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1. INTRODUCTION

In these notes we follow the two papers [6, 7] where Marcus, Spielman and Sri-
vastava developed a method that they coined the method of interlacing families. In
[6] they proved the existence of infinite families of bipartite Ramanujan graphs for
all degrees, and in [7] they provided a positive answer to the notorious Kadison—
Singer problem. We take the opportunity to have a slightly more general and
unified approach. We consistently use hyperbolic polynomials instead of determi-
nants and barrier function arguments. One benefit of this is that the exposition is
self-contained. We don’t for example use the Helton—Vinnikov theorem on deter-
minantal representations, instead we use simple concavity properties of hyperbolic
polynomials.

2. GRAPH SPECTRA

In these notes a graph will be (unless explicitly stated) a pair G = (V, E) of
finite sets where E C {{u,v} : u,v € V,u # v}. Recall that the adjacency matriz,
A(G) = (a;j(G)), of a graph G = (V, E) is the E x E matrix defined by

1 if{i,j} eE,
a”(G){o if {i,5} ¢ E.
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The characteristic polynomial of G is the characteristic polynomial of A(G), i.e.,

xa (@) = xa(e) (x) = det(z] — A(G)),

where I denotes the identity matrix. The spectrum of G, Spec(G), is defined to be
the multiset of eigenvalues of A(G).

Recall that a graph is d—regular if each vertex has degree d. Suppose G is d—
regular. If 1y is the vector of all ones, then A(G)1y = d1ly, and hence d € Spec(G).
Let E;; be the matrix with all entries zero but the the (4, j)- and (4, ¢)-entry which
are one. Recall that a symmetric matrix is positive definite if all its eigenvalues
are positive and positive semi-definite if all its eigenvalues are nonnegative. Clearly
E;; + E;; — E;; is positive semi-definite (it has eigenvalues 1 and 0). If ¢ > d, then

tI —AG)=(t—d)I+dl — AG) = (t —d)I + Z B+ E;; — Eij,
ijeE
is positive definite since it is the sum of a positive definite matrix and a positive

semi-definite matrix. Hence det(t/ — A(G)) > 0, so that t ¢ Spec(G). A similar
reasoning proves that if ¢ < —d, then ¢ ¢ Spec(G).

Example 2.1. The adjacency matrix of the complete graph Kgyi1 is equal to
J — I, where J is the all ones matrix. From this it is easy to see that Spec(K441) =
{d,-1,...,—1}.

Example 2.2. Recall that a graph is bipartite if the vertex set may be partitioned
as V = X UY so that each edge is of the form {z,y} where z € X and y € Y.
Hence the adjacency matrix of a bipartite graph has a block structure

A6 = (e )

where K is a matrix of size |X| x |Y| and K7 is the transpose of K. Note that
A(G)w = Iw, where w = (x7,y7)T and x € RXI and y € R if and only if
Ky = Xx and KTx = \y. Hence

A(G)w = w if and only if A(G)W = —Aw, where w = (—x',y”)T.

Hence Spec(G) is symmetric around the origin.

3. EXPANDER GRAPHS, RAMANUJAN GRAPHS AND TWO-LIFTS

The nontrivial eigenvalues of a d-regular graph are those in the interval (—d, d).
A d-regular graph is said to be Ramanujan (or d-Ramanujan) if it is connected and
all nontrivial eigenvalues lie in the closed interval [-2+v/d — 1, 2+v/d — 1]. Ramanujan
graphs are extremal in the following sense.

Theorem 3.1 (Alon—Boppana). Let d be a positive integer. There exists a constant
¢ such that for each d-regular graph G the largest nontrivial eigenvalue of G is larger
than

2Vd —1-(1 —c/A?),

where A is the diameter of G.

Note that the diameter grows to infinity with the size of the ground set.
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The spectral gap of a graph is the difference between its largest and second
largest eigenvalue. Ramanujan graphs are good expander graphs in the following
sense. The edge expansion ratio of a graph G = (V, E) is defined as

h(G) min{||a;| :0< 5] < |2V|}, where

0S ={{u,v} e E:ue Sv¢S}

Theorem 3.2 (Dodziuk, Alon-Milman, Alon). Let G = (V,E) be connected, d
reqular with spectral gap §. Then

5/2 < h(G) < V2db.

Bilu and Linial suggested a procedure of constructing infinite families of d-
Ramanujan graphs by iteratively applying so called 2-lifts. If G = (V,E) is a
graph and s : E — {—1,1} is an assignment of signs to the edges, we define a new
graph Gg = (Vg, Es) as follows. The set of vertices V; = VU V? is a disjoint union
of two copies V! = {v! : v € V}and V2 = {v? : v € V} of V. The edges of Gs come
in pairs, one pair for each edge e = {u,v} € E: If s(e) = 1, then the corresponding
edges in Eg are {uy,v1} and {us,v2}. If s(e) = —1, then the corresponding edges
in Eg are {uy,ve} and {ug, vy }.

