. A track scheduler controls access to a shared track network, en-

forcing safety constraints. Agents represent trains with desired departure and arrival

times, that must acquire a sequence of track times to complete their route, minimiz-

ing for example costs of late arrival and fuel costs en-route.

4. FCC spectrum rights. The government sells spectrum rights to telecommunications

companies. Each company demands spectrum rights across geographically consistent

areas, and must formulate a business plan and predict projected earnings to compute

the value of a particular bundle.

The provable optimality of auction mechanisms can also be useful in cooperative sys-

tems, where agents are trusted to participate truthfully in a protocol.

Consider, for example, using a combinatorial auction as a simple and robust mecha-

nisms for collaborative planning between cooperative autonomous agents [HG00]. Combi-

natorial auctions allow roles within a team to be conditioned on various constraints, for

example time constraints, to protect the feasibility of local commitments.
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2.2 Electronic Commerce Applications

The general problem of a distributed system with self-interested agents that (a) have hard

local optimization problems and (b) demand bundles of items is ubiquitous in e-commerce.

To focus ideas, it is useful to consider a single supplier with a set of items (e.g. jobs,

resources) for sale, and a number of agents with values for bundles of items. An auction-

based mechanism can allow the supplier to determine an allocation of items to agents

which maximizes economic e�ciency.

Figure 2.1 illustrates the structure of a general problem, shown in this example with

four agents.

Supplier

Agent 1

Agent 3

Agent 2

Agent 4

Figure 2.1: Illustrating the General Problem Structure.

It is often a reasonable assumption that the supplier (or auctioneer) seeks to maximize

allocative e�ciency, even when the auctioneer is self-interested and wants to maximize

revenue. The basic argument is that can be made in the presence of alternative markets is

that if the auctioneer does not compute e�cient allocations then agents will go elsewhere.

Ausubel [AC98] proves that the auctioneer maximizes pro�t with an e�cient mechanism

in the presence of after-markets.

The examples below illustrate some of the new marketplaces that are enabled by new

connectivity and ubiquitous computational devices. I focus on examples in business-to-

business (B2B) e-commerce.

1. Supply-chain. The supplier sells electronic components to manufacturing plants.

Agents demand batches of components of compatible types, and must compute local

manufacturing plans to determine the value of a batch of components.
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2. Power auction. An electricity generator sells units of power (time, quantity) to

manufacturing plants. A plant must formulate an alternate local plan to determine

the tradeo� between, for example, expensive power now and cheap power later.

3. Flights. An airline auctions 
ights, to users that want a single pair of matching

departure and return 
ights.

4. Task allocation. The supplier has a set of tasks to contract to distributed self-

interested contractors. Consider, for example, packages to be delivered or computer

systems to be assembled. The contractors have non-linear costs for tasks and there-

fore want to bid for suitable bundles of tasks. For example, in a task delivery problem

the marginal cost of delivering an additional task to the same location is zero.
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Chapter 3

Related Work

This work lies at the boundary between arti�cial intelligence, economics, game theory, and

algorithm design. For now, I limit my attention to the literature in arti�cial-intelligence,

auction-design, and economics. The large and relevant literature in economic mechanism

design, that studies the problem of implementing desirable outcomes in systems of self-

interested agents, is presented in Chapter 5.

3.1 Arti�cial Intelligence

Early work in distributed arti�cial intelligence, e.g. the work of Lesser et al. on blackboard-

based systems assumed cooperative distributed agents, and motivated the need for multi-

agent decision making from communications limitations that necessitated that decisions

could not be taken centrally. See Wei�[Wei98] for an introduction to the literature. Early

studies emphasized the importance of computational and communication e�ciency, see

also Yokoo [Yok95].

In comparison, early research into mechanisms to coordinate systems of self-interested

agents focused on mechanism-design to encourage truthful participation, and ignored com-

putational issues. For example, Rosenschein & Zlotkin [RZ94b] applied game theory tech-

niques to negotiation over task-allocation, but assumed agents can solve exponentially

many NP-hard problems. The work applied methods from game-theory to systems of

computational agents. Rosenschein & Zlotkin's mechanisms are not market-based meth-

ods, there is no mechanisms to transfer utility (e.g. cash) between agents.

Wellman [Wel93] was an early proponent of market-based computation. Wellman pro-

posed a market-oriented method, Walras, to coordinate agents, with an application to a

multi-commodity 
ow problem. The Walras system has been applied to other problem
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domains, see Wellman [Wel96] for a later summary. In common with related work on

market-based control [Cle96], this work mainly ignores the agent valuation problem, often

assuming that agents have simple analytic utility functions.

Sandholm [San93, San96] has considered the agent valuation problem in markets. Sand-

holm [San93] implemented a ContractNet [DS88] based system for a distributed task

allocation problem, with agents that bid on the basis of marginal values for tasks. The sys-

tem, Traconet, allowed agents to bid with approximate values and continue to deliberate

during the auction.

In subsequent work Sandholm & Lesser [SL96] propose a framework for leveled com-

mitment contracts between agents, which allows agents to decommit from a contract. As

noted by the authors, this is useful with agents that have approximate values for tasks

and continue to re�ne their beliefs after striking initial contracts. For example, agents

can correct early mistakes as they continue to compute values for tasks. The technique

allows agents to integrate local deliberation with negotiation between many other agents.

However, the focus is on a decentralized system, while our work considers techniques for

auctions| with a centralized auctioneer.

Sandholm & Lesser [SL97] study a coalition formation problem, in which the problem

of computing the value of a coalition structure is complex because it requires determining

an optimal assignment of tasks to agents in the coalition. However, the authors do not

design a mechanism that allows approximate information about coalition values. Instead

it is assumed that agents predict value perfectly. There is no attempt to integrate the

formation and valuation problems.

Sandholm [San96] demonstrates that the strategy-proofness of an auction can break

when agents have approximate values for items and options to continue computation or

submit bids. An agent can make a better decision about whether or not to perform further

computation about the value of an item if it is well informed about the bids from other

agents. I claim that this loss of strategy-proofness is useful. Indeed, bounded-rational

compatible auctions provide agents with information about other agents, for example via

prices in an ascending-price auction, to allow them to deliberate about their values based

on information about likely outcomes in the auction.

Parunak et al. [PWS98] propose a system, MarCon, for interactive decision-support,

in which people provide continual information about local constraints and goals as a global

17



collaborative plan is formulated. The work shares many of our goals, allowing deliberation

as information is exchanged about local constraints of all agents in the system. Users state

broad initial preferences, and add more details as necessary.

There is a growing literature on auctions for e-commerce. See [KF98, HV99] for an

introduction, and [MGM99, GK99] for an emphasis on agent-mediated auctions. Wellman

et al. [WWWMM99] propose ascending-price auctions for hard distributed-scheduling

problems, in which agents need bundles of time on machines. Another study proposes an

auction protocol to coordinate agents in supply chain problems [WW99a].

3.2 Multi-Item Auctions

Although not bundle auctions, in the sense that agents cannot submit bids of the form \I

only want item A if I also get item B", it is useful to mention a few auctions that compute

optimal allocations in problems in auctions for multiple items, for restricted classes of

valuation functions. This section describes auctions which are not incentive compatible, in

the sense that they do not necessarily compute Vickrey payments. Incentive-compatible

auctions are reviewed later, in Chapter 8, when I discuss my approach to make iBundle

incentive compatible.

Kelso & Crawford [KC82] propose an ascending-price auction for problems with agents

that have gross substitutes preferences. Gross substitutes is a technical condition that

states that an agent that demands good j at price p(j) will continue to demand good j if

the prices for other goods increase. Gross substitutes implies that agents have subadditive

valuation functions1 [GS97b], although subadditive is not su�cient for GS [BM97], and

decreasing returns for multiple units of identical items. Recently, Gul & Stacchetti [GS97a]

propose a bundle auction that terminates with minimal competitive-equilibrium prices

when agents have gross-substitutes preferences (see the next section).

Bertsekas [Ber81, Ber88, Ber90] developed a mechanism for the assignment problem,

called Auction. The proof technique, with primal-dual theory, was very in
uential in our

proof of the optimality of iBundle.

1The value for all packages is no greater than the minimal sum of values for a partition of the package.
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3.3 Bundle Auctions

Bundle auctions have been proposed for problems in organizational theory, scheduling

problems, and for the FCC spectrum auction. I de�ne a bundle auction as an auction

that allows agents to link a bid for one or more items with a bid for another item, i.e. to

bid directly for bundles of items. A bundle auction does not necessarily compute bundle

prices, but prices for a bundle might be the sum of the prices of individual items, or some

other amount.

Rassenti et al. [RSB82] performed early work in combinatorial auctions, with an ap-

plication of a simple sealed-bid bundle auction for the problem of allocating airport slots,

where airlines value take-o� and landing slots in pairs. Agents submit sealed XOR bids

for bundles of take-o� and landing slots. Agents submit sealed XOR bids for bundles of

take-o� and landing slots. The auction computes linear prices that approximately clear

the market, given agent bids. Finally, agents can place bids and asks for individual slots

in a secondary market, to cleanup their �nal allocation. Although the auction design is

fairly ad-hoc, empirical results with human bidders suggest that the market can achieve

high e�ciency with experienced bidders.

Graves at al. [GSS93] generalized the auction to a course registration auction, extend-

ing the auction to multiple rounds, and allowing a limited number of trades in an after

market.

AUSM [BLP89] allows agents to bid for arbitrary bundles of items, and maintains a

revenue-maximizing allocation. There are no pricing rules, and agents must coordinate

their own bids. Theoretical analysis is di�cult because of the 
exible auction rules, but

see Milgrom [Mil99]. AUSM has reasonable performance empirically, see Ledyard et al.

[LPR97].

The recent FCC spectrum auction generated a lot of debate among economists about

auction mechanisms for the bundling problem. Spectrum licenses have non-additive value

in bundles because of network synergies from spatially-coherent geographical regions. The

�nal FCC auction design was a variant on a simultaneous ascending-price auction that

allowed agents limited decommitment rights, and placed participation constraints on agents

to enable information exchange via prices during the auction [MM96]. The goal was to

allow agents to �nd a good \�t" between their demand sets and the demand sets of other

bidders, and win coherent bundles of spectrum licenses.
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Recently, DeMartini et al. [DKLP98] proposed RAD, an auction that allows agents

to place XOR bids on bundles but generates prices on items. It is a multi-round variant

of Rassenti et al.'s sealed-bid auction. Although promising empirical results have been

presented, there are no theoretical results on its allocative e�ciency. RAD borrows from

the FCC auction design, agents must re-submit winning bids, and there are activity rules

to encourage information revelation early in the auction and encourage coordinate bidding.

Bykowsky et al. [BCL00] demonstrate the exposure and existence problem with linear

prices for the general bundling problem. Bykowsky et al. also identify the \threshold

problem" for bundle auctions, where smaller bidders must coordinate bids to outbid a

larger bidder.

Ausubel [Aus97] has proposed an ascending-price auction for an auction of multiple

identical items, in which agents bid for bundles of items. The auction computes e�-

cient allocations for agents with subadditive valuation functions.2 The auction also termi-

nates with prices that support Vickrey payments, and therefore is optimal for agents with

sequentially-rational bidding strategies.

Gul & Stacchetti [GS97a] propose an ascending-price multi-item auction that �nds the

minimal competitive equilibrium prices when agents have gross-substitutes preferences.

Agents bid for bundles in each round (all the bundles that maximize utility at the current

prices), and the auction prices items. The auctioneer selects a revenue-maximizing alloca-

tion in each round, and increases prices on a minimally overdemanded set of items. Gul

& Stacchetti [GS97b] show that the minimal competitive equilibrium prices for GS prefer-

ences do not always support Vickrey payments, as is the case for unit-demand preferences.

The Ascending k-Bundle Auction (AkBA) [Wur99, chapter 5] family of iterative com-

binatorial auctions share many of iBundle's computational advantages over the GVA. The

main di�erence is that AkBA uses a linear program to update prices between rounds, and

never charge discriminatory prices. A1BA, thought to be the most promising of the fam-

ily, is not believed to support optimal allocations in all problems for any reasonable agent

bidding strategy.

The auctioneer's winner-determination problem in combinatorial auctions is NP-complete

[RPH98], although e�cient algorithms exist for special cases. Recent results suggest

that search algorithms can solve large problems quite quickly in the average case [San99,

2Subadditive preferences are such that the value of a package is no greater than the minimal sum of
values for all partition of the package, i.e. decreasing returns for multiple units of identical items.
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FLBS99, ATY00].

3.4 Economics & Game Theory

While self-interested agents, i.e. people, are ubiquitous in traditional economic systems,

it is only recently that studies in economic theory have considered the e�ects of costs of

participation on the performance of di�erent mechanisms for resource allocation. Costs

are suggested for example, in bid preparation and in information acquisition. However,

almost all models assume that all participation decisions are made as a one-shot decision

before an auction starts, and the models cannot capture the important idea that agents

may continue to incur costs as an auction proceeds. Important exceptions, see below, are

in the studies of Ehrman & Peters [EP94] and Milgrom & Weber [MW82].

In one of the few models to allow agents to enter sequentially, Ehrman & Peters [EP94]

compare the performance of di�erent auctions for agents with one-shot participation costs.

The authors show that a sequential posted-price auction is useful for high costs of partici-

pation because it controls participation, through controlling the number of agents that are

o�ered the item.

Similarly, in a model of a�liated values, in which the value of one agent for an item

is partially related to the value of other agents, Milgrom & Weber [MW82] show that the

English auction outperforms other auctions. The information during the auction, from

agents' bids and decisions to leave the auction, allow an agent that remains in the auction

to re�ne its estimate of value. Bids from other agents directly improve an agent's valuation.

In comparison, in our model bids from other agents provide information that improve an

agent's metadeliberation. Milgrom & Weber also show that providing expert appraisals

always improves performance (the \linkage principle"), which is analogous to providing

free computational resources in our model.
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Chapter 4

Bounded-Rational Compatible Auctions

This chapter provides background theory describing auctions that are desirable when

agents have hard valuation problems and limited computation. My characterization of

bounded-rational compatible (BRC) auctions provides a good counterpoint to the revelation-

principle, which I turn to in the next chapter. In essence, BRC auctions allow agents to

bid with approximate values for items or bundles of items. It is important to allow agents

to avoid deliberation wherever possible if auctions are to provide useful solutions in com-

plex distributed problems. This chapter summarizes work presented in the attached paper

Bounded Rational Compatible Auctions [PU00a].

4.1 Agent Decision Problem

Bounded-rational compatibility isolates an important computational property of auctions

when agents have costly or limited computation, and cannot compute exact values for

items before bidding. Figure 4.1 presents a simple model of an agent's decision problem

within an auction. Assume that the problem can be separated into valuation, to compute

the value of di�erent items, and bidding, to compute an optimal bid. This separation is

useful because each problem is well-de�ned by itself, and it isolates the valuation problem

from the auction environment. Valuation can be solved with decision analysis tools and

optimization methods that are independent of the particular auction.

Before turning to valuation, note that the bidding problem can be hard, in partic-

ular when an agent with information about the bidding strategies of other agents can

manipulate the outcome of the auction. Counterspeculation and game-theoretic reason-

ing is di�cult. However, it is possible to design strategy-proof auctions [MCWG95] in

which the same bidding strategy is optimal for an agent whatever the strategy of other
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Figure 4.1: The Agent Decision Problem.

agents. Examples of standard auctions with this property include the Vickrey auction,

which is a second-price sealed-bid auction, and the English auction, which is a �rst-price

ascending-bid auction [MM87].

While seeking to retain strategy-proofness, we place a new emphasis on the valuation

problem, which can also be di�cult. It is possible to simplify an agent's valuation problem

without introducing new complexity to the bidding problem. Although an agent's valuation

problem is isolated from the auction, it is possible to design auctions that allow an agent

to avoid unnecessary computation on its valuation problem and bid with approximate

valuations. The key is an agent's metadeliberation procedure, which estimates the value

of further computation [RW91]. This is the glue that connects auction design with the

valuation problem.

In many important e-commerce problems agents must solve di�cult problems to com-

pute values for items before bidding [San93, PUF99, Par99a]. This is very di�erent to an

assumption made in traditional auction theory, which assumes that agents know a priori

their values for items before bidding.

Let vi(S) � 0 denote agent i's value for bundle S � G of items, where G is a set of

discrete items. The valuation problem is to compute the valuation function vi : 2
G ! R+ :

Definition 4.1 Valuation Problem. The valuation problem for agent i is to compute

vi(S) for all bundles S � G, for valuation function vi 2 Vi, where Vi is the set of all possible

valuation functions for agent i.
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For example, consider an auction-based system for distributed task allocation where

agents need to reformulate local plans to compute costs for performing additional tasks;

or an auction-based system for allocating landing times at an airport, where the valuation

problem is to compute the value of a time slot based on local constraints such as the

availability of support and maintenance crews, gate availability, and costs for late arrival.