Lemma 3.3. Let G = (V,E) be a graph and s : E — {—1,1}. Then
Xa.(7) = xa(z) det(z] — As(@)),

where As(G) is the signed adjacency matrix with entry (i,j) equal to zero if {i,j}
is not an edge and s(i,7) if {i,5} is an edge.

Proof. We may order the vertices so that the adjacency matrix of Gg has the form

A= (4 ).

where A, corresponds to the positive edges, and A_ corresponds to the negative
edges. Now write w = (x7,y")T, where x,y € RIVI. Then A(G,)w = Aw if and
only if

Aix+A_y=Xx, and
A x4+ Ay =Xy

Clearly this happens if and only if A(G)u = Au and A5(G)v = Av, where u = x+y
and v = x —y. Hence, for each eigenvalue of A(G) we get an eigenvalue of A(Gs)
by choosing v = 0. Also the dimension of the corresponding eigenspaces coincide.
Similarly, for each eigenvalue of As(G) we get an eigenvalue of A(Gg) by choosing
u = 0. Altogether the sum of the multiplicities of these eigenvalues add up to 2|V,
which proves that all eigenvalues are accounted for. (I

Note that if G is d-regular, then so is Gs. Moreover, the new eigenvalues of G are
the eigenvalues of the signed adjacency matrix As(G). Hence if G is a Ramanujan
graph and the eigenvalues of Ag(G) are bounded in modulus by 2v/d — 1, then Gg
is also Ramanujan. Bilu and Linial conjectured that this is always possible, and
hence that one can recursively build infinite families of Ramanjuan graphs:
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Conjecture 3.4 (Bilu & Linial). Suppose G is d-reqular and Ramanujan. Then
there exists ans : E — {—1,1} so that the eigenvalues of As(G) lie in [-2v/d — 1,2v/d — 1].

Marcus, Spielman and Srivastava were able to prove this for bipartite graphs,
[6].

4. THE MATCHING POLYNOMIAL

A matching in a graph G = (V, E) is a subset M C E such that no two edges in
M have a common vertex. The matching polynomial is the generating polynomial
for matchings:

po(x) = (=1)Fmy(G)alVI=2k,
k>0

where my,(G) denotes the number matchings of size k in G.

Lemma 4.1. If G = (V,E) is a graph and i € V, then

pe(r) = zpeni(z) — Z fenivg (%),
{1,j}€E

where G\ i is the graph obtained by deleting vertez i and all edges incident to i.

Proof. The number of matchings of size k that do not contain 4 is equal to my(G\ i),
and the number of matchings that contain i is equal to 3 r; i epmr—1(G\ i\ j).
Hence
mi(G) = my(G\ i) + Z my—1(G\ i\ j),
{ig}eE

from which the lemma follows. O

Theorem 4.2. Let G = (V,E) be a graph and {s(e)}eccr independent random
variables with values in {—1,1} such that Es(e) =0 for alle € E. Then

Edet(z] — As(G)) = pe(x).

Proof. Let G = (V,E), where V = {1,...,n} be a graph and let G’ be the graph
obtained by adding loops to each vertex in G. A cycle vy, ve, ..., v = vy is simple
ifv; #v; forall 1 <i<j<k—1. A disjoint cycle cover of G’ is a vertex-disjoint
collection C = {C4,...,C¢} of simple cycles (loops and two-cycles are allowed) in
G’ such that their union is V. Define the weight of a cycle C' = v1,vs,...,v; to be

©) x if C' is a loop,
w =
(=1)*s(vy,ve)s(ve,v3) - -s(vk_1,v,)  otherwise.

The weight of a disjoint cycle cover C = {C1,...,C¢} is w(C) = w(Cy) - --w(Cy). If
we extend s so that s(i,j) = 0 whenever {i,j} € E, then

det(al + A(G) = 3 sign(m)at®et o T si, (i)

TES, i not fixed

=Y w(©C),
C
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where the sum is over all disjoint cycle covers of G'. Note that if C is a cycle of
length greater than 2, then Ew(C') = 0 because {s(e)} are independent and each
s(e) has expectation 0. If C' is a cycle of length 2, then w(C) = —1. Hence

E Z w(C) = Z Ew(Ch) -+ - Ew(Cy) = Z w(C),
c C={C1,..Ce} I

where the latter sum is over all disjoint cycle covers into loops and two-cycles.
Clearly such cycle covers are in bijection with matchings. O

The maximum degree of a vertex in of a graph is denoted A(G).

Lemma 4.3. Let § > A(G) be an integer greater than 1. If the degree of a vertex
i is smaller than &, then

L(.’E) > 5 _ 1’
Mc\i(x)

whenever x > 24/ — 1.

Proof. Induction over |V|. If the degree of ¢ is 0, then the quotient is equal to z,
and the lemma follows. Otherwise, by Lemma 4.1 and induction

pa () r— Z ,UG\i\j(I)

gen teni(®)

>0/ —1—(6—1)/Vo—1=+6—1.

MG\i(x)

O
Theorem 4.4 (Heilmann & Lieb). Suppose A(G) > 1. If x is a real number with

|z| > 24/A(G) — 1, then ug(x) # 0.

Proof. Note that ug(x) is even or odd, so that we may assume z > 21/A(G) — 1.
By Lemma 4.3

polx) Hevw (@) — -
peni(@) {”z}:eE i () > 2¢/A(G) —1 - A(G)/v/A(G) =1 >0,

for all i € V, since the degree of j in G\ ¢ is smaller than A(G). The proof now
follows by induction over |V|. O

5. INTERLACING FAMILIES

Let f and g be two real-rooted polynomials of degree n — 1 and n, respectively.
We say that f is an interleaver of g if

Bi<ar <Br<ar < <1 < B,
where a3 < -+ < ay,—1 and 1 < --- < 3, are the zeros of f and g, respectively.

Example 5.1. If f is a real-rooted polynomial of degree at least two, then f’ is
an interleaver of f. Indeed, by Rolle’s theorem there is a zero of f’ between each
pair consecutive different zeros of f. A multiple zero of f is also a zero of f’ (of
multiplicity one less) from which the interlacing property follows.

Example 5.2. If A is a hermitian matrix and A’ is a maximal sub-matrix of A
obtained by deleting row and column ¢ for some %, then the characteristic polynomial
of A’ is an interleaver of the characteristic polynomial of A.
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By the next theorem we see that the zeros of the matching polynomials are real
and located in the interval [-2\/A(G) — 1,2\/A(G) — 1].

Theorem 5.1 (Heilmann-Lieb). Let G = (V, E) be a graph and i € V. Then
pa(x) is real-rooted and pe\;(x) is an interleaver of ug(x) for alli € V.

Proof. Induction on n = |V|]. Assume the theorem is true for n and that |V| = n+1.
Hence piq\;(2) is an interleaver of pey;(z) for all 4, j € V. Assume first that all
Zeros oy > Qg > -+ >y of ,uG\Z-(gc) are distinct and that for each 1 < k < n thereis
a j such that {i,j} € E such that e\ ;(ax) # 0. Then by the interlacing property
(=1)* T peaj(ow) > 0 for all {i,j} € F and 1 < k < n. Hence (—1)*uc(ou) > 0
by Lemma 4.1 for all 1 <k < n. It follows that pe\;(x) is an interleaver of ug(z).
If pe\i(z) has a zero a of multiplicity m > 1, then by the interlacing property
a is a zero of pug\;\;(z) of multiplicity at least m — 1 for all j. Hence we may
factor through (z — )™~! and reduce it to the case of simple zeros. The same
type of reduction applies if there is a k such that p\;\j(ax) = 0 for all j such that
{i,j} € E. O

Lemma 5.2. Let f and g be real-rooted polynomials. Then the polynomial

(k)
() oo = 5

k>0

is either identically zero or real-rooted.
Moreover [’ is an interleaver of f + af’ for all a € R.

Proof. Clearly it suffices to prove the second statement. Let g be the greatest
common divisor of f and f’. Then f’/g is an interleaver of f/g and they have no
common zeros. Hence f/g alternates in sign at consecutive zeros of f’/g. The same
is true for f/g+ af’/g. Hence f’/g is an interleaver of f/g + af'/g. O

Lemma 5.3. Suppose ¢ € R and f is a real-rooted polynomial of degree n. Then
all zeros of

d n
g =11 —
o) = (14 eq) flo)
are real and distinct.

Proof. Suppose « is a zero of multiplicity m > 2 of f + ¢f’. Then « is a zero of
f! (since f’ is an interleaver of f + ef’ by Lemma 5.2). But then « is a zero of
f=(f+¢ef")—¢€f. Since the multiplicity of a as a zero of f is one greater than
the multiplicity of « as a zero of f/, it follows that that the multiplicity of « as a
zero of f is precisely m + 1.

We have proved that if f has zero of multiplicity greater than one, then the
quantity “highest multiplicity of the zeros” goes down by one when applying 1 +
ed/dx. This proves the lemma. O

We will on several occasions use the fact that the zeros of a polynomial (or
analytic function) depends continuously on its coefficients:

Lemma 5.4 (Hurwitz’ theorem). Let {f,(2)}32, be a sequence of functions that
are analytic on a connected open set 2 C C. Suppose f, converges to f, uniformly
on each compact subset of Q. If ¢ is a zero of f(2) of multiplicity M, then for each
€ > 0 there exists a number N such that for each n > N, f, has exactly M zeros
in{z€Q:|z— (| <e} counted with multiplicities.
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Lemma 5.5. Let fy and fi1 be two real-rooted polynomials of the same degree and
with positive leading coefficient. The following are equivalent:

(S) For all p € [0,1], the polynomial
fo(@) :== (1= p)fo(x) + pfi(x)

is real-rooted.
(I) The polynomials fo(x) and fi(x) have a common interleaver.

Proof. By using Lemma 5.3 and Hurwitz’ theorem we may assume that fy and f;
have simple zeros [How?]. By factoring through any common zeros we may also
assume that fo and f; have no zeros in common.