Example: eBay

On-line auctions such as eBay, www.ebay.com, for consumer-to-consumer e-commerce

present a real-world example of auctions with separate valuation and bidding problems:

people value items, and eBay provides automated bidding agents that monitor auctions

and place bids. In an ascending-price auction, the proxy agents are con�gured with a user's

reservation value, the maximum she will pay for an item, and bid while the price is below

that value. Interestingly, the proxy agents do not convert ascending-price auctions into

sealed-bid auctions because they can inform a user by e-mail when her reservation value

has been reached, and accept updated values. This allows the user to deliberate further

about her value for the item, but only if that is required by the current price in the auction,

and makes the auction with proxy agents bounded-rational compatible.

4.2 Bounded-Rational Compatible De�nitions

Intuitively, an auction is bounded-rational compatible when it allows an agent to follow an

optimal bidding strategy without computing its exact values for di�erent items or bundles

of items. The \degree" of bounded-rational compatibility, informed-, regular, or strong-

depends on the information that an agent has about other agents and the number of

problems in which it can bid with approximate values. The de�nitions are formalized in

Parkes & Ungar [PU00a].

Definition 4.1 Bounded-rational compatible (BRC). An auction is bounded-rational

compatible if an agent with no information about the bidding strategies of other agents and

an approximate valuation function can bid optimally in some non-trivial bidding problem.

In other words, at least in some non-trivial problems, an agent can place a bid for an

item (or bundle of items) that is optimal for all possible exact solutions to its valuation

problem. By de�nition, an optimal bid maximizes an agent's expected utility, given its
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knowledge about the auction and the bidding strategies of other agents.

BRC auctions allow agents with hard valuation problems to use costly or limited com-

putation more e�ectively, and place more accurate bids than in non-BRC auctions.

An auction that announces ask prices before agents bid (e.g. a posted price auction)

or while agents bid is BRC. Ascending-price auctions such as the English auction are

particularly useful because prices are adjusted dynamically, so that agents can participate

with less computation and it is still possible to �nd prices that support optimal allocations.

As prices adjust they provide agents with implicit information about the values that other

agents have for values, and allow agents to direct deliberation toward outcomes that are

consistent with good system-wide solutions.

The yard stick for a bounded-rational compatible auction is that an agent can bid

optimally with an approximate valuation in some bidding problem. This provides a clean

theoretical characterization which is independent of agents' deliberation and metadelib-

eration procedures, and is directly applicable when agents have limited amounts of free

computation. BRC auctions are also useful for agents with costly computation. An agent

with costly computation and metadeliberation can avoid computation on value in at least

those problems where it has an optimal bid with its current approximate valuation.

In an informed BRC auction an agent that is informed about the bids of other agents

can bid optimally with approximate values.

Definition 4.2 Informed Bounded-rational compatible (iBRC). An auction is informed

bounded-rational compatible if a perfectly informed agent and an approximate valuation

function can bid optimally in some non-trivial bidding problem.

Intuitively, if an agent is informed about other agents then it can avoid computation

on its valuation problem even without any information from the auctioneer, because it can

begin to predict the likely bids and outcomes of the auction.

In a strong bounded-rational compatible auction an uninformed agent can always bid

optimally with an approximate valuation. Although useful computationally, I prove that

strong bounded-rational compatibility is incompatible with allocative-e�ciency.

Definition 4.3 Strong Bounded-rational compatible (sBRC). An auction is strong

bounded-rational compatible if an agent with no information about the bidding strategies

of other agents and an approximate valuation function can bid optimally in all bidding

problems.
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Example: The English Auction

The English auction is a single-unit ascending price auction. The auctioneer announces an

ask price p, and increases the ask price by a small increment � while more than one agent

bids for the item at the current price. The auction terminates when there is only a single

bidder, and the item is sold to that agent for the �nal price.

The English auction is bounded-rational compatible. Figure 4.2 illustrates an example

scenario in an English auction. The lines represent lower and upper bounds that agents 1{5

have computed for their value of a single item. In the English auction, a simple ascending-

price auction, all agents have an optimal strategy to bid while the ask price is below their

lower bound, and drop out of the auction when the ask price is above their upper bound.

Prices between the bounds require further deliberation.

Given the approximate values in Figure 4.2, agents 3 and 5 will bid the ask price up to

just above agent 5's lower bound, the second-highest lower bound. At this price, agents 1

and 2 can drop out of the auction without computing their exact values, while agents 3,

4 and 5 must perform further deliberation. This bidding problem demonstrates the BRC

property of the English auction for agents 1 and 2.

2

3
5

4

1
Ask Price

Figure 4.2: Example Scenario in the English Auction.

Lemma 4.1 The English auction is bounded-rational compatible.

Proof. Let vi denote agent i's value, and (vi; vi) an approximate solution to its valu-

ation problem, where vi and vi are lower and upper bounds on value. Consider a bidding

problem where the ask price p, which is � > 0 above the highest bid from another agent, is

less than the agent's lower bound on value, such that p < vi. The agent can following bid-

ding strategy \bid if the ask price is less than vi", and this will be an optimal bidding strat-

egy in this problem.
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Lemma 4.2 The English auction is not strong BRC.

Proof. By contradiction. Assume the English auction is strong BRC, so that an

agent with valuation vi and approximate valuation vapp;i can bid optimally in all bidding

problems. Let p denote the highest outside bid in the auction. Therefore an optimal

bidding strategy b�i must bid p + � when p < vi, but make no bid in response to this

price when p > vi. However this is not a possible bidding strategy for an agent with an

approximate value, because it implies that the agent can compute its true value, because

the agent can make an accurate response to p = vi � � and p = vi + � for all values vi.

Example: The Vickrey Auction

The Vickrey auction [Vic61] is a second-price sealed-bid auction for a single item. The

item is sold to the agent with the highest bid, but for the price of the second-highest

bid. The Vickrey auction is interesting because it promotes competition between agents,

it is an agent's optimal strategy to reveal its true value for an item. I prove in the next

chapter that the Vickrey auction is incentive-compatible, or \strategy-proof". However,

the Vickrey auction is not bounded-rational compatible. An agent must reveal its true and

exact value to the auctioneer, any other bid and the agent risks paying too much for the

item or missing a good price.

Lemma 4.3 The Vickrey auction is informed BRC.

Proof. For all valuation problems, let (vi; vi) denote lower and upper bounds on value.

Let p denote the highest outside bid from another agent, and assume that agent i knows this

information. Consider a bidding problem with p < vi. This is a non-trivial problem because

the optimal bid in this problem depends on an agent's value for the item. Now, the set of

optimal bids is b�i = [p+�;1], and it is possible for the agent to bid optimally with strategy

\bid vi if vi > p".

Lemma 4.4 The Vickrey auction is not bounded-rational compatible.
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Proof. By contradiction, assume that for all valuation problems an uninformed agent

with an approximate valuation function vapp;i can bid optimally in some non-trivial bidding

problem. However, this requires that the agent bids b�i = vi (this is the optimal bid for an

uninformed agent, irrespective of the bids that other agents actually make.) This is a con-

tradiction because the agent cannot compute this bid without also computing its exact valu-

ation function.

4.3 Some Theoretical Results

We have already seen an example of an auction, the English auction, which is bounded-

rational compatible and able to compute optimal allocations with agents that can compute

accurate enough values for the item.

Theorem 4.1 (Su�ciency). There are auctions, for example iterative auctions, that

are bounded-rational compatible and allocatively-e�cient with agents that can compute ac-

curate enough values for items.

In fact, the only BRC auctions that are also allocatively e�cient are iterative auctions.

Theorem 4.2 (Necessary). An auction that is bounded-rational compatible and allocatively-

e�cient (in a rich enough environment) must be iterative, i.e. allow agents to adjust their

bids in response to bids placed by other agents.

There is a limit to the ability of an auction to both compute optimal global allocations

and allow agents to submit bids with approximate valuations.

Theorem 4.3 (Impossibility). No strong BRC auction, which allow agents to bid with

approximate values in all problems, can also be allocatively-e�cient.

For example, a posted-price auction is strong BRC but not allocatively-e�cient (unless

the auctioneer is perfectly informed about the values of all agents).

28



4.4 Retaining Truthful Bidding

It is important that BRC auctions can reduce the amount of computation that agents need

to perform on valuation without introducing new computational complexity to the bidding

problem.

Some auctions, such as the Vickrey auction, are incentive-compatible: it is optimal for

an agent to bid its true value for items irrespective of the bids placed by other agents. I

review some of the extensive literature on incentive-compatibility in the next chapter.

Sandholm [San96] showed that strategy-proofness can break when agents have approx-

imate valuations, in the following sense: an agent that is informed about the bids that

another agent will place can optimize its local computation about value, and submit more

useful bids in the auction. For example, even though the generalized Vickrey auction is

strategy-proof for agents that know their values for items, if an agent with uncertain values

and limited computation knows one item will receive a very high bid from some agent, then

it can devote its computation to re�ning its value for the other item. It can be helpful

for an agent with uncertain values to speculate about the bids of other agents, even in a

strategy-proof auction.

I argue that this is a useful loss of strategy-proofness, because it allows an agent to

make e�ective use of its local computation, and improves economic and computational

e�ciency. BRC auctions are useful precisely because they allow agents to reason about

the outcome of the auction, and implicitly about the bids of other agents.

It remains useful to retain the property in incentive-compatible auctions that agents

cannot manipulate the outcome through strategic bidding, even when the agents have

approximate valuations. Truthful bidding is useful in terms of both computational and

economic e�ciency.

Fortunately, I have a positive result for a large class of agents, the class of prototypical

bidders. Truthful bidding continues to be optimal in strategy-proof auctions even with

agents that have approximate values for items, although strategy-proofness does not hold

in general if one also considers agents' computational actions.

Theorem 4.4 (Truthful Bidding with Approximate Values). Prototypical bidders with

approximate valuation functions have truthful dominant bidding strategies in a strategy-

proof auction.
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Prototypical bidders include risk-neutral agents with quasi-linear utility functions; it

is optimal for a risk-neutral agent to follow the optimal bidding strategy for the expected

value of items given an approximate valuation function with distributional information on

the true value of the item. Prototypical bidders also include agents that bid based on

worse-case or best-case values, given their approximate values.

The optimal bidding strategy for prototypical bidders in a strategy-proof auction, such

as the Vickrey auction, is truth-revelation; an agent should truthfully reveal its approxi-

mate value for items whatever the bids placed by other agents.

Examples: Retaining Incentive-Compatibility

The Vickrey auction is strategy-proof, it is optimal for an agent to bid truthfully for all

bids from other agents. Now consider the bidding strategy of an agent with an approximate

valuation function.

� vapp;i = U(5; 10), i.e. the agent believes that its true value is uniformly distributed

between 5 and 10. The optimal strategy for a risk-neutral agent with ui(vi�p) = vi�p

is bi = 7:5, this maximizes expected utility for all bids from other agents (given the

approximation vapp;i).

� Approximate valuation computes bounds such that 5 � v1 � 10. Consider an agent

that bids with value v0i = 5, i.e. a pessimistic agent that bids assuming a worst-case

value. The optimal strategy with assumed value v0i = 5 is bi = 5, for all bids from

other agents.

4.5 Metrics to Quantify Performance Tradeo�s

I propose metrics bounded-e�ciency and bounded-computation to compare the performance

of di�erent auctions in a particular problem at design time. The metrics assume a model

of agent deliberation procedures, computational resources, and valuation problems. I in-

troduce a \lazy deliberation and eager bidding" model of auction participation, and de�ne:

� Bounded-e�ciency Perf A(Cmax) of auction A is the allocative-e�ciency achieved

with agents that have limited computation budget Cmax.
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� Bounded-computation CompA(Cmax) of auction A is the average computation per-

formed by agents with computation budget Cmax.

The metrics are closely related to the theoretical characterization of BRC auctions.

For example, the ratio of bounded-computation to computation budget provides a direct

measure of the bounded-rational compatibility of an auction. I prove the following result:

Theorem 4.5 Auction A is bounded-rational compatible i� the bounded-computation

CompA(Cmax) < Cmax for some budget Cmax < Cexact, where Cexact is the average per-

agent computation that is required for all agents to compute exact values for all items.

For example, in the Vickrey auction CompA(C) = C for all C � Cexact, while in the

English auction CompA(C
0) < C 0 for some C 0 < Cexact because agents can bid optimally

without exact values for items.

4.6 Experimental Results

Computational analysis in simple resource allocation problems demonstrates the impor-

tance of BRC auctions, especially when agents demand bundles of items. In Parkes &

Ungar [PU00a] we compare the performance of the English, Vickrey, Posted-price (with a

items o�ered at a �xed price to agents sequentially) and a Vickrey-minus auction (with a

proportion of agents selected at random and blocked from participation).

Figure 4.3 plots experimental results for an additive-value multi-item problem with 10

items, with agents that have values vi(S) =
P

j2S vi(j) for items j in bundle S, and values

vi(j) = U(0; 10), i.e. selected from a uniform distribution between 0 and 10.

The agents have a simple model of deliberation: an agent maintains an upper and lower

bound on value, and computes new bounds with an uncertainty of 1 � � of the current

bounds in a single computation step, for a \deliberation e�ectiveness" 1 � � between 0

and 1. The mean of the new bounds is uniformly distributed with respect to the mean of

the current bounds.

Figures 4.3 (a { c) plot the bounded-e�ciency, number of optimal allocations, and

bounded-computation for the problem with 20 agents. Figures 4.3 (d { f) plot bounded-

e�ciency versus bounded-computation for 5, 20 and 50 agents. I set the posted price

p� = 5:6; 8:4 and 8.8 for each problem size, and drop 50% of agents in Vickrey-minus.
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(b) Optimal allocations.
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(c) Bounded-computation.

Performance vs. Computation budget with 20 agents.
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(d) 5 agents.
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(e) 20 agents.
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(f) 50 agents.

Bounded-e�ciency vs. Bounded-computation.

Figure 4.3: Additive-value problem.

The English auction performs better than the Vickrey auction for agents with the same

computation budget, as shown for example in Figure 4.3 (a) and (b). With 20 agents, for

medium budgets, 30 � Cmax � 80, the bounded-e�ciency is greater in the English auction,

and the auction computes more optimal allocations. For intermediate computation budgets

the agents in the English auction can use prices to make good decisions about how to

allocate computational resources.

Furthermore, the agents in the English auction compute 100% e�cient allocations with

49% less computation than the agents in the Vickrey auction. This is illustrated in Figure

4.3 (c) and (e). For large computation budgets the agents in the English auction can avoid

computation altogether.

Figures 4.3 (d { f) show that as the number of agents increases from 5 to 50, the agents

in the English auction are able to avoid more computation on average, computing 100%

e�cient allocations are computed with 31%, 49% and 58% less agent computation than in

the Vickrey auction.

Figures 4.3 (d { f) also show that the posted-price auction performs especially well as
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the number of agents increases, achieving bounded-e�ciency of 88%, 93% and 96% for 5,

20, and 50 agents, and with 20%, 10% and 5% of the computation in the Vickrey auction.

The Vickrey-minus auction eliminates 50% of the agents from the auction, and reduces

the average computation by 50%. For large numbers of agents it performs almost as well

as the Vickrey auction, with 97% bounded-e�ciency for 50 agents.

The number of optimal allocations does not reach 100% in either the Vickrey or English

auctions, see Figure 4.3 (b). This is because the agents do not re�ne their value for items

beyond uncertainty vi(j)�vi(j) < �min, where �min is a small positive value that provides

enough accuracy for 100% allocative e�ciency, but not enough accuracy for 100% optimal

allocations.
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Chapter 5

Economic Mechanism Design

This chapter reviews important results from the economic mechanism design literature,

that relate to auction-design for complex systems of self-interested agents. For a more

general introduction, MasColell et al. [MCWG95] provides a good reference, and see

[Var95] for an introduction to mechanism-design in the context of computational agents.

My purpose is to review some key ideas from the literature, and consider how they

relate to my work on auction design for complex distributed computational systems. E.g.,

it is relevant that the Groves mechanisms (including the generalized Vickrey auction as a

special case) are unique as allocatively-e�cient and incentive-compatible mechanisms; and

it is important to note that the revelation principle| central to mechanism design theory

|fails in systems with limited or costly computation.

There is little prior attention to the interaction between mechanism design and limited

computation. Indeed, the central revelation-principle that states that any outcome can

be implemented with a direct-revelation mechanism in which agents report their complete

valuation functions, fails with limited agent computation and hard valuation problems.

The unrealistic assumptions made in the revelation principle, at least in their application

to organizational theory, appear to have been �rst made by Ledyard [Led89], and again

[Led93].

Recent research has considered the problem, in particular with respect to the imple-

mentation complexity of the sealed-bid generalized Vickrey auction (see below). The work

has focused on special cases, and considered approximate approaches in other problems

[KDMT98, Ron99, LOS99]. As an example, Nisan & Ronen [NR99] view auctions from the

perspective of algorithm-design for self-interested agents, and present problems that can

be solved in polynomial-time via mechanism design and an application of Vickrey-Groves
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mechanisms. In related work, Ronen [Ron99] proves under quite general assumptions, that

applying Vickrey-Groves mechanisms directly to an approximate solution for the auction-

eer's winner-determination problem is not incentive-compatible, i.e. it is possible that an

agent can successfully manipulate the outcome.