(I) = (S): By slightly altering h we may assume that the common interleaver,
h, has no zeros in common with fyfi. Let a3 < --- < ay,—1 be the zeros of h. Then
(=1)" "k f,(ar) > 0 for all 1 < k < n — 1. It follows that f, has a zero in each
of the n open intervals cut out by {«; ?;11. Hence f, is real-rooted and h is an
interleaver of f,,.

(S) = (I): Let f1 < -+ < By be the zeros of fy. We claim that for each
1 <4 <n—1, there is a point «; € (8, Bi+1) such that fo(v;)f1(vi) > 0. The claim
implies that the polynomial H:.:ll (z — ;) is a common interleaver of fy and fi.
Suppose that the claim is false for some i, and that (without loss of generality) fo
is positive on (B;, Bi+1). As p increases from 0, the zero 3; will move to the right
and B;41 will move to the left until they coincide for some 0 < pg < 1. When we
increase p from py we will lose the two zero in [;, 8;+1], and since the zeros depend
continuously on the coefficients we have created a pair of non-real zeros contrary
to the assumptions. O

If f(x) is a real-rooted polynomial with zeros ay < as < -+ < ay, let I =
[ag,apy1] € Rand B(f) = I x Iy x -+ x I,_; C R*"!. Note that a family
fi,---, fr of real-rooted polynomials of the same degree have a common interleaver
if and only if B(f1) N---N B(fi) # 0.

We will only need the (almost trivial) d = 1 case of Helly’s theorem.

Theorem 5.6 (Helly’s theorem). Let C1,...,C) C RY be convex sets such that each
collection of d+1 of them have non-empty intersection. Then C1NCoN---NC), # 0.

Theorem 5.7. Let f1(z),..., fm(x) be real-rooted polynomials of the same degree
and positive leading coefficients. The following are equivalent.
(1) Foralll <i<j<m andp € [0,1], the polynomial
(1 =p)fi(x) +pf;(x)
is real-rooted.
(2) Foralll <i<j<m, fi(x) and f;(x) have a common interleaver.
(3) fi(x),..., fm(z) have a common interleaver.
(4) for all py,...,pm >0, >, p; =1, the polynomial
plfl(x) +o +pmfm(x)
15 real-rooted.
Proof. (1) = (2) follows from Lemma 5.5, while (2) = (3) follows from Helly’s

theorem. (3) = (4) is proved exactly as in the proof of Lemma 5.5 and (4) = (1)
is immediate. d
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Corollary 5.8. Suppose f(x) and g(x) are polynomials of degree n + 1 and n
respectively, both with positive leading coefficients. The following are equivalent:

(1) f(z) + ag(z) is real-rooted for all o € R.
(2) g(zx) is an interleaver of f(x).

Proof. (2) = (1) follows by a standard sign-analysis as above.

For (1) = (2) consider the family F = {fm(2)}N__5 where f,, () = f(z) +
mg(z) and N > 0 is an integer. By Theorem 5.7 the polynomials in Fy have a
common interleaver. When m — oo one zero of f,,(x) will tend to —oo and the
rest of the zeros will approach the zeros of g(x), by Hurwitz’ theorem. Similarly
as m — —oo one zero will tend to oo and the rest of the zeros will approach
the zeros of g(z). Let hn(x) be a common interleaver of Fy. It follows that
limy_ oo hn(x) = g(x). Since, by construction, hy(z) is an interleaver of f(z), we
have by Hurwitz’ theorem that g(z) is an interleaver of f(x). O

Lemma 5.9. Let f1,..., fm be real-rooted polynomials that have the same degree
and positive leading coefficients. If f1,..., fm have a common interleaver, then for
some 1 <1 < m the largest zero of f; is smaller or equal to the largest zero of the
polynomial

fo=h+fot A4 fm

Proof. If « is the largest zero of the common interleaver, then f;(a) < 0 for all ¢,
so that the largest zero, 3, of fj is located in the interval [o, o), as are the largest
zeros of f; for each 1 < i < m. Since fy(8) = 0, there is an index i such that
fi(8) < 0. Hence the largest zero of f; is smaller or equal to £. O

Definition 5.1. Let Sq,...,S,, be finite nonempty sets and {fs(z)}ses, .- xs,, &
set of polynomials of the same degree and with positive leading coefficients. For
s1 € S1,...,8, € Sk, where 1 < k < m, define

fsiszes, (@) 1= Z fsrosuspriosm ()
Sk+1--~8m€Sk+1X---><Sm
Also let
fox) = > fsl@).
SEST XX S,

The family {fs(z)}ses,x---xs,, is an interlacing family if for each 0 < k <m —1
and sy € S1,...,5x € Sk the polynomial {fs, ..., 1 }spiie5,,, have a common
interleaver.

Theorem 5.10. Suppose {fs(z)}ses,x..xs,, i an interlacing family. Then there
exists an's € Sy X -+ X Sy, such that the largest zero of fs(x) is no larger than the
largest zero of fy(x).

Proof. Induction over m. The case m = 1 is Lemma 5.9, so suppose m > 1. Clearly
the family {fs (2)}s/cs,x.--xs,,_, 18 an interlacing family. By induction there is a
sequence s’ =81+ 81 € 51 X -+ X Spy—1 so that the largest zero of fg (z) is no
larger then the largest zero of fy(x). By definition the polynomials { fs's,, (2)}s,,es,,
have a common interleaver so the theorem follows from Lemma 5.9 since

fo@) = Y fosn (@),

$mESm
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To prove Conjecture 3.4 for bipartite graphs it remains to prove that

{det(z] — As(G))}se{—l,l}E
is an interlacing family. To do this we will use the following theorem.

Theorem 5.11. Let Sy,...,S,, be finite nonempty sets and {fs(x)}sesyx--xs,, @
set of polynomials of the same degree and with positive leading coefficients.

If for all choices of independent random wvariables o1 € Si,...,0m € Sy, the
expected polynomial

Efs(x)
is real-rooted, then {fs()}secs,x..-xs,, i an interlacing family.
Moreover for each such tuple of random variables there is an s € S1 X --+ X Sy,

with Plo = 8] > 0 such that the largest zero of fs(x) is no larger than the largest
zero of Ef,.

Proof. Let s1---s; € S1 X --- x Sk be fixed and let o1,...,0,, be independent
random variables defined by

e 01,...,0k are deterministic, i.e., Plo; = s;] =1 for all 1 <i <k,

o If Spi1={t1,...,te}, let Plogir =t;] =p; forall 1 <i < /.

e 0; is uniform on S; for k+2 < j <m.
Then

4
Efd = ‘Sk+2|71 T |Sm|71 ijfsl'“sktj
j=1

is real-rooted by assumption. By Theorem 5.7 {fs, ...q,1, }§=1 have a common in-
terleaver and the first part of the theorem follows.

The second part of the theorem follows by considering the interlacing family {gs}
defined by gs = Plo = s]fs. O

6. HYPERBOLIC POLYNOMIALS

The notion of hyperbolic polynomials is a multivariate generalization of real—
rootedness which has its origin in PDE theory where it was studied by Petrovsky,
Garding, Bott, Atiyah and Hérmander. During recent years hyperbolic polynomials
have been studied in diverse areas such as control theory, optimization, probability
theory, computer science and combinatorics.

A homogeneous polynomial h(x) € R[zy,...,x,] is hyperbolic with respect to
a vector e € R™ if h(e) > 0, and if for all x € R™ the univariate polynomial
t — h(te—x) has only real zeros. Here are some examples of hyperbolic polynomials:

(1) Let h(x) = z1-+-x,. Then h(x) is hyperbolic with respect to any vector
ec R}, =(0,00)™:

h(te — x) = H(tej —xj).

(2) Let X = (w;)}';=; be a matrix of n(n + 1)/2 variables where we impose
x;j = xj;. Then det(X) is hyperbolic with respect to I = diag(1,...,1).
Indeed t — det(tI — X) is the characteristic polynomial of the symmet-
ric matrix X, so it has only real zeros. Hence hyperbolic polynomials are
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generalizations of determinants, and it is often useful to think about de-
terminants and matrices to get an intuition for the theory of hyperbolic
polynomials.
More generally we may consider complex hermitian Z = (zi +iyjk)z’-‘7 =1
(where i = y/—1) of n? real variables where we impose z;; = zx; and
Yjk = —Yk;, for all 1 < j, k <n. Then det(Z) is a real polynomial which is
hyperbolic with respect to I.
(3) Let h(x) = 2% — 22 —--- — 22. Then h is hyperbolic with respect to
(1,0,...,0)T.
A recent celebrated theorem of Helton and Vinnikov says that all hyperbolic poly-
nomials in three variables arise from the determinant:

Theorem 6.1 ([3, 5]). Suppose that h(z,y,z) is of degree d and hyperbolic with
respect to e = (e1, ez, e3)T. Suppose further that h is normalized such that h(e) = 1
Then there are symmetric d X d matrices A, B,C such that e;A + eaB + e3C =1
and

h(zx,y,z) = det(xA+yB + 20).

Suppose h is hyperbolic with respect to e, and of degree d. We may write

h(te — x) H (6.1)

where Aj(x) < -+ < Ag(x) are called the ezgenvalues of x (with respect to e). In
particular
h(x) = A1(x) - - Ag(x). (6.2)
By homogeneity we have
Aj(sx) =sAj(x) forall s >0, and Aj(x+se)=\;(x)+sforallseR, (6.3)

forall1<j<n,xeR"andseR.
The (open) hyperbolicity cone is the set

A++ = A++(e) = {X eR": )\1(X) > 0}
We denote its closure by Ay = A (e) = {x € R" : A\;(x) > 0}. Since h(te —e) =
h(e)(t — 1)% we see that e € A, . The hyperbolicity cones for the examples above
are:
1) Ayy(e) =
2) Ay (D) s
) A +(1,

is e cone of symmetric positive definite matrices.
O, .,0) is the Lorentz cone

(
(
(

w

{xER":x1> x%—i——&—x%}

Proposition 6.2. The hyperbolicity cone is the connected component of

{x e R" : h(x) # 0}
which contains e.
Proof. Let C be the connected component that contains e. First we prove C C A, .