The work that I have completed on iBundle, and the work that I propose, to make

iBundle strategy-proof by price adjustment towards the outcome of the generalized Vick-

rey auction, di�ers in one very important dimension. iBundle is an iterative mechanism,

which as argued in chapter 4 is important because it provides it with the bounded-rational

compatible property and agents can reduce and avoid valuation computation where possi-

ble.

5.1 Preliminaries

Consider a set G of discrete items and a set I of agents. Each agent has a valuation

function vi : 2
G ! R+ , that de�nes its value vi(S) � 0 for bundles of items, S � G.

Assume that agents have independent values, so one agent's value for resources does not

a�ect another agent's value. Assume vi(;) = 0, and free disposal of items, implying that

agents have weakly increasing values for bundles, i.e. vi(S) � vi(S
0) for all S0 � S.

An agent's utility function de�nes its preferences over di�erent outcomes of an auction.

I assume that agent i has a strictly increasing von-Neumann Morgenstern utility function

for money, ui : R ! R, which is normalized by ui(0) = 0. Therefore, agent i has utility

ui(vi(S)� p) for bundle S � G at price p > 0.

Finally, I assume that agents are risk-neutral with utility functions that are quasi-linear

in money, i.e. agent i has utility ui(S) = vi(S) � p(S) for bundle S at price p(S), and

ignore budget e�ects, i.e. agents have an initial endowment of wealth large enough to buy

any bundle they need.

5.2 The Combinatorial Resource Allocation Problem

The combinatorial resource allocation problem is to allocate items to maximize the sum

value over all agents. Introducing xi(S) to indicate that agent i receives bundle S the
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straightforward integer program, [IP], is:

max
xi(S)

X
S

X
i

xi(S)vi(S) [IP]

s:t:
X
S

xi(S) � 1; 8i (IP-1)

X
S3j

X
i

xi(S) � 1; 8j (IP-2)

xi(S) 2 f0; 1g; 8i; S

where S 3 j indicates a bundle S that contains item j. A feasible solution allocates at

most one bundle to each agent (IP-1), and cannot allocate an item multiple times (IP-2).

Let V �
IP denote the value of the optimal allocation. The quality of an allocation is

measured in terms of allocative e�ciency, the ratio of the total value of the allocation to

the maximum possible total value to agents over all allocations.

Definition 5.1 Allocative e�ciency. The allocative e�ciency, E� (S), of allocation

S = (S1; : : : ; SjIj), is measured as E� (S) =
P

i vi(Si)
V � � 100%

Allocative e�ciency is an economic measure of the total welfare in a system of agents.

This measure of performance has wide applicability to problems in distributed arti�cial

intelligence, for example in scheduling problems where the goal is to minimize the total cost

of delay over an entire factory and di�erent bidding agents represent di�erent operating

units, and in load-balancing problems where the goal is to maximize additive performance

over all jobs.

Later, in chapter 6, I present a hierarchy of linear-program formulations for [IP], that

are important in proving optimality properties of iBundle.

5.3 Economic Mechanism Design

In multi-agent systems agents are autonomous, and have private information about their

local problems and values for resources. The auctioneer does not know the values of

agents, and agents cannot be trusted to reveal their values truthfully| because lying can

improve their allocation of resources, for example over-stating the value of resources that

are important to them.
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Mechanism design looks for mechanisms that are self-enforcing, such that it is in no

agent's best self-interest to manipulate the outcome by misstating their preferences for

di�erent bundles of items. The mechanism design problem is to implement a mechanism

that will compute e�cient allocations with self-interested agents, i.e. provide incentives for

agents to reveal values for bundles of items truthfully within a mechanism that computes an

e�cient allocation. Self-enforcing mechanisms are important in systems with self-interested

agents and private information because it prevents undetectable deviation. There is no easy

way to know, as an auctioneer for example, whether an agent is making true claims about

its value for an item or bundle of items.

Leaving aside computational considerations for the moment, desirable properties of

mechanisms are:

1. Allocative-e�ciency.

2. Incentive-compatibility. Each agent follows a utility-maximizing strategy; e.g. in

Bayes-Nash equilibrium with the strategies of other agents, or a dominant strategy

(optimal for all strategies of other agents).

3. Individual-rationality (or participation). Each agent must be able to choose whether

to participate in a mechanism, i.e. no agent that participates makes an expected loss

in utility.

In the next section I introduce the revelation principle, a central result in mechanism

design that provided a direction for important theoretical contributions. As an important

caveat, central to my thesis, I note the unreasonable computational and informational

assumptions made in the revelation principle. Then, I introduce the Groves-Clarke mech-

anisms and the generalized Vickrey auction, which has direct application to the combi-

natorial resource allocation problem. Finally, I present a set of impossibility results, that

de�ne limits on what can be achieved in mechanism design for general problems.

5.4 The Revelation Principle

This section introduces the revelation-principle, which is a central result in mechanism

design. The revelation principle can fail in complex distributed systems with limited

computation.
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A central result in mechanism design is the revelation principle. Informally, the rev-

elation principle states that the outcome of any mechanism can be implemented as a

truth-revealing direct revelation mechanism. A direct revelation mechanism is any mech-

anism in which agents (possibly untruthfully) reveal their valuation function, instead of

some other indirect information (e.g. reporting ones value for an item instead of a maxi-

mum price one is prepared to pay, or instead of bidding for an item at the current price).

In a truth-revealing mechanism an agent's optimal strategy is to report its true value.1

Of particular interest in our current discussion is a special case of the revelation prin-

ciple for dominant-strategies, that applies to auctions in which an agent has an optimal

strategy for all strategies from other agents. In the next section I present the Groves family

of mechanisms, in which agents have dominant strategies. However, a similar revelation

principle can be stated for other implementation concepts, e.g. Bayes-Nash equilibria.

Theorem 5.1 (Revelation Principle). Any mechanism (indirect or otherwise) that

can be implemented with dominant-strategies can be implemented as a truth-revealing (or

strategy-proof) dominant-strategy direct-revelation mechanism.

The revelation principle was �rst formulated for dominant-strategy equilibria [Gib73],

and later extended by Green & La�ont [GL77] and Myerson [Mye81]. MasColell et al.

[MCWG95] provide a useful text-book introduction to the subject.

Put simply, the principle says that anything that can be achieved by an indirect mech-

anism can be achieved by a strategy-proof direct mechanism, in which agents reveal all

of their private information truthfully. The intuitive idea is that the auctioneer, or some

other \mechanism implementer" can simulate the entire system| the bidding strategies

of agents and the rules of an indirect mechanism |with complete and perfect information

about every agent. So long as the auctioneer can claim credibly to implement an agent's

strategy faithfully, then it is an optimal for an agent to report its true valuation function.

5.4.1 Failure with Limited Computation

Although useful for proving theorems in mechanism design, e.g. uniqueness (Theorem

5.3) and impossibility (Theorem 5.4), it is often invalid in real systems because of limited

1The appropriate sense of \optimal" depends on the implementation concept, e.g. it might be dominant
strategy optimal (ideally), or a utility-maximizing strategy within a Bayes-Nash equilibria.
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computation and communication. Indeed, a central contribution of my work is an iter-

ative combinatorial auction, which is useful precisely because it is not a direct-revelation

mechanism. With the revelation principle, iBundle is no better than the GVA, because

any computational bene�ts to the auctioneer from iBundle could be accrued by central

simulation of iBundle in order to implement the GVA.

Ledyard [Led89] notes that writing down one's complete preferences is considerably

more di�cult that reacting to a price. This observation continues to apply to agent-

mediated electronic markets when agents have hard local valuation problems and there

are an exponential number of di�erent bundles of items. The revelation principle breaks

in the presence of limited or costly computation for agents with hard valuation problems.

The revelation principle assumes: (a) that the auctioneer can simulate the complete

\system", i.e. bidding strategies of agents and the rules of the initial, possibly indirect

mechanism; (b) that agents can compute their complete valuation functions up-front and

report them to the auctioneer; and (c) that agents' valuation functions are small enough

to communicate to the auctioneer. With a careful implementation, it is possible to escape

(a) and (c); i.e. implement local \proxy bidding agents" on the client machines of agents,

with strategies programmed by the auctioneer and value information provided by the local

agent but retained locally.

Assumption (b) presents a fundamental problem in many important applications of

auction mechanisms to complex distributed systems, and breaks the revelation principle.

I propose the following \bounded" revelation principle, for problems in which agents

have hard valuation problems and limited computation, and cannot compute their complete

valuation functions and submit them to the auctioneer:

Theorem 5.2 (Bounded Revelation Principle). Any mechanism (indirect or other-

wise) that can be implemented with dominant-strategies can be implemented as a truth-

revealing (or strategy-proof) dominant-strategy iterative direct-revelation mechanism.

My insight is that it \direct revelation" and \iterative" need not be mutually exclusive.

For example, in my \proxy agent and price adjustment" extension to iBundle to push the

auction closer to incentive-compatibility, I suggest the following scheme:

The auctioneer provides each agent with a proxy bidding agent, that is either imple-

mented on an agent's local client machine, or on the auction server. The proxy bidding
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agents place bids for agents within the auction on the basis of an agent's reported valuation

function. But, the proxy agents can receive continuous updates about an agent's valuation

function, they need not receive all information up-front. In particular, an agent's proxy

might request more information of a particular kind, e.g. a more accurate value for a

particular bundle. At any time the proxy agents follow their bidding strategy to the extent

permitted by the current value information provided by the agents.

Similar motivation follows for Milgrom & Weber's [MW82] work on iterative auctions

in problems with correlated values. Ascending-price auctions generate more revenue than

sealed-bid auctions because agents receive information from the bids of other agents that

is useful to re�ne their own valuations for items. When agents have correlated values

the revelation principle breaks for informational reasons: the auctioneer or some central

\mechanism implementer" cannot faithfully predict how an agent will adjust its values for

items or bundles of items in response to bids from other agents.

5.5 Vickrey-Groves-Clarke Mechanisms

The Groves mechanisms, of which the Vickrey auction is a special case, are interesting

because they characterize the only mechanisms that are allocatively-e�cient and incentive-

compatible, in quite a general sense. This uniqueness property motivates my attempt to

implement the generalized Vickrey auction, a Groves mechanism, as an iterative auction

for combinatorial problems.

Groves [Gro73] proposed a family of mechanisms, the Groves mechanisms, which in

application to the combinatorial resource allocation problem are e�cient and incentive-

compatible, and individual-rational in special cases.2

In a Groves mechanism agents report values v̂i, and the auctioneer computes the allo-

cation S� = (S�1 ; : : : ; S
�
jIj) that maximizes the total reported value. Agent i receives bundle

S�i and pays transfer function:

ti = hi (v̂1; : : : ; v̂I)�
X
j 6=i

v̂j(S
�
j )

2Groves mechanisms (and the Clarke mechanism [Cla71], see below), were �rst formulated to implement
e�cient outcomes in problems with public goods, where it had been perceived the \free-rider" problem was
unsurmountable.
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To see that the mechanism is e�cient and incentive compatible, we prove that agent

i maximizes its utility by reporting its true value v̂i = vi to the auctioneer. With this,

allocative-e�ciency follows because the auctioneer explicitly computes allocation S� to

maximize allocative-e�ciency. The utility to agent i from bid v̂i is

ui(v̂i) = vi(S
�
i ) +

X
j 6=i

v̂j(S
�
j )� hi (v̂1; : : : ; v̂I)

Ignoring the �nal term, because hi(�) is independent of an agent's bid, a truthful bid

v̂i = vi maximizes utility because the auctioneer computes allocation S� to maximize the

sum reported value, i.e. the �rst two terms.

Intuitively, the Groves mechanism internalizes the externality of the e�ect of an agent's

bid on the other agents in a system, and makes self-interested agent i share the auctioneer's

goal of maximizing allocative e�ciency. Thus, the Groves mechanism is e�cient and

incentive-compatible, so long as agents must participate| for any function hi(�).

Green & La�ont [GL77] prove the following important property of Groves mechanisms,

as a special case of the dominant strategy revelation principle:

Theorem 5.3 (Uniqueness). The Groves mechanisms are unique, in the sense that

they characterize the only e�cient mechanisms with dominant-strategy truth-revelation.

The Groves mechanisms are also individual rational, such that the auction is allocatively-

e�cient with voluntary agent participation if the hi(�) price function is su�ciently small,

such that ti < vi(S
�
i ) for every agent in all problems.

Clarke [Cla71] proposed a special-case of the Groves mechanisms, the pivotal mecha-

nism, which de�nes h(�) to guarantee individual-rationality. The additional transfer pay-

ment in the Clarke pivotal mechanism is de�ned as:

hi (v̂1; : : : ; v̂I) =
X
j 6=i

v̂j(S
�i
j )

where S�i = (S�i1 ; : : : ; S�iI ) is the e�cient allocation of items computed with bids

from every agent except agent i. Note that hi(�) is independent of the bids of agent i, and

therefore within the Groves family of mechanisms. With the Clarke payment, notice that

ti � 0 for all agents, because
P
j 6=i

v̂j(S
�i
j ) �

P
j 6=i

v̂j(S
�
j ). Furthermore, the only agents with
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ti > 0 are pivotal agents that change the allocation to other agents by their presence, such

that S�ij 6= S�j for some j 6= i.

To prove individual rationality, note as a special case that for agent i with no allocation,

S�i = ;, the price ti = 0. In addition, for an agent i in the optimal allocation:

ui(v̂i) = vi(S
�
i )�

X
j 6=i

v̂j(S
�i
j ) +

X
j 6=i

v̂j(S
�
j )

=
X
j

v̂j(S
�
j )�

X
j 6=i

v̂j(S
�i
j )

= V � � V �i

� 0

because the total reported value of the optimal allocation without agent i must be less

than or equal to the total reported value of the optimal allocation with agent i.

In its application to the combinatorial allocation problem, and other private-values

mechanism design problems, the Clarke mechanism is typically referred to as the general-

ized Vickrey auction in recognition of Vickrey's seminal work.3

Vickrey [Vic61] proposed a auction mechanism that encourages competition between

agents: agents receive incentives to bid their true values for items. The Vickrey auction

is e�cient, incentive-compatible and individual-rational. The Vickrey auction is a second-

price sealed-bid auction. The item is allocated to the agent with the highest bid, for the

price of the second-highest bid. Truth-revelation is a dominant strategy, optimal for all

bids from other agents. The optimal strategy of agent i is to submit its true value vi for

an item. Intuitively, this is optimal because an agent will pay just enough to bid above

the highest bid of any other agent if that bid is below its value, but never pay above its

value for the item.

The generalized Vickrey auction, GVA for short, computes payment

pgva;i =
X
j 6=i

v̂j(S
�i
j )�

X
j 6=i

v̂j(S
�
j ) (5.1)

to each agent i. The GVA computes e�cient allocations with incentive-compatibility,

3Alternative names include the Vickrey-Groves mechanism, and the Vickrey-Groves-Clarke mechanism.
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from the Groves mechanism, and individual-rationality (or participation), from the Clarke

\pivotal" transfer.

The connection between Groves-Clarke mechanisms and the Vickrey auction appears

to have been �rst made by Forsythe & Isaac [FI82]. In the special-case of an auction for

a single-item,

pgva;i =

8<
:

v̂k � 0 , if v̂j < v̂i

v̂k � v̂k = 0 , otherwise.

where v̂j is the maximum reported value over all agents without agent i, i.e. v̂k =

maxj 6=ifv̂j ; 0g. In other words, if agent i submits the highest bid it receives the item

and pays the price of the second-highest bid, otherwise it does not receive the item and

pays zero. Note that by the Groves mechanism, the �rst term in an agent's price, v̂k is

independent of its bid, and the second term internalizes the reported value of the allocation

to the other agents.

In summary, the GVA is an incentive-compatible and individual-rational mechanism for

the combinatorial resource allocation problem if: agents have quasi-linear utility functions

(risk-neutral); and the seller has zero value for the items| but seeks to maximize allocative-

e�ciency.4

The GVA extends directly to the case of a single seller that truthfully reports its value

for the items to the auctioneer; in this case the auctioneer can implement a proxy agent

for the seller, that bids its value and will \buy-back" the items if the seller cannot achieve

a high enough sale price in the auction.

A word of caution: the GVA is not robust to manipulation by a coalition of agents

[San96], and may be quite easily manipulated in an Internet environment with false-name

bids, where identities are particularly 
uid [SYM99]. In addition, in application to the

combinatorial resource allocation problem the GVA requires the solution of an NP-hard

problem, and is likely to be infeasible for large problems [RPH98].

4An auction that maximizes allocative e�ciency will also maximize revenue under quite general
conditions.
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5.6 Impossibility Results

The success of the GVA makes an interesting counterpoint to two impossibility results

in the economic mechanism design literature, that prove that the GVA must fail in some

important more general problems, e.g. when the auctioneer does not know the value of a

seller.

Although proved for direct-revelation mechanisms via the revelation-principle, the im-

possibility theorems continue to hold for indirect revelation mechanisms, for example in

application to iterative auctions.