Suppose that x(s), 0 < s < 1 is a continous path in C' connecting e = x(0) and
x = x(1) € C. Then A;(x(s)) > 0 for all 0 < s < 1 for otherwise A1(x(s)) = 0
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for some 0 < s < 1 which implies h(x(s)) = 0 contrary to the assumption that
x(s) e C.
One the other hand if x € A, 1, then by homogeneity

d
h(tx + (1 - t)e) = h(e) [ [ (tA;(x) + (1 —1)).

1

<

Since A;(x) > 0 for all j we see that tx + (1 —t)e € C' forall 0 <t < 1. O

Theorem 6.3. Suppose h is hyperbolic with respect to e.

(i) If € € Ayyi(e), then h is hyperbolic with respect to €', and A, (e') =

Aii(e).
(ii) Ay4(e) is a convex cone.

Proof. Suppose € € A;;(e). We claim that for each y € R™ all zeros of the
polynomial (in t) p(y;t) = h(te’ —ie — y) have positive imaginary parts. To see
that the claim implies that h is hyperbolic with respect to € consider the polynomial
elp(y/e,t/e) = h(te' — eie —y) whose zeros have positive imaginary parts by the
claim. By Hurwitz’ theorem, the zeros of the real polynomial ¢ — h(te’ — y) have
nonnegative imaginary parts. Since non-real zeros come in complex conjugate pairs
we see that all zeros of t — h(te’ —y) are real, and thus h is hyperbolic with respect
to €.

The claim is true for y = 0, since then the zeros are i)\;(e’)~! for 1 < j < d.
Suppose that the claim fails for some y € R", and consider the line segment {0y :
0 <6 <1}. By Hurwitz’ theorem, the claim is true for fy for all sufficiently small
6 > 0. Hence at least one zero of ¢t — h(te’ —ie — fy) will cross the real axis for
some 6 between 0 and 1. For such a § we have 0 = h(—ie — 0y + ae’), for some
a € R. This contradicts the hyperbolicity of A with respect to e and proves the
claim, which then establishes (i).

That A4+ (e') = A4+ (e) now follows from Proposition 6.2.

By the proof of Proposition 6.2 we have that for each x € Ai;(e) the line
segment between e and x is in A;(e) whenever x € Ay (e). If x,y € A (e),
then since Aj4(e) = Ap4(x) = Ay (y), the line segment between x and y is in

Apy (x)(= Agi(e)). O
Theorem 6.4. Let \i(x) : R™ = R be given by (6.1). Then Ai(x) is concave.
Proof. By (6.3)
A(x) =max{s€R:x—sec A,}.

Thus x — A (x)e,y — A1(y)e € Ay which by Theorem 6.3 gives x +y — (A1 (x) +
M(y))e € Ay, and thus A (x+y) > A1(x) + A (y). O
Lemma 6.5. Suppose h is hyperbolic with respect to e and let v . € R™. The
following are equivalent:

(1) All eigenvalues of v (with respect to e) are zero;

(2) veAy and —v e AL

Proof. It follows by homogeneity that A;(—x) = —Ag41—,(x) for all x € R”, from
which the lemma follows. ]
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Recall that the directional derivative of h(x) € Rlzy,...,xz,] with respect to
v = (v1,...,0,)T € R" is defined as
" oh
Dyh(x) = > (X),
0= Y gy ()

and note that J
(Dyh)(x+tv) = ah(x +tv).

Theorem 6.6. Let h(x) be a hyperbolic polynomial and let v € Ay be such that
Dyh(x) £ 0. Then
(1) Dyh(x) is hyperbolic with hyperbolicity cone containing Ayi. Moreover,
for each x € R™, the polynomial Dyh(te —x) is an interleaver of h(te —x).
(2) The polynomial h(x) —yDyh(x) € Rlz1, ..., xn,y] is hyperbolic with hyper-
bolicity cone containing Ay, x {0}.
(3) The rational function

is concave on Ay .

Proof. (2). Suppose first that v.€ Ayy. Then h(tv — x) + aDyh(tv — x) =
(14 ad/dt)h(tv — x) is real-rooted for all x € R™ and a € R by Lemma 5.2. Thus
H,(x,y) := h(x) — yDyh(x) is hyperbolic with respect to v @ 0. If e € A;, then
H,(e ®0) = h(e) > 0 which by Proposition 6.2 proves (2) whenever v € A .
If v.€ Ay is on the boundary and a € R, then by Hurwitz’ theorem p(t) =
h(te — x) + aDyh(te — x) is real-rooted or identically zero. However, the leading
coefficient of p(t) is h(e) > 0, so that p(t) is real-rooted and Hy (e ®0) = h(e) > 0.
(1) follows immediately from (2) and Proposition 5.8 if we can prove that Dy h(e) >
0 for all e € A44. By (6.1), we see that

Dyh(e) & ~
h( ) _;)‘J( )7

e

and since v € A we have A;j(v) > 0 for all 1 < j < d. Hence if Dyh(e) < 0 for
some e € A;, then A\;j(v) =0forall 1 <j <d. By Lemma 6.5 this condition does
not depend on the choice of e € A, ;. Thus Dyh(e’) =0 for all & € A,,. Since
A4 is open and non-empty this implies Dyh(x) = 0 contrary to the assumptions.