First, the Gibbard-Sattherwaite impossibility theorem [Gib73, Sat75], that shows that

it is impossible to implement e�cient outcomes with individual-rational and incentive-

compatible dominant-strategy mechanisms in a general class of problems. This impossibil-

ity theorem for allocation mechanism with agents that have general preferences was �rst

stated by Hurwicz [Hur72].

Theorem 5.4 (Gibbard-Sattherwaite Impossibility Theorem). If agents can have any

ordinal preferences5 over the outcome of a mechanism, and there are at least three di�erent

optimal outcomes over the set of all agent preferences, then only dictatorial mechanism

can be implemented in truth-revealing dominant strategy mechanisms.

A mechanism is dictatorial if there is at least one agent that always receives one of its

favorite alternatives. No dictatorial mechanism can be allocatively-e�cient.

The generalized Vickrey auction does not violate the Gibbard-Sattherwaite Theorem

because the positive result applies only to agents with a restricted class of utility func-

tions: quasi-linear and private-values, such that they do not care about the payments or

allocations received by other agents.

More importantly in our present context, given our assumptions of quasi-linear utility

functions and private-values, is the Myerson-Sattherwaite impossibility theorem [MS83].6

We extend our concerns to include the sum value of the net payments made by agents in a

mechanism, and require that a mechanism is allocatively-e�cient and budget-balanced such

5An ordinal preference speci�es the ordering between di�erent outcomes without quantifying the di�er-
ences (that would be a cardinal preference)

6An earlier version is stated in Green & La�ont [GL79].
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that the net payment is positive. The Myerson-Sattherwaite theorem applies to bilateral

trade, when there are buyers and sellers, and within our present context states that:

Theorem 5.5 (Myerson-Sattherwaite). Whenever gains from trade are possible but

not certain (sometimes states as agents have values from \overlapping" intervals) and

trade is bilateral then there is no mechanism that is allocatively-e�cient, budget-balanced,

individual-rational and Bayes-Nash incentive-compatible.

Clearly, dominant-strategy mechanisms are a special case, and interpreted in terms of

the generalized Vickrey Auction (Groves-Clarke mechanism), Myerson-Sattherwaite states

that in problems with multiple buyers and sellers, the auctioneer:

1. Can achieve allocative-e�ciency, incentive-compatibility, and individual-rationality

if it expects to make a net payment to the agents in some problems.

2. Can achieve allocative-e�ciency, incentive-compatibility, individual-rationality, and

budget-balance if and only if it knows the valuation functions of all sellers or all

buyers.

3. Without knowledge of the valuation functions of all sellers, or all buyers, cannot

expect to implement an auction that is allocatively-e�cient, incentive-compatible,

individual-rational, and budget-balanced.

To reemphasize the positive results for the GVA: when the auctioneer represents a

single seller, and knows the reservation prices of the seller| or more simply, if the seller has

no intrinsic value for items |then the GVA is allocatively-e�cient, incentive-compatible,

individual-rational and also budget-balanced. Every agent makes a non-negative payment

to the auctioneer.

5.7 The Coase Theorem and Transaction Costs in E-Markets

Finally, it is interesting to make a few comments about the Coase [Coa60] in relation to the

impossibility theorems of mechanism design. The point that I make here is that private

information, for example about a seller's value for an item, represents a transaction cost

and limits the e�ciency of markets.
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Coase [Coa60] asserts the irrelevance of the initial ownership of items, and states that

e�cient outcomes will always be achieved in a market with zero transaction costs. We

might expect this assertion to hold, at least approximately, in \frictionless" electronic

marketplaces, where agent-mediation and automated auctions can eliminate many tradi-

tional transaction and search costs.

However, there remains an important transaction cost: the cost of private information

and agent self-interest. Coases' theorem assumes that all gains to trade can be detected,

which is not true if agents can bene�t from misstating information about their values for

di�erent outcomes. Therefore, one can take Coases' theorem in its application to electronic

marketplaces in which transaction costs are otherwise small, and argue that incentive-

compatibility, i.e. truth-extraction is one of the most important problems to be solved in

order to make markets truly e�cient. As noted by Myerson [Mye89], the decentralization

of information imposes an e�ciency cost on allocation.
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Chapter 6

Primal-Dual Theory: Towards Iterative

Mechanisms

In Chapter 5, I introduced the generalized Vickrey auction (GVA), and proved that it

is an allocatively-e�cient, incentive-compatible and individual-rational auction for the

combinatorial resource allocation problem. In the light of its uniqueness (Theorem 5.3)

and the revelation principle (Theorem 5.1) it might seem this is the perfect solution. Of

course, this is not quite true.

First, the GVA is not bounded-rational compatible: an agent in the GVA must report

its complete valuation function to the auctioneer, which is impossible if an agent with

limited computation has a hard valuation problem and there are many possible bundles of

items. Second, the GVA requires the solution of NP-hard problems in the combinatorial

resource allocation problem.

This chapter provides important background for my iBundle ascending-price combina-

torial auction. Primal-dual optimization theory provides a strong theoretical framework

for the design of iterative auction mechanisms for the combinatorial resource allocation

problem. In comparison to the GVA, iterative auctions are useful because they allow

agents to compute incremental values for di�erent outcomes in response to bids from other

agents.

The connection between primal-dual theory and auction theory has been made be-

fore for simpler allocation problems, for example by Bertsekas [Ber90] for the assignment

problem, but seems to be new for this problem. Bikchandani & Ostroy [BO98] introduce

linear-programming models for the \package assignment problem" which have proved very

in
uential in the application of primal-dual theory to the current problem.

Iterative auctions that follow from primal-dual theory are not automatically fully
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incentive-compatible. Instead, I weaken incentive-compatibility tomyopic incentive-compatibility,

and prove that an auction is allocatively-e�cient with individual-rationality and agents

that follow myopic utility-maximizing bidding strategies to current prices, ignoring future

rounds of the auction.

6.1 Primal-Dual Optimization Theory

First, I provide a brief review of basic results in linear programming. See Papadimitriou

[PS82] for more details.

Consider the linear program:

max cTx [P]

s:t: Ax � b

x � 0

where A is a m � n integer matrix, x 2 Rn is a n-vector, and c and b are n� and

m-vectors of integers. vectors are column-vectors, and notation cT indicates the transpose

of vector c, similarly for matrices. The primal problem is to compute a feasible solution

for x that maximizes the value of the objective function.

The dual program is constructed as:

min bT y [D]

s:t: ATy � c

y � 0

where y 2 Rm is a m-vector. The dual problem is to compute a feasible solution for y

that minimizes the value of the objective function.

Let VLP(x) = cTx, the value of feasible primal solution x, and VDLP(y) = bT y, the

value of feasible dual solution y.

The weak duality theorem of linear-programming states that the value of the dual always

dominates the value of the primal:
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Theorem 6.1 (Weak-duality). Given a feasible primal solution x with value VLP(x)

and a feasible dual solution y with value VDLP(y), then VLP(x) � VDLP(y).

Proof. Solution x is feasible, so Ax � b. Solution y is feasible, so AT y � c.

Therefore, x � AT b and y � Ac, and cTx � cTAT b = bTAC � bT y, and P � D.

The strong duality theorem of linear-programming states that primal and dual solutions

are optimal if and only if the value of the primal equals the value of the dual:

Theorem 6.2 (Strong-duality). Primal solution x� and dual solution y� are a pair of

optimal solutions for the primal and dual respectively, if and only if x� and y� are feasible

(satisfy respective constraints) and VLP(x
�) = VDLP(y

�).

The strong-duality theorem of linear-programming can be restated in terms of complementary-

slackness conditions (CS for short). In the context of auctions, in which agents' valuation

functions are private information, complementary-slackness conditions provide a construc-

tive technique to adjust primal and dual solutions towards optimality, given agents' bids.

Definition 6.1 [Complementary-slackness] Complementary slackness conditions con-

strain pairs of primal and dual solutions. Primal CS conditions state xT (AT y� c) = 0, or

in logical form:

xj > 0) Ajy = cj (P-CS)

where Aj denotes the jth column of A (written as a row vector to avoid the use of

transpose). Dual CS conditions state yT (Ax� b) = 0, or in logical form:

yj > 0) Aix = bi (D-CS)

where Ai denotes the ith row of A.

The strong-duality theorem can be restated as the complementary-slackness theorem:

Theorem 6.3 (Complementary-Slackness Theorem). A pair of feasible primal, x, and

dual solutions, y, are primal and dual optimal if and only if they satisfy the complementary

slackness conditions.
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Proof. P-CS i� xT (AT y�c) = 0, and D-CS i� yT (Ax�b) = 0. Equating, and observ-

ing that xTAT y = yTAx, we have P-CS and D-CS i� xT c = yT b, or cTx = bT y. The LHS

is the value of the primal, VLP(x), and the RHS is the value of the dual, VDLP(y). By the

strong duality theorem, VLP(x) = VDLP(y) is a necessary and su�cient condition for the so-

lutions to be optimal.

6.2 Primal-Dual Algorithms

A primal-dual algorithm computes solutions to the primal and dual formulations of a linear-

program simultaneously, and searches for solutions that satisfy complementary slackness

conditions and are therefore optimal by the strong-duality theorem of linear-programming.

In a standard primal-dual algorithm, the method is to maintain a feasible dual solution,

y, and compute a solution to a restricted primal problem, given the dual solution. The

restricted primal problem is typically formulated in one of the following ways:

1. Compute a feasible primal solution x0 that minimizes the \violation" of complementary-

slackness conditions with dual solution y.

2. Compute a primal solution x0 that satis�es complementary slackness conditions with

dual solution y, and minimizes the \violation" of feasibility constraints.

Figure 6.1 illustrates the variation in which the primal-dual algorithm maintains a

feasible dual solution, y, and computes a primal solution x0 to satisfy CS conditions with

dual solution y and minimize feasibility violations. The algorithm terminates when the

solution to the restricted primal is feasible, because the primal and dual solutions are

optimal by the strong-duality theorem. Otherwise, the dual of the restricted primal is

typically used to adjust the dual solution y so that the next restricted primal solution is

\closer" to being feasible.

Primal-dual is often a useful algorithm-design paradigm for combinatorial optimization

problems. Instead of solving a single hard primal solution, or a single hard dual solution,

a primal-dual approach solves a sequence of restricted primal problems. Each restricted

primal problem is often much simpler to solve than the full primal (or dual) problem
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Figure 6.1: Primal-Dual Algorithm.

[PS82]. Often, it is possible to reduce a weighted optimization problem to a series of

unweighted problems, that are often much easier to solve; e.g. for the assignment problem,

the restricted primal becomes a max-
ow problem (which in turn has a matching problem

as its restricted-primal), these problems are successively easier to solve.

6.3 A Primal-Dual Interpretation of Ascending-Price

Auctions

The Primal-Dual framework provides a methodology for the design and analysis of ascending-

price auctions. The important di�erence between an auction-based algorithm and a tra-

ditional primal-dual algorithm is that: (a) agents are self-interested; and (b) agents have

private information about their values.

A direct implication of this, for a primal problem that selects an allocation of items

to maximize the sum value over agents, is that the auctioneer cannot compute the value

of the primal problem directly. However, it is possible to test for complementary-slackness

conditions based on agents' bids under reasonable conditions. An auction-based primal-

dual algorithm can take the following form:

1. Compute feasible primal and dual solutions.

2. Test whether primal and dual solutions satisfy complementary-slackness conditions

under a reasonable assumption about agents' bidding strategies.
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3. Adjust primal and dual solutions towards solutions that satisfy complementary-

slackness conditions based on agents' bids.

Figure 6.2 summarizes this interpretation of auction algorithms within primal-dual

optimization theory. The primal solution corresponds to a provisional allocation, and the

dual solution corresponds to prices for items or bundles of items.

Initial
Dual 
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(prices)

Compute

NO

x’

Terminate
Bids

Receive

(allocation)

Adjust Dual 
Solution

y
(prices)

Feasible
SolutionPrimal

Do x’and

conditions?
satisfy CS

yYES

Figure 6.2: A Primal-Dual Interpretation of an Auction algorithm.

In the context of a market-based mechanism the �nal primal and dual solutions have

natural interpretations as a competitive-equilibrium outcome. Intuitively, the �nal alloca-

tion maximizes the auctioneer's revenue and the agents' utilities at the �nal prices.

This section provides a top-level description of the primal and dual problems and com-

plementary slackness conditions for linear-program formulations of an allocation problem.

This leads immediately into an intuitive explanation of how an auction-based method can

compute an optimal solution to an allocation problem based on agents' bids.

Definition 6.1 [Primal-problem] The primal allocation problem is to allocate items to

agents to maximize the sum value over all agents, such that no item is allocated to more

than one agent.

Definition 6.2 [Dual-problem] The dual allocation problem is to assign prices to items,

or bundles of items, to minimize the sum of (i) each agents' maximum utility given the

prices, over all possible allocations; and (ii) the maximum revenue over all possible alloca-

tions given the prices.

Clearly, without information on agents' values the auctioneer cannot compute an op-

timal primal or an optimal dual (because of term (i) in the dual). However, under a
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reasonable assumption about agents' bidding strategies (myopic best-response, see below)

the auctioneer can compute complementary-slackness conditions and adjust prices and the

allocation towards optimal solutions.

The complementary-slackness conditions between a feasible primal solution, allocation

x, and a feasible dual solution, prices p, state:

(CS-1) Agents receive a bundle if and only if the bundle maximizes their utility given the

prices, and has non-negative utility.

(CS-2) The allocation maximizes the auctioneer's revenue given the prices.

The details of what the prices are, i.e. are they linear-prices, bundle prices, bundle and

discriminatory prices, and what it means to maximize revenue at the prices, are de�ned with

respect to a particular linear-program formulation. I provide details for the combinatorial

resource allocation problem later in this chapter, as I introduce linear-program formulations

for that problem.

Duality theory can be leveraged for auction-design under a reasonable assumption

about agents' bidding strategies.

Definition 6.3 [Myopic Best-Response] A myopic best-response bidding strategy is to

bid for all items or bundles of items that maximize utility at the current prices.

The assumption provides auctions that are often not fully incentive-compatible, and

leave the possibility that an agent can manipulate the outcome of the auction with un-

truthful bidding. In special cases the �nal prices in the auction are also payments in

the Vickrey auction, or can be adjusted towards payments in the Vickrey auction (see

Chapter 9). When this occurs the myopic best-response strategy is provably optimal for

strategically-rational agents. For example, Demange, Gale & Sotomayor (DGS) [DGS86]

propose an iterative auction that computes Vickrey payments in the assignment problem,

in which agents demand at most one item.

In the case of agents that want at most one item, or at most one bundle, as in the

combinatorial resource allocation problem, an agent's best-response bidding strategy can

be expressed by submitting an exclusive-or bid (xor) for every bundle that maximizes

utility. This is supported in the iBundle ascending-price auction (see Chapter 7).

The auctioneer can test (CS-1) because the allocation must maximize revenue and

the auctioneer knows the prices of items (recall that the auctioneer cannot test directly
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whether an allocation maximizes value). In addition, with best-response bidding strategies

the auctioneer can test (CS-2) because every agent maximizes utility with allocation x given

prices p if every agent that bids is allocated one of the bundles in its bid.

Primal-dual theory provides a road-map for auction-design, suggesting how to adjust

prices and compute allocations in response to bids from agents, so that the auction termi-

nates with an optimal allocation.

6.4 Primal-Dual Optimality in Auctions

With careful price-adjust rules and bidding-rules the auctioneer can compute a sequence

of primal and dual solutions based on agents' bids that eventually satisfy complementary-

slackness conditions, and terminate with an optimal solution.

I will consider the following speci�c instantiation of the general auction algorithm

illustrated in Figure 6.2. The steps are intended to mirror what one typically expects in

an auction.

1. Receive Bids.

2. Compute an allocation that: (a) only allocates bundles of items to agents that place

bids for those bundles; and (b) maximizes the auctioneer's revenue at the current

prices.

3. Terminate if every agent that bids receives a bundle, or agents bids are unchanged

in two successive rounds.

4. Increase prices on bundles that receive bids.

Non-negative prices correspond to a feasible dual solution, and the allocation computed

from agents' bids corresponds to a feasible primal solution. The termination condition is

equivalent to testing for complementary-slackness between the allocation and the prices,

given agents that follow myopic best-response bidding strategies. Left to de�ne, and the

challenging part, is to design a price-update rule based on bids placed by agents, the

current prices, and the current allocation to move the primal and dual solutions closer to

optimal solutions.
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It is useful to provide two intuitive descriptions of how to adjust prices. The essential

concept is that the auctioneer maintains feasible primal and dual solutions, and adjusts

solutions to reduce the \violation" of the complementary-slackness conditions.

Adjust prices to achieve complementary-slackness conditions

The �rst primal-dual interpretation is that an auctioneer should increase prices on bundles

that agents bid for in each round to maintain (CS-1), and to achieve (CS-2) when the

auction terminates.

Proposition 6.1 The auction will terminate with an optimal allocation if: the auction-

eer increase prices on at least some bundles that receive bids, and increases prices so that

the allocation computed from agents' bids in the next round will maximize the auctioneer's

revenue over all possible allocations.

Increasing prices on bundles which receive bids must eventually give (CS-2), so that

every agent with positive utility for some bundle receives a bundle in the allocation. If

the auctioneer can always maximize revenue at the current prices by allocating bundles

according to bids received from agents then (CS-1) is true.

Intuitively, the auctioneer should only increase prices on bundles if it is sure that it will

receive bids from agents for one of the revenue-maximizing allocations in the next round.

Adjust prices to monotonically reduce the value of the dual

Recall that when complementary-slackness conditions are satis�ed, the allocation x and

prices y represent primal and dual solutions with equal value, such that VLP(x) = VDLP(y).

The degree to which the complementary-slackness conditions are violated is represented

by the duality-gap VDLP(y)� VLP(x) during the auction.

Prices can be updated to ensure that the value of the dual is monotonically decreasing

throughout the auction.1 The weak-duality theorem states VDLP(y) � V �
LP, for the value

V �
LP of the optimal primal solution. Therefore, eventually the value of the dual equals the

value of the optimal primal solution, and complementary slackness conditions are satis�ed.

This is illustrated in Figure 6.3.

1The duality gap between the primal and dual solutions is not necessarily monotonically decreasing.
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Figure 6.3: Primal-Dual Interpretation of an Ascending-Price Auction.

Although the auctioneer cannot compute the value of the dual directly, it is still possible

to provably reduce the value of the dual, relative to its current value. The value of the

dual is the sum of the auctioneer's maximum revenue and each agent's maximum utility

at the current prices. The value of the dual will decrease across rounds of the auction if

and only if:

the increase in revenue at the new prices is less than the decrease in total utility across

all agents.

Intuitively, this occurs when the auctioneer increases the price on overdemanded items

(or bundles of items) such that its increase in revenue at the new prices is less than the

total decrease in maximum utility over all agents that were bidding for the bundles.

6.4.1 Example: The English Auction

The standard English auction illustrates the primal-dual framework for auction design. The

English auction is an ascending-price auction for single items, where the price increases as

long as more than one agent bids at the current price.

Let vi denote agent i's value for the item. The single-unit resource allocation problem

is:
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max
X
i

vixi [IPsingle]

s:t:
X
i

xi � 1

xi 2 f0; 1g

where xi = 1 if and only if agent i is allocated the item, i.e. the goal is to allocate the

item to the agent with the highest value. This can be solved as a linear-program, [LPsingle],

relaxing the integral constraint

max
X
i

vixi [LPsingle]

s:t:
X
i

xi � 1

xi � 0

and V �
LP = V �

IP, i.e. there is always an integral optimal solution to the relaxed problem.

The dual formulation, [DLPsingle], is

min � [DLPsingle]

s:t: � � vi; 8i

� � 0

The complementary-slackness conditions are

X
xi � 0 ) � = vi; 8i

� > 0 )
X

xi = 1

The English auction maintains price p on the item, initially p = 0. Agent i bids

whenever p < vi, and the provisional allocation sets xj = 1 for one of the agents that bids

in each round, and increases the price p whenever more than one agent bids.
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Let the provisional allocation de�ne a feasible primal solution, and the price de�ne

dual solution � =
P

imaxf0; vi � pg+ p. This is feasible, � � maxf0; vi � pg+ p � vi for

all agents i.

Assume that agents follow a myopic best-response bidding strategy, bidding for the item

at the ask price whenever the price is below their value. The optimality of the English

auction can be understood in two di�erent ways:

� The English auction terminates with primal and dual solutions that satisfy CS-1 and

CS-2.

Clearly, CS-2 is satis�ed throughout the auction because the item is always allocated

to one of the agents. CS-1 is satis�ed when the auction terminates. Let j indicate

the only agent that bids at price p. Therefore vi � p � 0 for all agents i 6= j and

vj � p � 0 for agent j (because agents follow best-response bidding strategies), and

� =
P

imaxf0; vi � pg+ p = maxf0; vj � pg+ p = vj .

� The value of the dual strictly decreases in each round of the auction. Let m > 1

equal the number of agents that bid in each round of the auction except the �nal

round. For price increment �, the sum maximal utility to the agents decreases by m�

and the maximal revenue to the auctioneer increases by �, for a net change in � of

�(m� 1)�.

In fact, the English auction is a incentive-compatible, individual-rational and allocatively-

e�cient mechanism for the single-item allocation problem because the �nal price is equal

to the Vickrey payment (to within �).

The ascending-price combinatorial auction, iBundle, computes allocatively-e�cient

outcomes with agents that follow myopic best-response bidding strategies. The proof

is similar in structure to the proof of the English auction.

In general the �nal prices in iBundle are not Vickrey payments, and iBundle is not fully

incentive-compatible. In Chapter 9 I introduce a method to adjust prices after iBundle

terminates towards payments in the generalized Vickrey auction. When successful, and

with proxy bidding agents, I explain that this makes iBundle an iterative equivalent of the

GVA.
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6.5 Linear Program Formulations for the Combinatorial

Resource Allocation Problem

In the previous sections I presented primal-dual theory for linear programs. However, the

combinatorial resource allocation problem, as formulated in [IP] (Chapter 5) is an integer

program. In addition, a direct linear relaxation of [IP], replacing the integral constraints

xi(S) 2 f0; 1g with non-negativity constraints will compute fractional allocations of items

to agents.

This section introduces a hierarchy of linear program formulations for the combinatorial

resource allocation problem, from Bikchandani & Ostroy [BO98]. The models provide

essential background to a primal-dual interpretation of iBundle with myopic best-response

agents.

At each level, more problem instances are solved without fractional allocations of items

as a linear-program formulation. Each formulation introduces new primal constraints, and

new dual variables. The dual variables price bundles linear in the price of items, i.e.

p(S) =
P

j2S p(j), where p(j) is the price of item j in bundle S, then price bundles

directly (and possibly non-linearly), and then price discriminate, with di�erent prices for

the same bundle to di�erent agents.

It is always possible to add enough constraints to a linear program relaxation to make

the optimal solution integral, this follows from general duality results [Wol81a, Wol81b,

TW81].

6.5.1 Competitive Equilibrium

There is a direct interpretation of the complementary-slackness conditions (CS-1) and (CS-

2) in terms of competitive equilibrium prices when the optimal primal solution is integral.

In the usual sense of competitive-equilibrium, by CS-1, every agent maximizes utility given

the allocation and the prices, and by CS-2 the auctioneer maximizes its revenue.

Moreover, the standard allocative-e�ciency properties of competitive-equilibriumprices

and allocations hold, by primal-dual theory:

Theorem 6.4 An allocation x is e�cient if and only if there exists competitive equilib-

rium prices p, for an appropriate type of prices (e.g. linear, bundle, discriminatory).
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This is a di�erent result from that in Wurman & Wellman [WW99b], because it uses a

stronger statement of the auctioneer's revenue maximization (CS-2). Wurman & Wellman

under their de�nition that non-discriminatory equilibrium bundles prices always exist to

price the e�cient allocation, but that it is also possible that competitive equilibrium prices

support suboptimal allocations. A full primal-dual analysis, as provided in Bikchandani

& Ostroy, leads to the optimality of competitive equilibrium, following directly from the

strong duality theorem of linear programming.

Looking ahead, an intuitive interpretation of the \safe-bids" test in iBundle to dynam-

ically decide whether to introduce price-discrimination is that it characterizes all problems

in which no competitive-equilibrium prices exist with bundle but not discriminatory prices.

Bikchandani & Ostroy [BO98] prove that discriminatory bundle prices always exist to

price the e�cient allocation in competitive equilibrium (although the non-discriminatory

prices are often su�cient, and sometimes linear prices are su�cient).

6.5.2 A Hierarchy of Linear Programs for the Combinatorial Resource

Allocation Problem

Let V �
LP and V �

IP denote the optimal values linear and integer programs. In general, given

a relaxation [LPR] of an integer program [IP], we have V �
LPR � V �

IP.

For the combinatorial resource allocation problem the optimal solution to a direct

linear program [LP1] relaxation of [IP] (Chapter 5) allocates fractional items to agents,

and V �
LP1

� VIP. Linear programs LP2 and LP3, each more constrained than LP1, can be

formulated [BO98] such that V �
LP1

� V �
LP2

� V �
LP3

.

Furthermore, Bikchandani & Ostroy [BO98] prove that V �
LP3

= V �
IP in all instances of

the combinatorial resource allocation problem. An immediate implication is that competitive-

equilibrium prices always exist, although they might be discriminatory bundles prices,

which correspond to the variables in the dual of LP3.

Linear Prices

The simplest primal and dual linear program relaxations of the combinatorial resource

allocation problem [IP], replacing integral constrains xi(S) 2 f0; 1g with non-negativity

xi(S) � 0, are:
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A B AB

Agent 1 0 0 3
Agent 2 2� 0 2
Agent 3 0 2� 2

Table 6.1: Problem 1.

max
xi(S)

X
S

X
i

xi(S)vi(S) [LP1]

s:t:
X
S

xi(S) � 1; 8i (LP1-1)

X
S3j

X
i

xi(S) � 1; 8j (LP1-2)

xi(S) � 0; 8i; S

min
p(i);p(j)

X
i

p(i) +
X
j

p(j) [DLP1]

s:t: p(i) +
X
j2S

p(j) � vi(S); 8i; S (DLP1-1)

p(i); p(j) � 0; 8i; j

With substitution p(i) = maxS

n
vi(S)�

P
j2S p(j)

o
a feasible dual solution is de�ned

by prices p(j) on items j 2 G, and the value of the dual has an intuitive interpretation:

VDLP1
(p(j)) is the sum of the maximal utility to each agent with bundles priced equal

to the sum of the value of their items plus the auctioneer's revenue for selling every item.

The dual variables correspond to linear prices on bundles, de�ning prices on items p(j)

for item j, and are competitive equilibrium prices if and only if V �
LP1

= V �
IP, i.e. the optimal

primal allocation is integral, and maximizes agents' utility and the auctioneer's revenue at

the prices. Kelso & Crawford [KC82] prove that gross substitutes preferences (see Chapter

3) are a su�cient condition for linear competitive equilibrium prices, when V �
LP1

= V �
IP.

Problem 1 in Table 6.1 can be solved with LP1; V
�
LP1

= VIP = 4. The optimal allocation

is x2(A) = 1 and x3(B) = 1, indicated by �. To see that VLP1
� 4, notice that dual prices

p(A) = p(B) = 1:6 gives a dual solution with value VDLP1
= 0 + 0:4 + 0:4 + 3:2 = 4.

Remember that V �
LP1

� VDLP1
by the weak-duality theorem of linear programming.
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A B C AB BC AC ABC

Agent 1 60 50 50 200� 100 110 250
Agent 2 50 60 50 110 200 100 255
Agent 3 50 50 75� 100 125 200 250

Table 6.2: Problem 2.

Bundle Prices

However, in general the value V �
LP1

> VIP and the optimal primal solution makes fractional

assignments to agents. For example, consider the Problem 2 in Table 6.2.

In this problem V �
LP1

= 300 > V �
IP = 275. The primal allocates fractional solution

x1(AB) = 0:5; x2(BC) = 0:5 and x3(AC) = 0:5, which satis�es constraints (LP1-1) be-

cause
P

S 3 j
P

i xi(S) � 1 for all items j 2 G. Prices p(A) = p(B) = p(C) = 100 solve

the dual problem DLP1.

Introducing new constraints to the \�rst-order" linear-program relaxation [LP1] of [IP],

gives a \second-order" linear-program [LP2], with dual [DLP2]. The corresponding dual

variables to the new primal constraints are interpreted as bundle prices within an auction-

based primal-dual algorithm.

max
xi(S);y(k)

X
S

X
i

xi(S)vi(S) [LP2]

s:t:
X
S

xi(S) � 1; 8i (LP2-1)

X
i

xi(S) �
X
k3S

y(k); 8S (LP2-2)

X
k

y(k) � 1 (LP2-3)

xi(S); y(k) � 0; 8i; S; k

min
p(i);p(S);�

X
i

p(i) + � [DLP2]

s:t: p(i) + p(S) � vi(S); 8i; S (DLP2-1)

� �
X
S2k

p(S) � 0; 8k (DLP2-2)

p(i); p(S); � � 0; 8i; S
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where k 2 K is a partition of items in set K, and k 3 S indicates that bundle S is repre-

sented in partition k. A partition is a feasible \bundling" of items, e.g. [A;B;C] or [AB;C],

etc., andK is the set of all possible partitions, e.g. K = f[A;B;C]; [AB;C]; [A;BC]; : : : ; [ABC]g

in Problem 2 (Table 6.2).

Constraints (LP2-2) and (LP2-3) replace constraints (LP1-1), and ensure that no more

than one unit of every item is allocated. The dual [DLP2] has variables p(i), p(S) and �,

which correspond to constraints (LP2-1), (LP2-2) and (LP2-3), and constraints (DLP2-1)

and (DLP2-2) correspond to primal variables xi(S) and y(k).

Dual variables p(S) can be interpreted as bundle prices, and with substitution p(i) =

max
S
fvi(S)� p(S)g, i.e. the maximal utility to agent i at prices p(S), and � = maxk2K

P
S2k p(S),

i.e. the maximal revenue to the auctioneer at prices p(S), then the value of the dual has

an intuitive interpretation:

VDLP2
(p(S)) is the sum of the maximal utility to each agent with bundle prices p(S)

plus the auctioneer's maximal revenue over all feasible allocations at the prices.2

The dual variables correspond to bundle prices, p(S), and are competitive equilibrium

prices if and only if V �
LP2

= V �
IP, i.e. the optimal primal allocation is integral, and maximizes

agents' utility and the auctioneer's revenue at the prices. I have shown via iBundle that

su�cient conditions for competitive equilibrium bundle prices include: (1) agents have

additive or superadditive values, i.e. v(S [ S0) � v(S) + v(S0) for non-con
icting bundles

S and S0; and (2) agents demand bundles from the same partition of items, e.g. all bids

are for pairs of matching shoes, or single items.

It remains possible that V �
LP2

> V �
IP, with the optimal primal allocation assigning

fractional bundles to agents. However, with the new constraints V �
LP2

< V �
LP1

and V �
DLP2

<

V �
DLP1

in some problems, i.e. the second-order linear program solves some problems not

solved by the �rst-order linear program. Problem 2 is such an example.

Allocation x1(AB) = x2(BC) = x3(AC) = 0:5 is not feasible in [LP2] because it is

not possible to allocate y(k1) = y(k2) = y(k3) = 0:5 for k1 = [AB;C]; k2 = [AC;B] and

k3 = [AB;C] without violating constraint (LP2-3) and without this we violate constraints

(LP2-2). [LP2] solves Problem 2, with V �
LP2

= V �
IP = 275. An optimal dual solution is

given by bundle prices p = (50; 60; 75; 190; 200; 200; 255), with total agent maximal utility

10 + 0 + 0 and maximal auctioneer revenue 75 + 190 = 265, i.e. VDLP2
= 275 (again, this

2Where an allocation is 'feasible' if it allocates no fractional items, and no item more than once.
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A B AB

Agent 1 0 0 3�

Agent 2 2 2 2

Table 6.3: Problem 3.

proves that [LP2] solves Problem 2 by the weak-duality theorem of linear-programming).

Discriminatory Bundle Prices

However, in general the value V �
LP2

> VIP and the optimal primal solution makes fractional

bundle assignments to agents. For example, consider Problem 3 in Table 6.3.

In this problem V �
LP2

= 3:5 > V �
IP = 3. The primal allocates fractional bundles

x1(AB) = 0:5 and x2(A) = x2(B) = 0:5, which satis�es constraints (LP2-2) and (LP2-3)

with y(k1) = y(k2) = 0:5 for partitions k1 = [AB; ;] and k2 = [A;B]. Prices p(A) =

1:5; p(B) = 1:5; p(AB) = 3 solves the dual problem DLP2.

Introducing new constraints to the second-order linear-program relaxation [LP2] of

[IP] gives a \third-order" linear-program [LP3], with dual [DLP3]. The corresponding dual

variables to the new primal constraints are interpreted as discriminatory bundle prices,

with di�erent prices for the same bundle to di�erent agents.
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max
xi(S);y(k)

X
S

X
i

xi(S)vi(S) [LP3]

s:t:
X
S

xi(S) � 1; 8i (LP3-1)

xi(S) �
X

k3[i;S]

y(k); 8i; S (LP3-2)

X
k

y(k) � 1 (LP3-3)

xi(S); y(k) � 0; 8i; S; k

min
p(i);pi(S);�

X
i

p(i) + � [DLP3]

s:t: p(i) + pi(S) � vi(S); 8i; S (DLP3-1)

� �
X

[i;S]2k

pi(S) � 0; 8k (DLP3-2)

p(i); pi(S); � � 0; 8i; S

where k 3 [i; S] indicates that agent-partition k 2 K 0 contains bundle S designated for

agent i. Variable y(k) in [LP3] corresponds to an agent-partition k, where the set of agent-

partitions in Problem 3 isK 0 = f[(1; A); (2; B)]; [(1; B); (2; A)]; [(1; AB); (2; ;)]; [(1; ;); (2; AB)].