(3). If x € Ay, then (by Proposition 6.2) x @ y is in the closure of the hyper-
bolicity cone of H(x,y) if and only if

h(x)
y < -
Dy h(x)
Since hyperbolicity cones are convex we have for all x1,x3 € Ay .
h(Xl) h(XQ) . h(Xl + Xg)
< — d < — 1 < ——~7Di2 29—
= Donx) M2 E Donixe) TPV T2 S B T xa)
from which (3) follows. O

Let h(x) be hyperbolic with respect to e. The inertia of v € R™ is the triple
(n_(v,e),no(v,e),ny(v,e)), where ng(v, e) is the number of eigenvalues of v (with
respect to e) that are equal to zero and ny (v, e) is the number of positive/negative
eigenvalues.
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Proposition 6.7. The inertia does not depend on the choice of e € Ay .

Proof. Let e, € AL, and x € R", and let m(h) and m’(h) be the multiplicity of
0 as an eigenvalue of x with respect to e and €', respectively. Let us prove that
m(h) = m/(h) by induction over d, the degree of h. By (6.2) we have m(h) > 0
if and only if m/(h) > 0. Suppose without loss of generality that m(h) < m/(h).
Then, by Theorem 6.6 (1) Deh is hyperbolic with respect to e and e’. Moreover
m(Deh) = m(h) — 1 and m/(Deh) > m/(h) — 1, since Doh(te’ — x) is an interleaver
of h(te’ — x) by Theorem 6.6 (1). By induction we have m’(De¢h) = m(Deh), and
hence m(h) > m/(h).

To see that the above proves the proposition assume that the inertia of x with
respect to e and € is N = (a + r,b,¢) and N’ = (a,b,c + r), respectively (where
r > 1). Consider the parametrized polynomial

fs(t) =t h(t((1 — s)e + se’) — x).
As s runs from 0 to 1 exactly r zeros will change from negative to positive. Hence,

by Hurwitz’ theorem, there is a number s € (0,1) such that f,(0) = 0, contrary to
what was just proved above. (I

We denote the inertia of v by (n_(v),ng(v),n4+(v)). The rank of v is defined
as rk(v) = n_(v) + ny(v) = d — ng(v).
Note that for a univariate polynomial f(¢), we have

Y 2
(Z WW) 76 = £t —v)

k=0
and hence
> k pk
-y Dv
h(x —yv) = (Z (/1') h(x). (6.4)
k=0
Thus 4 .
h(e —tv) = h(e) [J(1 = tA;(v Z ’“Dh )t,
j=1 =0
and hence

tk(v) = degh(e — tv) = min{k : DZh(e) = 0 for all j > k}.
By Proposition 6.7, the rank does not depend on the choice of e € Ay ,. Hence

if DEtlh(e) = DEt2h(e) = --- = 0 for some e € A,, then DETIh(e!) =

DE+2h(e/) = --- = 0 for all & € Ay,. Since Ay, has non-empty interior this

means that DXh = 0. We have thus the following equivalent definition of rank
rk(v) = min{k : D¥*1h = 0}, (6.5)

which makes sense for polynomials which are not necessarily hyperbolic.

7. MIXED HYPERBOLIC POLYNOMIALS

If h(x) € Rz, ...,2z,] and vy, ..., v, € R™ let h[vy,...,vy,] be the polynomial
in Rlz1,...,Zn, Y1, -.,Ym] defined by

m

hlvi, ..., Vm 1—yJ (X)
j=1

By iterating Theorem 6.6 (2) we get:
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Theorem 7.1. If h(x) is hyperbolic with hyperbolicity cone Ay and vy,...,V,, €

Ay, then h[vy,...,vy] is hyperbolic with hyperbolicity cone containing Ay x {0}.
Lemma 7.2. If vy,..., v, have rank at most one, then
hlvi,...,Vim] = h(X = 41V1 — - = YmVim ).

Proof. If v has rank at most one, then DXh = 0 for all £ > 2. Hence, by (6.4),

e~ v) = (Z H’,if) ) = (1~ yDuh(x),

k=0
from which the lemma follows. O
Note that hlvy,...,v,,] is affine in each coordinate, i.e., for all p € R:

h’[pvl + (1 7p)u17 s 7Um] :ph[vla s 7Vm] + (1 7p)h[u17 s avm]'

Hence if vq,..., v, are independent random variables, then
Eh[vi,...,vin] = h[Evy, ..., Evy)]. (7.1)
Theorem 7.3. Let h(x) be a hyperbolic with respect to e € R™. Let Vq,...,Vy, be
finite sets of vectors in Ay and letw € R"T™. ForV = (vi,...,V;) € Vix-- XV,
let
fv(@):=hlvy,...,vp](ze + w).