It is important to note that each agent can receive at most one bundle in a particular agent-

partition.

The dual variables pi(S) which correspond to primal constraints (LP3-2) are interpreted

as discriminatory bundle prices, price pi(S) is the price to agent i for bundle S. As before,

substitutions p(i) = max
S
fvi(S)� pi(S)g, i.e. the maximal utility to agent i at individual

prices pi(S), and � = maxk2K0

P
[i;S]2k pi(S), i.e. the maximal revenue to the auctioneer

at prices pi(S) given that it can allocate at most one bundle at prices pi(S) to each agent

i, give the value of the dual an intuitive interpretation:

VDLP3
(pi(S)) is the sum of the maximal utility to each agent with bundle prices pi(S)

plus the auctioneer's maximal revenue over all feasible allocations at the prices.3

3Where an allocation is 'feasible' if it allocates no more than one bundle to each agent, no fractional
items, and no item more than once.
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The dual variables correspond to discriminatory bundle prices, pi(S), and are com-

petitive equilibrium prices if and only if V �
LP3

= V �
IP and the optimal primal allocation is

integral, i.e. maximizes agents' utility and the auctioneer's revenue at the prices (where

the auctioneer can sell no more than one bundle to each agent).

Bikchandani & Ostroy [BO98] prove this important theorem:

Theorem 6.5 The optimal solution to linear program [LP3] is always integral, and

therefore an optimal resource allocation; i.e. VLP3
= VDLP3

= VIP.

Therefore, there are always competitive equilibrium bundles prices, that maximize the

agents' utility and the auctioneers's revenue given the allocatively-e�cient allocation, al-

though these prices may need to price-discriminate between agents.

Consider Problem 3. Allocation x1(AB) = 0:5 and x2(A) = x3(B) = 0:5 is not feasible

in [LP3] because y(k1) = y(k2) = y(k3) = 0:5 for k1 = [(1; AB); (2; ;)]; k2 = [(1; A); (2; B)]

and k3 = [(1; B); (2; A)] violates constraint (LP3-3), but without this constraints (LP3-

2) are violated. In this problem V �
LP3

= V �
IP = 3. To see this, consider bundle prices

p1 = (0; 0; 2:5) and p2 = (2; 2; 2), for which the value of the dual is 0:5 + 0 + 2:5 = 3,

providing VLP3
� 3 by the weak-duality theorem of linear-programming.

6.6 Auctions and Duality Theory in the Combinatorial Re-

source Allocation Problem

The primal-dual programs introduced in the previous section relate to an iterative auction

for the combinatorial resource allocation problem.

Figure 6.4 illustrates the outcome of a regular primal-dual algorithm with a linear-

program formulation [LPR] that is too relaxed for a problem instance, such that V �
LPR >

V �
IP. The primal-dual algorithm terminates with a fractional primal solutions, that is an

infeasible allocation.

In an auction-based primal dual algorithm the primal solution remains feasible to [IP]

in each round of the auction, because it is computed to maximize revenue over bids received

from agents in each round. Therefore, if the linear-program formulation is too relaxed,

when the auction terminates the �nal primal solution does not satisfy complementary-

slackness conditions with the �nal dual solution, and we do not know whether it is an
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Figure 6.4: Regular Primal-Dual Algorithm, with V �
LPR > V �

IP

optimal allocation. Figure 6.5 illustrates the situation, with the �nal (integral) primal

solution possibly sub-optimal.

VIP
*

VDLP

VLP

Auction Round

V
al

ue

(integral)

Figure 6.5: Auction-based Primal-Dual Algorithm, with V �
LPR > V �

IP

Finally, Figure 6.6 indicates what is the ideal case. The auction implements a primal-

dual algorithm for a linear-program formulation that is not too relaxed, i.e. with prices

that are non-linear and discriminatory if necessary. Taking the combinatorial resource

allocation problem as an example, this scenario occurs when the prices correspond to an

optimal solution to DLP2 if V �
LP1

> V �
LP2

= V �
IP, or to an optimal solution to DLP3 if

V �
LP2

> V �
LP3

= V �
IP.

In Parkes & Ungar [PU00b] I prove that iBundle computes optimal allocations. The

auction uses non-discriminatory bundle-prices where possible, but introduces price-discrimination

when it is possible that V �
LP2

> V �
IP.
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Figure 6.6: Auction-based Primal-Dual Algorithm, with V �
LPR = V �

IP
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Chapter 7

iBundle: An Iterative Bundle Auction

iBundle is the �rst iterative bundle auction that computes optimal allocations for any

reasonable bidding strategy. iBundle1 is an ascending-price auction. Agents can bid in

each round of the auction. The auctioneer solves a sequence of winner-determination

problems (one in each round), maintains a provisional allocation, and updates prices.

This chapter summarizes work presented in the attached papers iBundle: An e�cient

ascending-price bundle auction [Par99b], and Iterative combinatorial auctions: Theory and

Practice [PU00b].

The combinatorial resource allocation problem is NP-hard. It is therefore not surpris-

ing that there are some hard computational problems embedded within iBundle and the

GVA. The auctioneer's winner-determination problems in both auctions is NP-hard, by

reduction from the maximal weighted-clique problem.

In iBundle the auctioneer solves one winner-determination problem in each round of

the auction, to compute a new provisional allocation based on adjusted bids from agents.

In the GVA the auctioneer solves O(I) problems, for I agents.

Although iBundle is not incentive-compatible, but optimal only for myopic agents, it

has a number of computational advantages over the generalized Vickrey auction:

� It is an ascending price auction, allowing agents to adjust their bids and compute

incremental values for items in response to bids from other agents; i.e. it is bounded-

rational compatible. In comparison, the GVA is a sealed-bid auction in which an

agent's optimal strategy is to bid for, and compute the value of, all bundles with

positive value. This is often impossible, since for G items there are 2G bundles to

value, each of which may require solving a di�cult optimization problem.

1iBundle has three variations, that di�er in their price update rules. I use iBundle both to refer to the
family of auctions in general, and iBundle(d) in particular, described below.
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� The winner-determination problems in iBundle tend to be smaller than in the GVA,

because the agents bid for less bundles in each round of iBundle than in the GVA.

In addition, the provisional allocations computed by the auctioneer in each round of

iBundle can be cached and used to reduce computation time in future rounds.

� The auctioneer can reduce the number of rounds in the auction, and the number of

winner-determination problems to solve, by increasing the minimal bid increment:

which controls the speed with which prices are increased. This trades o� computation

with economic e�ciency.

� The auctioneer can introduce approximate winner-determination algorithms, provid-

ing orders-of-magnitude speed-ups. Algorithms that satisfy bid-monotonicity main-

tain the auction's \myopic incentive-compatibility".

At present iBundle has weaker truth-revelation properties than the GVA, which is an

incentive-compatible auction (as described in Chapter 5). It is possible that agents in

iBundle can manipulate the outcome of the auction. However, in recent work I have pro-

posed a technique to make the auction more robust to manipulation, by price-adjustment

towards the outcome of the GVA after the auction terminates. This method is introduced

in Chapter 9.

7.1 Auction Description

Recall that G denotes the set of items to be auctioned, I denote the set of agents, and

S � G denote a bundle of items. The auction proceeds in rounds, indexed t � 1. I describe

the types of bids that agents can place, and the allocations and price updates computed by

the auctioneer.

[Bids.] Agents can place exclusive-or bids for bundles, e.g. S1 xor S2, to indicate than an

agent wants either S1 or S2 but not both. Exclusive-or bids provide complete expressibility,

but are not necessarily computationally e�cient for all problems. The price-update rules

for other bid languages, such as additive-or bids, can be derived from the rule for xor

bids.

Agent i associates a bid price ptbid;i(S) with a bid for bundle S, non-negative by de�ni-

tion. The price must either be within � of, or greater than, the ask price announced by the
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auctioneer (see below). Parameter � de�nes the minimal bid increment, the minimal price

increase in the auction. Agents must repeat bids for bundles in the current allocation, but

can repeat the same bid price even if the ask price has increased since the previous round.2

[Winner-determination.] The auctioneer solves the winner-determination (WD) prob-

lem to compute a new allocation in each round, based on bids received from agents. The

auctioneer allocates bundles to agents to maximize revenue, respecting xor bid constraints

and without allocating any item more than once. A number of algorithms have been pro-

posed to solve this problem [RPH98, San99, FLBS99, ATY00]. The provisional allocation

becomes the �nal allocation when the auction terminates.

[Approximate Winner Determination.] The auctioneer can also use an approximate

winner-determination algorithm, and still maintain the same incentives for agents to fol-

low best-response bidding strategies. This holds so long as the WD algorithm has the

bid-monotonicity property, such that if an agent is allocated a bundle with bids B it is also

allocated a bundle with bids B [ B1 that include a bid for a new bundle B1. An optimal

WD algorithm trivially has this property.

[Prices.] The auctioneer announces an explicit ask price ptask(S) in round t for all bundles

S that receive failed bids from agents. Other bundles are implicitly priced at least as high

as the greatest price of any bundle they contain, i.e. p(S0) � p(S) for S0 � S. The initial

ask prices are zero. The prices are usually the same for all agents, but in some cases the

auctioneer introduces price-discrimination based on agents' bids, when this is necessary to

achieve an optimal allocation (see below). The price-update rule generalizes the rule in

the English auction, an ascending-price auction for a single item. In the English auction

the price is increased whenever two or more agents bid at the current price. In iBundle

the price on a bundle is increased when one or more agents that do not receive a bundle

in the current allocation bid at (or above) the current ask price for a bundle. The price is

increased to � (the minimal bid increment) above the greatest failed bid price.

2An agent can also bid � below the ask price for any bundle in any round| but then the agent cannot
bid a higher price for that bundle in the future. This allows an agent to bid for bundles priced slightly
above its value.
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[Price discrimination.] A simple rule is used to dynamically introduce price discrimina-

tion on an agent-by-agent basis as bids are received. An agent begins to receive individual

prices if it submits bids that are not safe, given the new allocation.

Definition 7.1 Safe bids. An agent's bids are safe if the agent is allocated a bundle in

the current allocation, or it does not bid at or above the ask price for any pair of compatible

bundles S1; S2, such that S1 \ S2 = ;.

Intuitively, when a single agent submits unsuccessful bids for compatible bundles the

general price-increase is larger than might be necessary to support the optimal allocation

of items to agents. Individual ask prices are initialized to the current general prices,

ptask;i(S) = ptask(S), and then increased to � above an agent's bid prices whenever the agent

does not receive a bundle in the current allocation.

[Termination.] The auction terminates when: [T1] all agents submit the same bids in

two consecutive rounds, or [T2] all agents that bid receive a bundle.

[Best-response Bids.]

iBundle computes an optimal allocation with myopically rational agents that play a

best (utility-maximizing) response to the current ask prices and allocation in the auction.

The agents are myopic in the sense that they only consider the current round of the auction.

By de�nition, a myopic agent bids to maximize utility at the current ask prices (taking an

� discount when repeating a bid for a bundle in the provisional allocation or bidding for

a bundle priced just above its value). The myopic best-response strategy is to submit an

xor bid for all bundles S that maximize (to within �) utility ui(S) at the current prices.

This maximizes the probability of a successful bid for bid-monotonic WD algorithms.

7.1.1 Example Auction Scenarios

A couple of full worked examples are presented in Parkes [Par99b].

Figure 7.1 shows four di�erent auction scenarios that illustrate winner-determination

and price-updates. In each scenario bundles ABC, CD, D and AB each receive a bid

from some agent, but the scenarios di�er in the agents that submit the bids. The `boxes'

indicate xor bids from the same agent, and the `circles' indicate the allocation selected

by the auctioneer to maximize revenue. Price increases are indicated with an `arrow'. The
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minimal bid increment � = 5. Notice that the bid prices for bundles are consistent, such

that p(ABC) � p(AB) and p(CD) � p(D). This must be maintained in iBundle.

ABC
$10

D
$5

AB
$5

CD
$5

ABC
$10

D
$5

AB
$5

CD
$5

ABC
$10

D
$5

CD
$5

ABC
$10

D
$5

AB
$5

(a) (b)

(c) (d)

AB
$5 $10

$10  $10

Price discriminateCD
$5$10

Figure 7.1: Auction Scenarios.

The auctioneer selects the same revenue-maximizing allocation in scenarios (a), (b)

and (d), allocating bundles ABC and D to two di�erent agents. In (c) the same agent

bids for bundle ABC and D and the auctioneer must select another allocation, because

it must respect the xor bid constraint. Allocation D and AB is chosen in preference to

ABC because it includes more agents.

In (a) the auction terminates because the revenue-maximizing allocation includes a bid

from every agent that bids. In (b) the auction does not terminate because the agent that

bids (AB; $5) is not happy. The ask price for AB is increased to 5 + �, the minimal bid

increment, in the next round. Scenario (c) is similar, except that the provisional allocation

is di�erent, and the price is increased on CD in the next round. In (d) the bids from the

agent that receives no bundle in the provisional allocation are not safe because bundle CD

and AB are compatible. The auctioneer introduces price-discrimination in the next round.

The ask price remains unchanged for the 2 agents in the provisional allocation, while the

ask price to the third agent is increased to 5 + � for both bundles CD and AB.

7.2 Theoretical Results

This section introduces the main theoretical results for iBundle. Recall that jGj is the

number of items, jIj is the number of agents, and � is the minimal bid increment.

Theorem 7.1 (Optimality) iBundle terminates with an allocation that is within
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3minfjGj; jIjg� of the optimal solution, for best-response agent bidding strategies.

The auction is optimal as the bid increment approaches zero because the error-term

goes to zero. The proof is inspired by a proof due to Bertsekas [Ber88] for a simpler iterative

auction, and exploits the connection with primal-dual theory of linear programming that

is outlined in Chapter 6. The full proof is presented in Parkes & Ungar [PU00b].

Intuitively, the prices are carefully adjusted in each round of the auction to maintain

complementary slackness conditions (CS-2) (see Chapter 6), so that the auctioneer max-

imizes its revenue given the current prices and the provisional allocation. Eventually the

allocation and prices satisfy (CS-1), with every agent that submits a bid receiving a bundle

(or bidding for a bundle priced just above its value). The optimality of the allocation fol-

lows from the strong duality-theorem of linear-programming, and because the allocation is

integral by construction throughout the auction. The worst-case error term is derived from

a formulation of the complementary-slackness conditions that allows for the �-indi�erence

of agents' bidding strategies.

7.2.1 Dropping Price-Discrimination

Price-discrimination can be hard to enforce in some problems. For example, it is necessary

to prevent agents entering the auction under multiple pseudonyms, and also to prevent

the transfer of items in an after-market. In a simpler variation, iBundle(2), the auction-

eer never tests for bid-safety and never introduces price discrimination [Par99b]. From

Theorem 1, this variation is optimal when bids are safe:

Theorem 7.2 iBundle(2) terminates with an allocation that is within 3minfjGj; jIjg�

of the optimal solution when bids are safe, for best-response agent bidding strategies.

As an example, bids are safe if each agents bids for a set of con
icting bundles in every

round of the auction.

I can prove that iBundle solves the following problems without price discrimination: (1)

Every agent demands di�erent bundles; (2) Agents have additive or superadditive values,

i.e. v(S [ S0) � v(S) + v(S0) for non-con
icting bundles S and S0; (3) The bundles that

receive bids throughout the auction are from a single partition of items, e.g. bids are for
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pairs of matching shoes or individual items.

In experimental tests iBundle performs well without price discrimination in many hard

problems, achieving an average of 99% allocative e�ciency [Par99b] compared to only 82%

allocative e�ciency from non-combinatorial auctions in the same problems.

7.3 Computational Analysis

As an iterative auction, iBundle has many computational advantages for agents over the

sealed-bid gva. In Parkes [Par99b] I present results that demonstrate savings in agent

valuation work in iBundle.

However, the winner-determination (WD) problem that the auctioneer solves in each

round of iBundle to compute the provisional allocation is NP-hard, just as in the gva.

The auctioneer must solve one WD problem in each round, and a naive worst-case analysis

gives O(BVmax=�) rounds to converge, for a total of B bundles with positive value over all

agents, maximum value Vmax for any bundle, and minimal bid increment �. In the worst-

case the price of a single bundle must increase by at least � in each round the auction

remains open, and prices are bounded by the maximum value over all agents. The number

of rounds to termination is inversely proportional to the minimal bid increment. The

auctioneer can solve less WD problems by increasing the minimal bid increment, for some

loss in economic e�ciency.

A number of optimizations are possible within iBundle to speed-up computation on

winner-determination in each round. First, the provisional allocation from the previous

round provides a good initial solution to the WD problem, because agents must re-bid

bundles received in the previous round. This allows pruning of the search for a revenue-

maximizing allocation. An additional saving in computation time is achieved by limiting

search to an allocation at least � better than the value of the allocation in the previous

round. Moreover, although each intermediate WD problem in iBundle may be intrinsically

more di�cult than each WD problem in gva because all agents bid at similar prices for

bundles (Andersson et al. [ATY00]), the problems are typically much smaller than in the

gva.

The auctioneer only announces price increases in each round, and need not maintain

explicit prices for all possible bundles. Bid prices are veri�ed dynamically in each round,
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to check that bids are at least as large as the ask price of all contained bundles. With

a simple sorted-list implementation, the total work in checking each bid is linear in the

number P of bundles that have explicit ask prices. Similarly, prices can be maintained in

linear-time in P for each new price increase. In addition, P � B, with agents that have

values for B bundles, because only bundles that receive bids can receive explicit ask prices.

7.4 Experimental Results

This section presents experimental results to compare iBundle's computation with the

GVA in some hard resource allocation problems. The results only show part of the picture,

comparing the auctioneer's computation without comparing the work done by agents in

valuation (see Parkes [Par99b] for this). In these experiments we assume that agents know

a priori their values for bundles without computation.

Problem sets Decay, Weighted-random and Random are taken from [San99]. Each

problem de�nes a distribution over the agents' values for bundles of items. Agents have

xor valuation functions, i.e. they want at most one bundle. The number of items jGj = 50,

and I scale the problems by increasing the number of agents from 5 to 40, with values for

10 bundles per agent. In the Decay problem I set Sandholm's parameter � = 0:85. The

Random and Weighted-random problems are quite easy, while the Decay problems tend

to be harder because agents bid for smaller bundles and the optimal allocation requires

coordination across a number of agents [San99, ATY00].

I implemented a variation on Sandholm's depth-�rst branch-and-bound search algo-

rithm to solve winner-determination (WD) in both iBundle and the GVA, with a new

heuristic to compute better upper-bounds for xor bids. Further savings in computation

time are achieved by using the provisional allocation from the previous round as an initial

solution to the WD problem, and also limiting search to an allocation at least � better

than the value of the allocation in the previous round. Further computational savings

should come from using all previous provisional allocations in an initial stage of winner-

determination in the next round of the auction.

I present results for iBundle(2), the auction variation without price discrimination. Per-

formance is measured for di�erent minimal bid increments, the bid increment is adjusted

to give allocative e�ciency of 80%, 85%, 95% and 99% (�1%). To test the performance
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of the auction with an approximate WD algorithm I used a greedy algorithm for WD in

[LOS99]. This satis�es bid-monotonicity, so that the agents receive incentives to follow the

same bidding strategy.
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Figure 7.2: Performance of iBundle in some hard resource allocation problems. (a) The
Decay problem. (b) The Decay, WR, and random problems.
a Auctioneer WD time. b Price-update time. c Communication cost (k bit). d Alloc. e�. of a sealed-bid

auction with a greedy WD algorithm and truthful agents. e Average number of agents in the optimal

solution.

Figure 7.2 (a) plots the total auctioneer winner-determination and price-update time3

in iBundle(2), the GVA, and a sealed-bid auction with truthful agents in the Decay problem

set.4 The results are averaged over 10 trials.

The performance improvement of iBundle over GVA is striking, achieving at least one

order of magnitude improvement with 99% e�ciency and three orders of magnitude with

85% e�ciency. For up to 95% e�ciency the bounded-rational compatibility and myopic

truth-revelation in iBundle is \free", with the auction's run-time approximately the same

as for a sealed-bid auction with truthful agents.

Figure 7.2 (b) compares iBundle with the GVA in all 3 problem sets. iBundle has less

WD time at 95% allocative e�ciency than the GVA in all problems. In some problems the

price-update is quite expensive, for example in Weighted-random because the bids are for

large bundles and it is necessary for the auctioneer to check price consistency against the

3Time is measured as user time on a 450 MHz Pentium Pro with 1024 MRAM), with iBundle coded in
C++.

4The GVA is intractable in some instances, in which case its run-time is estimated as the average number
of agents in the optimal allocation times the time for the single WD problem in the truthful auction.
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price of all included bundles. There is also a communication cost penalty in using iBundle

compared with the GVA in these problems,5 because of repeated bids across a number of

rounds. This would change in problems with agents that have values for many bundles

because all values must be reported in the GVA, or in easier problems because iBundle

can terminate after only a few rounds of bidding.

Finally, the performance of iBundle with the greedy WD algorithm is noteworthy:

iBundle with approx-WD achieves allocative e�ciency of 85.1% in Decay with at least a

1000-fold reduction in WD time. I propose to test other approximate algorithms, to �nd an

algorithm that boosts allocative e�ciency further and continues to save on computation.

7.5 Proposed Work

I propose to: (a) characterize easy special cases of iBundle, with polynomial time winner-

determination; (b) derive price-update rules for problem-speci�c bid languages; (c) test

methods to speed-up iBundle, e.g. caching, �-scaling, and approximate winner-determination

algorithms.

5I assume that bids and price information in iBundle must only specify a bundle, because bids are
usually at the current ask price, and ask prices only increase by the minimal bid increment. I also assume
a broadcast network infrastructure for price updates. A bundle is speci�ed with jGj bits. In the GVA a
bid speci�es both a bundle and a value. I assume that values require 10 bits, enough to specify a value to
3 signi�cant �gures (log

2
(1000) ' 10.)
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Chapter 8

Relating Primal-Dual Analysis to Vickrey

Payments

In this chapter I will provide a brief motivation for the methods presented in Chapter

9, which attempt to use primal-dual theory to adjust prices in iBundle after the auction

terminates towards Vickrey payments.

I have recently proved a positive result, that shows that Vickrey payments can be com-

puted from minimal competitive equilibrium prices, and therefore potentially via primal-

dual theory in the context of an auction.

This is important, because if one can compute Vickrey payments at the end of an

iterative auction the auction inherits the incentive-compatibility of the generalized Vickrey

auction (see Chapter 5), and is a non-manipulable iterative auction.

8.1 Minimal Competitive Equilibrium Prices

It is useful to restate the de�nition of competitive equilibrium, introduced in Chapter 6

with respect to complementary-slackness conditions.

Consider an auction A that terminates in equilibrium, let p�i (S) denote the price for

bundle S to agent i, and let S�i denote the bundle allocated to agent i. In de�ning a

competitive equilibrium I allow price discrimination, with di�erent prices for agents, e.g.

p�i (S) 6= p�j(S) for some i 6= j and some bundle S. This is the most general case. In

competitive equilibrium the prices and allocation must satisfy the following cs conditions:

(CS-1) Given prices p�i (S), allocation S
�
i maximizes agent i's utility, ui(S

�
i ; p

�
i (S

�
i )) =

vi(S
�
i )� p�i (S

�
i ) = maxSfvi(S)� p�i (S)g.
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(CS-2) Given prices p�i (S), allocation S
� = (S�1 ; : : : ; S

�
jIj) maximizes the auctioneer's

revenue over all feasible allocations.

A feasible allocation sells each item to at most one agent, and allocates at most one bundle

to each agent.

The following result follows immediately from strong duality and the complementary

slackness theorem of linear programming:

Theorem 8.1 In an auction that terminates in competitive equilibrium, minimal prices

that satisfy complementary slackness with the �nal allocation are minimal competitive equi-

librium prices.

In competitive equilibrium (CE for short) the value of the primal of the associated

linear program equals the value of the dual. Recall that the value of the dual is the sum

maximal utility over all agents at the prices plus the maximal revenue to the auctioneer.

X
i

vi(S
�
i ) =

X
i

max
S
f0; vi(S)� p�i (S)g +max

S
Rev(S; p�)

where Rev(S; p�) denotes the revenue for allocation S at prices p�. This equality of the

value of the primal and the dual follows from complementary-slackness conditions (CS-1)

and (CS-2).

The minimal competitive-equilibrium prices p are prices that minimize the auctioneer's

total revenue in competitive-equilibrium. The minimal competitive equilibrium prices can

be computed as a linear-program: they are competitive equilibrium while complementary-

slackness conditions are maintained with the optimal allocation:

min
p

Rev(S�; p)

s:t: (CS-1)(p; S�)

(CS-2)(p; S�)

Let p
i
(S�i ) denote a minimal competitive equilibrium price for agent i that receives

bundle S�i in the optimal allocation. Bikchandani & Ostroy [BO98] prove the following

result:
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Theorem 8.2 Minimal competitive equilibrium prices p
i
(S�i ) � pgva;i, for all agents i

that receive bundle S�i 6= ; in the optimal allocation, where pgva;i is the agent's Vickrey

payment.

The Vickrey payment pgva;i (equation 5.1) is computed as the total reported negative

e�ect that the presence of agent i has on the other agents, given that agents report truthful

values. I described this in some detail in Section 5.

So, the minimal competitive equilibrium prices are an upper-bound on the Vickrey

payments. At the end of this chapter I summarize some special cases in which the min-

imal prices are equal to the Vickrey payments. Intuitively, Vickrey payments are priced

in a competitive equilibrium when agents are more like substitutes for each other than

complements [BO98].

In fact, minimal competitive-equilibrium prices compute the Vickrey payment if and

only if the minimal CE prices are unique in terms of p(i; S�i ), i.e. the prices for bundles

that agents receive.

Minimal competitive-equilibrium prices are often not unique: the total revenue to the

auctioneer can be minimized with more than one set of prices, with each set providing a

di�erent distribution of surplus over the agents.

In Parkes & Ungar [PU00c] I prove the following important theorem:

Theorem 8.3 The Vickrey payment to agent i can be computed as the smallest price

to agent i over all minimal competitive equilibrium prices.

Proof. (Constructive). Essentially, the proof is to show that it is possible to construct

a set of prices that are minimal CE prices and price the Vickrey payment to any agent j

in the optimal allocation. To compute the Vickrey payment for agent j, construct prices

pi(S) = vi(S) for all agents i 6= j, and pj(S) = maxf0; vj(S) ��jg, with �j = vj(S
�
j ) �

pgva;j.

The implication of this result is that it is always possible to compute gva prices as the

smallest price to each agent over \enough" minimal ce prices.

In the next chapter I introduce \proxy and adjust", which aims to compute the price-

discount to each agent after iBundle terminates to adjust the payment from each agent so
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that it equals the payment it would make in the Vickrey auction.

Previous attempts to design incentive-compatible (i.e. non-manipulable) iterative auc-

tions relied and carefully adjusting prices during the auction, to give Vickrey payments

on termination. I believe that this idea| using primal-dual theory to compute minimal

CE prices and possibly GVA payments after an auction terminates |is both novel and

powerful, especially in combination with the other methods discussed in this thesis. I am

able to derive su�cient conditions to be able to compute minimal CE prices, and necessary

and su�cient conditions on prices and bids to be able to compute Vickrey prices.

8.2 Example

In this section I present a couple of examples to illustrate how it is possible to compute

Vickrey payments from minimal CE prices.

Figure 5 continues scenarios (b) and (d) from Figure 3. Now, let us assume that the

values shown represent agent's values for bundles. E.g. in (b) agent 1 has v1(ABC) =

50; v1(CD) = 50.

(d)

ABC
$50

D
$40

AB
$30

CD
$50

(b)

AB
$30

ABC
$50

CD
$50

D
$40

1

1

2

3

2

3

$50 $0

$50 $30

$50

$30 $20

$30

$30

$30 $30

$30

Vickrey: $30, $0

(2) Min CE: $50, $0

(1) Min CE: $30, $20

Min CE: $30, $30

Vickrey: $30, $30

Figure 5: Price Adjust Scenario.

The agents are numbered (next to the `boxes'), and the `lines' indicate compatible

bundles in an allocation, for example it is possible to allocate CD and AB in (b) but not

in (d), because they are both bids from agent 3 in (d). The optimal allocation is ABC to

agent 1 and D to agent 2 in both scenarios, written [(ABC; 1); (D; 2)].

In (b) the Vickrey payments are pgva;1 = 70 � 40 = 30 and pgva;2 = 80 � 50 = 30. In
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(d) the Vickrey payments are pgva;1 = 70 � 40 = 30 and pgva;2 = 50 � 50 = 0.

The \arrow" shows the e�ect of computing minimal competitive-equilibrium prices in

each problem.

In (b) the value of the auctioneer's minimal revenue in competitive equilibrium is $60,

which is equal to the total revenue at the Vickrey payments. The minimal CE prices

are unique, and compute the Vickrey payments. The minimal CE prices are p
1
(ABC) =

$30; p
1
(CD) = 30, p

2
(D) = 30, and p

3
(AB) = 30. At these prices (CS-1) holds (notice

that the price for bundles ABC and CD for agent 1 is reduced by the same amount, and

the price for bundle AB to agent 3 is left unchanged). Furthermore, (CS-2) holds because

the auctioneer can receive no more that $60 from any feasible allocation at the �nal prices.

It is easy to see that these are minimal CE prices, any further reduction to prices and

another allocation has more revenue.

In (d) there are two interesting minimal CE prices. In both cases the prices to agent

3 are left unchanged, p
3
(CD) = 50; p

3
(AB) = 30. This is necessary to maintain (CS-1),

because this agent receives no bundle in the optimal allocation. In competitive equilibrium

the revenue from the optimal allocation, ABC to agent 1 and D to agent 2, must be at

least $50 to maintain (CS-2) because this is the revenue that the auctioneer can achieve

with allocation CD to agent 3. In addition, the price to agent 1 must remain greater than

$30, the price p
3
(AB) else allocation D to agent 2 and AB to agent 3 will achieve more

revenue than the optimal allocation. In case (1) the minimal CE prices are p
1
(ABC) =

30; p
2
(D) = 20, in case (2) the prices are p

1
(ABC) = 50; p

2
(D) = 0.

Although no single set of CE prices compute the Vickrey payment to every agent (this

is impossible because total CE revenue must be at least $50, but total GVA payment is

$30), the smallest CE price over all minimal CE prices equals the GVA payment for each

agent; i.e. pgva;1 = minf30; 50g = 30 and pgva;2 = minf20; 0g = 0.

8.3 Prior Results

The minimal competitive equilibrium prices are known to equal the Vickrey payments in

some special cases of the combinatorial resource allocation problem. Moreover, auctions

have been designed to terminate with the Vickrey outcome in these problems.

Crawford & Knoer [CK81] present an auction for agents with linear-additive preferences
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[CK81], that is essentially a simultaneous ascending-price auction on individual items, and

prove that the auction terminates in competitive equilibrium with Vickrey payments.

Leonard [Leo83] demonstrated that minimal CE prices in the assignment problem are

equal to Vickrey payments. In the assignment problem each agent wants at most a single

item, i.e. vi(S) = maxj2S vi(j) for items j in bundle S, and value vi(j) for item j. Leonard

proposed a \pseudo-market" procedure to compute the Vickrey payments e�ciently in a

sealed-bid auction for agents with linear-additive or unit-demand preferences.

Demange et al. [DGS86] proposed an iterative auction to compute Vickrey payments

and the optimal allocation in the assignment problem, with best-response agent bids. The

auction allows agents to place exclusive-or bids on items. In each round of the auction the

auctioneer determines a provisional allocation that maximizes revenue and increases prices

on a minimal over-demanded subset of items.1

More recently, Ausubel [Aus97] has proposed an ascending-price auction for the mul-

tiple identical items assignment problem, that provably generates e�cient allocations and

Vickrey payments with subadditive agent valuation functions, i.e. decreasing-returns. In

general minimal CE prices do not equal Vickrey payments. For example, Gul & Stacchetti

[GS97a] show that gross-substitutes (in which an agent that demands good j at price p(j)

will continue to demand good j if the prices for other goods increase) is not su�cient for

the min CE prices to equal the Vickrey payments.

1Recently, Sankaran [San94] has addressed the computational aspects of DGS-exact and suggested an
e�cient method to compute the provisional allocation and the price increases, using the Ford-Fulkerson
max-
ow algorithm.
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Chapter 9

Proxy-Agents and Price-Adjustment

This chapter introduces a new technique to make iterative auctions, and iBundle in par-

ticular, more robust to strategic manipulation by agents. I summarize work presented in

the attached paper Preventing strategic manipulation in iterative auctions: Proxy agents

and Price-adjustment [PU00c].

Continued research into this \proxy and price-adjust" method forms a large part of the

work that I propose as the remainder of my dissertation.

At present iBundle leaves open the possibility of agent manipulation, for example

placing jump bids, signaling false intentions, or waiting to bid, all of which can reduce

economic e�ciency.

The proposed method is called \proxy-agents and price-adjustment". The idea is to

leave the auction largely unchanged and adjust prices after the auction terminates based

on information received from agents' bids towards prices in the generalized Vickrey auction

(GVA). The prices in the GVA provide strong truth-revelation properties; truth-revelation

is a dominant strategy, optimal for a self-interested agent for all strategies of other agents.

If successful, iBundle can retain its computational advantages and inherit the strategy-

proofness of the GVA.

One might think that if an iterative auction terminates with an optimal allocation

and GVA prices with agents that place truthful best-response bids to prices throughout

the auction (myopic-implementation), then truthful best-response would be a dominant

strategy for self-interested agents. In fact, manipulation remains possible with a non best-

response strategy [GS97a]. However, truth revelation to proxy bidding agents at the auc-

tioneer is optimal, with proxy agents that place best-response bids to current prices based

on (possibly untruthful) value information provided by agents. Myopic-implementation
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of the Vickrey outcome with proxy bidding agents gives an auction that is iterative, op-

timal, and strategy-proof. Agents can still provide incremental information about values

and perform incremental computation. A bounded-rational compatible auction with proxy

bidding agents remains bounded-rational compatible, e.g. with the proxy agents in eBay

(see discussion in Section 2).

Consider agents that follow amyopic best-response bidding strategy, i.e. bid to maximize

utility in the current round, taking prices as �xed. It is useful to de�ne the myopic-

implementation of the Vickrey outcome (i.e. optimal allocation & Vickrey prices) in an

iterative auction:

Definition 9.1 Auction A myopically implements the Vickrey outcome if the auction

terminates with the Vickrey outcome for agents that follow myopic best-response bidding

strategies.

Let BR(vi ; p) denote the best-response bid for agent i with valuation function vi, such

that agent i has value vi(S) for bundle S, and p is the current prices in the auction. Call

this a truthful best-response bidding strategy. Also, let BR(v̂i ; p) denote an untruthful best-

response bidding strategy for agent i, for some valuation function v̂i 6= vi. The following

result is immediate from the incentive properties of the gva:

Theorem 9.1 Truth-revelation is a dominant best-response bidding strategy in an iter-

ative auction A that myopically-implements the Vickrey outcome if all agents must follow

a (possibly-untruthful) best-response bidding strategy.

Truth-revelation, i.e. following a best-response strategy for v̂i = vi, is optimal if all

agents are constrained to some best-response bidding strategy. I suggest providing proxy

agents at the auctioneer to constrain bidding strategies. Agents must bid through the

proxy agents, which follow a best-response bidding strategy based on reported information

about an agent's valuation function. Agent i provides (possibly untruthful) and incomplete

information v̂app;i about its value v̂i to its proxy-agent, just enough to allow the proxy-

agent to place an optimal bid (given the reported value) at all stages of the auction. For

example, if the current ask price for an item is p, the proxy agent will only bid if it has

an approximate value for the item that bounds the true value above the price. This can

be de�ned probabilistically for approximations that are not hard bounds. Proxy agents
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provide the following important result:

Theorem 9.2 Introducing myopic best-response proxy bidding agents to an auction that

myopically-implements the Vickrey outcome creates an auction where truth-revelation is a

dominant strategy.

Proxy agents retain the computational advantages of iterative auctions because agents

can provide incremental information about value; an iterative auction with proxy bidding

agents remains bounded-rational compatible.

The architecture is illustrated in Figure 9.1. Agent i provides incomplete information,

v̂app;i about reported value, v̂i, to its proxy agent. The reported value can be di�erent

from an agent's true value. Agent i can update the information v̂app;i during the auction,

but all new information must be consistent with previous information. The proxy agents

must always have enough information to place best-response bids to the current prices in

the auction.

Most iterative auctions are indirect mechanisms, where agents do not explicitly reveal

their values, but respond to prices, e.g. English auction, �rst-price ascending. Most

direct-revelation mechanisms, when agents report their values for items, are single-shot,

e.g. Vickrey auction. There is a middle-ground: an iterative direct-revelation mechanism,

where There is always at least one valuation function v̂i at the end of the auction that

would implement the bidding strategy for the entire auction.
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9.1 Computing GVA prices from CE prices

As discussed in the previous chapter, it is possible to compute Vickrey prices from minimal

CE prices. In some problem instances the minimal CE prices are equal to Vickrey prices,

while in other problems the Vickrey prices can be computed as the smallest prices over all

minimal CE prices.

My insight is that a primal-dual formulation of the problem of computing minimal CE

prices allows minimal CE prices to be computed in an auction, on the basis of agents' bids

during the auction. Bids from myopic best-response agents can provide enough information

to formulate the complementary slackness conditions between primal and dual problems

[PU00c].

This allows the computation of minimal ce prices after an auction terminates, based

on bids placed by agents. Reduce prices while agents continue to maximize utility with the

�nal allocation, and the �nal allocation continues to maximize the auctioneer's revenue.

In Parkes & Ungar [PU00c] I propose procedure Adjust* to adjust prices within this

framework, and prove necessary and su�cient conditions for computing gva prices in

an auction. Let I� denote the set of agents in the optimal allocation, V � denote the

auctioneer's revenue with allocation S�, and V �i(P̂ ) denote the auctioneer's maximal

revenue without allocating a bundle to agent i, computed at the �nal prices P̂ . Procedure

Adjust* computes the price-discount to each agent i in the optimal allocation.

Adjust*:

for each i 2 I�

�i = minfV � � V �i(P̂ ); pi(S
�
i )g;

I have been able to characterize conditions on agents bids and �nal prices in iBundle

in which Adjust* computes the Vickrey outcome. Put simply (all conditions must hold):

(A.1) The price for a bundle that an agent not in the �nal allocation receives in a second-

best allocation must be no greater than that agent's value for the bundle.

(A.2) Agents must bid for all bundles that they receive in second-best allocations.

(B) The price for the bundle that an agent receives in the optimal allocation must be

equal to that agent's value for the bundle if the agent is not in every second-best

allocation.
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Theorem 9.3 Conditions A.1, A.2 and B are necessary and su�cient conditions on

agents' bids and prices for Adjust* to compute gva prices.

Proof. See Parkes & Ungar [PU00c].

I also propose a test that allows an auctioneer to determine whether Adjust* computes

gva prices.The Vickrey-Test is su�cient but not necessary for gva prices.

Definition 9.1 [Vickrey-test] Procedure Adjust* computes gva prices if agents' bids

and prices satisfy: (1) all second-best allocations can be computed from agents' bids; (2)

every agent in the optimal allocation is in every second-best allocation if there is more

than one agent in the optimal allocation.

9.1.1 Example: Adjusting Prices Towards Vickrey Prices

Consider a problem with three agents, I = f1; 2; 3g and two items, G = fA;Bg. The

agents have the following values for bundles: v1 = f30; 0; 30g, v2 = f0; 40; 40g and v3 =

f0; 20; 40g, for bundles A, B, and AB. The optimal allocation is S� = (A;B; ;), i.e. with

items are allocated to agents 1 and 2. The Vickrey prices are pgva;1 = 40 � 40 = 0 and

pgva;2 = 50� 30 = 20.

Now, consider using Adjust* to reduce prices in each scenario. In both cases initial

prices are competitive equilibrium prices, and best-response bids satisfy Assumptions A.1

and A.2 with the prices. Adjust* computes gva prices in Scenario 2, but not scenario 1.

(Scenario 1) Prices are p1 = f25; 0; 25g, p2 = f0; 25; 25g and p3 = f0; 20; 40g. Adjust*

computes prices p
1
(A) = 25 � (50 � 40) = 15 and p

2
(B) = 25 � (50 � 45) = 20. Agent 2

pays its gva price because agent 1 is in the second-best allocation without bids from agent

2, but agent 1 pays above its gva price.

(Scenario 2) Now, assume prices to agent 2 are p2 = f0; 40; 40g. The prices and agents'

best-response bids now satisfy Assumption B, because agent 2 bids its value p2(B) = v2(B)

for item 2. In this case Adjust* computes: p
1
(A) = 0 and p

2
(B) = 20, equal to gva prices.
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9.2 Application to iBundle

In application to iBundle(3), the variation that maintains price-discrimination throughout

the auction, conditions A.1 and A.2 always hold, and I have a partial characterization

of problems in which condition B holds: in the assignment problem with unit-demands;

with multiple identical items and subadditive valuation functions (i.e. decreasing returns);

and in problems with linear-additive valuation functions in items. In all of these problems

agents in the optimal allocation will remain in all second-best allocations.

9.2.1 Experimental Results

Initial experimental results demonstrate that minimal CE prices are often close to GVA

prices, and also show that an approximate algorithm Adj-Pivot* for Adjust* works well in

practice (see Parkes & Ungar [PU00c]). The algorithm Adj-Pivot* formulates Adjust* as

a linear-program, and uses provisional allocations computed by the auctioneer during the

auction to approximate V �i(P̂ ), the maximal revenue to the auctioneer without allocating

a bundle to agent i.

Figure 9.2 (a) plots the distance to the gva prices in iBundle, before and after price-

adjustment using Adjust* and Adj-Pivot*, averaged over 25 trials each of problems PS

1{12 from Parkes [Par99b]. Adj-Pivot* is an approximate algorithm for Adjust* with

negligible computation.

I tested iBundle with di�erent bid increments to vary the number of rounds to termina-

tion, and averaged performance across problem sets by normalizing the number of rounds

to termination according to the minimal number of rounds in which iBundle achieves 100%

allocative e�ciency. For comparison, I also plot the distance between the minimal ce prices

and the GVA prices. Distance between prices is measured with respect to a L1 norm, and

computed as a fraction of the total value of the optimal allocation.

The average distance between minimal ce prices and gva prices across these problems

is 5.3%. For small bid increments iBundle computes prices to within 6.5% of the gva

prices, with Adjust to within 5.5% (not plotted), and with Adjust* and Adj-Pivot* to

within 5.2%. Notice that the prices continue to adjust towards the min ce prices for bid

increments smaller than those required for 100% allocative e�ciency, corresponding to

normalized rounds to termination > 1.
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Figure 9.2: Average performance of iBundle with price-adjustment Adjust* and
Pri-Adjust* in problems PS 1{12.

Figure 9.2 (b) plots the fraction of all problems in which the prices are within 2%

of the GVA prices. ce prices are equal to gva prices in approximately 57% of problem

instances. iBundle computes gva prices in around 38% of problem instances, compared to

approaching 57% with Adjust* and Adj-Pivot*. Clearly, the results verify that Adjust*

computes minimal ce prices when Assumption A holds, as it will in iBundle.

It is noteworthy that the approximate method Adj-Pivot* is as e�ective as Adjust*

for small bid increments.

9.3 Proposed Work

Paradoxically, it might be useful to keep the auction open longer so that agents bid more

for the optimal allocation, because this decreases the �nal price that agents pay after

price-adjustment. One approach is to have the auctioneer dynamically detect an optimal

allocation, and then take a position and keep the auction open for a few additional rounds.

This presents an exciting prospect for future work, because the truth-revelation of the

GVA with the incremental computation of iBundle will provide a powerful mechanism

for resource allocation in many B2B e-commerce applications. I propose to continue to

research this \proxy and price-adjust" method, and try to develop an iterative generalized

Vickrey auction.

I also propose to: (a) characterize problems in which iBundle with Adjust* computes
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Vickrey prices, and is therefore robust to strategic manipulation; and (b) derive upper-

bounds on possible gains from strategic behavior as approximations are introduced into

iBundle with price-adjustment.
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Chapter 10

Train Scheduling

This chapter reviews an application of iterative combinatorial auctions to a train scheduling

system, with self-interested trains that compete for the right to run on a shared track

network. Each train has a schedule that speci�es optimal departure and arrival times at

stations along its route, a cost function that speci�es the cost of arriving and departing

late (or early), and physical constraints such as maximum speed. The network is controlled

by a number of dispatchers. It is unrealistic to assume that a single dispatcher schedules a

complete track network, because there is often local and dynamically changing knowledge

of track and weather conditions, that can a�ect the types of schedules that are safe.

I propose an auction-based system to compute a global schedule over all trains, that

maximizes the total value (or minimizes the total cost), and ensures train safety such that

there are no collisions and trains remain a minimum safe distance apart. The track network

consists of three key elements: stations, that de�ne possible initial and �nal locations for

trains; single-track sections, on which trains are not allowed to pass or overtake; and

yards which have a �xed capacity and allow trains to pass and overtake. In some parts

of the network there are parallel tracks, formed from two single-track sections. To control

problem-solving complexity I limit trains to pass but not overtake on double track sections.

The present system only models linear track topologies without forks.

I have structured the auction as follows. Each dispatcher implements an auction with

iBundle-style price-updates for its local track region. A bid (ta; td; Sa; Sd; p) to a dispatcher

speci�es an arrival time ta at station Sa, departure time td from station Sd and a bid price

p, which is the amount the train will pay for the schedule. Trains can place a set of

XOR bids with each dispatcher, indicating that they want at most one schedule. Trains

also inform the dispatchers at the start of an auction about their physical constraints, for
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example their maximum speed. The dispatchers operate simultaneous auctions, and trains

bid in parallel across multiple dispatchers, to minimize the sum cost of late arrivals and

departures and the cost of purchasing a schedule.1 Our auction extends a previous auction

for train scheduling, BICAP [BP96], in a number of important ways.

In each round a dispatcher computes a revenue-maximizing schedule that is safe, such

that all trains can make their arrival and departure times without collisions. A bid for a pair

of times (ta; td) implicitly speci�es a set of feasible (time, location) sequences (or bundles),

based on the physical constraints of a train (e.g. its speed). I formulate the winner-

determination problem as a mixed-integer program, and use a commercial optimization

package, OSL, to solve in each round. The solution computes a time-location schedule for

each train that speci�es when the train must pass between key parts of the network to

ensure its safety and the safety of other trains.

Each dispatcher uses iBundle-style price-update rules. The ask price for a bundle

(ta; Sa; td; Sd) is increased to � above a train's bid price whenever the train receives no

allocation in response to bids in a particular round. Price-consistency implies that the

price of all bundles is at least as large as the price of all less constrained bundles, where

bundle (ta; Sa; td; Sd) is less constrained than bundle (t0a; Sa; t
0
d; Sd) if ta � t0a and td � t0d.

Trains must re-bid any bundles that they are allocated in the next round. Dispatchers have

continuous auction-closing, so that bundles are sold to dispatchers if they remain allocated

continuously for a �xed number of rounds. This is important in an on-line scheduling

system where new trains continuously arrive into the system.

10.1 Proposed Work

I have performed initial experiments with trains that follow a simple myopic best-response

bidding strategy. In future work I propose to understand the computational scaling proper-

ties of the auction-based system compared to traditional centralized optimization methods

[KHC91, KH95, Hal93]. There also remains some work to de�ne an agent's optimal bidding

strategy within the auction.

1There is a potential \exposure problem" [BCL00] for trains because it is possible to purchase incom-
patible bundles across multiple dispatchers. The problem occurs because there is not a single auction for
all items. One possible solution is to introduce a secondary-market in which trains can sell back unwanted
track rights.
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Chapter 11

Conclusions

Auctions o�er great promise as mechanisms for optimal resource allocation in complex

distributed systems with autonomous and self-interested agents. However, limited and

costly computation necessitates a rethinking of traditional auction theory, because direct

extensions of auctions that work well in small problems can fail in complex distributed

systems. My thesis is that it is necessary to take an explicitly computational approach to

auction design. The value of auctions in e-commerce will depend on the ability to maintain

the desirable properties of auctions, for example economic e�ciency, robustness, and sim-

plicity, as methods are introduced to allow tractable computation. If computational issues

are successfully addressed than auctions can generate many new economic e�ciencies, in

particular in business-to-business (B2B) e-commerce.

One important consideration is that agents can have di�cult valuation problems, for ex-

ample in auctions for job scheduling in a dynamic work
ow environment, where an agent's

costs to perform additional jobs depends on its local commitments and its availability of

local resources. A new auction property, bounded-rational compatibility, identi�es auc-

tions in which agents can bid optimally with approximate values for items. For example,

iterative auctions are bounded-rational compatible, and allow agents to provide incremen-

tal information to an auctioneer and perform incremental computation. It is possible to

compute optimal allocations with approximate agent valuations in well-designed auctions.

Another important consideration is that agents often need bundles of items, and have

values for bundles that are not equal to the sum of the values of the items in the bundle. I

have proposed iBundle, a new iterative combinatorial auction. iBundle allows agents to bid

for bundles of items and change their bids in response to price increases and bids from other
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agents. iBundle computes an optimal allocation with myopic agents that follow a best-

response bidding strategy in response to current prices. iBundle also allows the auctioneer

to tradeo� computation and economic e�ciency, with approximate winner-determination

algorithms and larger minimal bid increments, while continuing to provide incentives for

self-interested myopic agents to bid truthfully in each round.

At present iBundle leaves open the possibility of agent manipulation, for example

placing jump bids, signaling false intentions, or waiting to bid, all of which can reduce

economic e�ciency. I propose to develop a new method, \proxy and adjust" to adjust the

prices in iterative auctions retrospectively after the auction terminates towards prices in

the generalized Vickrey auction (GVA). The GVA is a sealed-bid combinatorial auction in

which it is optimal for an agent to bid its true value for bundles of items. I hope that it will

be possible to unite the strategy-proofness of the GVA with the incremental computation

of iBundle, to provide a powerful mechanism for resource allocation in complex distributed

problems.

A running theme throughout my work is a link between optimization and auction

design. I use optimization theory to prove the economic e�ciency of iBundle with best-

response agent bids, and also to adjust the prices after the auction terminates towards

Vickrey prices based on agents' bids. I believe that this conceptual framework holds great

promise for the design of useful auction-based solutions.
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