Then {fv(z)}vev,x-..xv,, s an interlacing family.
In particular if in addition all vectors in V43 U --- UV, have rank at most one,
and

gv(z) = h(ze+w—vy— - —vy,),
where w € R™, then {gv(z)}vevix-..xv,, s an interlacing family.
Proof. Let vi € Vi,...,v,, € V., be independent random variables. Then the
polynomial Eh[vy,...,v,,] = h[Evy,...,Ev,,] is hyperbolic with respect to e & 0
by Theorem 7.1 (since Ev; € A for all ¢ by convexity). The theorem now follows

from Theorem 5.11.
O

The following corollary establishes Conjecture 3.4 for bipartite graphs.
Corollary 7.4. Let G = (V, E) be a graph. Then
{det(z] — As(G))}se-1.132

is an interlacing famaily.

Proof. Fore = {i,j} € E,let B.(£1) = +E;;+E;;+E;; and V., = {B.(—1), B.(1)}.
Then B.(=£1) is positive semidefinite of rank one, and hence B,(+1) is in the closure
of the hyperbolicity cone of det. Moreover if s € {—1,1}¥ then

det (x] + D(G) — Z Be(s(e))> = det(zI — As(G)),

ecE

where D(QG) is the diagonal matrix with (¢, 4)-entry equal to the degree of i. Hence
the corollary follows from Theorem 7.3 g



INTERLACING FAMILIES 15

8. THE KADISON—SINGER PROBLEM

The Kadison—Singer problem is a problem formulated by Kadison and Singer [4]
in 1959 and originates in speculations made by Dirac.

Problem 1 (Kadison—Singer). Does every pure state on the algebra of bounded
diagonal operators on the complex Banach space {5 have a unique extension to a
state on the algebra of all bounded operators on fo?

This problem was one of the central open problems in operator theory until its
recent resolution by Marcus, Spielman and Srivastava [7]. Several equivalent prob-
lems have been stated in different mathematical context by Andersson, Akemann,
Weaver and others, see 7?7 for an introduction and more references to Problem 1.

The following conjecture by Weaver [8] is known to imply a positive solution to
the Kadison—Singer problem.

Conjecture 8.1. There are universal constants n > 2 and 6 > 0 such that the
following holds. Let w,...,wy, € C" be such that |w;|]| <1 for all 1 <i<m and

Z‘ ll W’L - 7 (81)
i=1

for every unit vector u € C".
Then there is a partition S; U Sy = {1,...,m} such that

S Jfu,wi) 2 <5 — 0, 82
iESj
for every unit vector u € C" and each j € {1,2}.

Let us formulate a stronger conjecture in terms of hyperbolic polynomials. To
do this we formulate the terms used in Conjecture 8.1 in terms that make sense for
hyperbolic polynomials.

Let A* denote the complex transpose of a matrix A. Note that for any u,wq,...,w,, €
C’YL
m
Z\uwl = (sz ) (Au, u),
1=1

where A =" w;w}. It follows that (8.1) holds if and only if A = I, where I is
the identity matrix. Slnce Bj =) ics, Wiw] we see that (8.2) holds if and only if

for j € {1,2}, where \,(Bj) is the largest eigenvalue of B;.
Recall that a hermitian n x n matrix A has rank at most one if and only if
A = uu* for some u € C*. Moreover

Amax(A) = Tr(A) = |Ju]|*.

If h is hyperbolic with respect to e € R™ and v € R™, then the trace of v (with
respect to e) is defined by

d
() = 3o niw) = 2]
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where h(te —v) = h(e) Hle(t — Ai(v)). Hence Tr(v) is linear in v. Now it is plain
to see that the following theorem implies Conjecture 8.1. Indeed let u; = w;w}/n
and h be the determinant on n x n complex hermitian matrices.

Theorem 8.2. There are universal constants n > 2 and 6 > 0 such that the
following holds. Suppose h is hyperbolic with respect to e and of degree d. Let
Uy, ..., U, € Ay be of rank at most one and such that Tr(u;) < 1/n for all1 <i <

m and
Z u; =e. (8.3)
i=1

Then there is a partition S; U Se = {1,...,m} such that

Amax [ D _wi | <1-0/n, (8.4)

’iESj
for each j € {1,2}.
To prove this we use the following theorem:

Theorem 8.3. Suppose h is hyperbolic with respect to e. Let vi,..., vy, be inde-
pendent random vectors in Ay of rank at most one and with finite supports such
that

EZ v, = e, (8.5)
i=1
and
Tr(Ev;) <€ foralll <i<m. (8.6)
Then

> 0. (8.7)

P [Amax (i Vi) S (1 + \/E)Q

Theorem 8.3 implies the following proposition.

Proposition 8.4. Suppose h is hyperbolic with respect to e and of degree d. Let
u,...,u, € Ai(e) be of rank at most one and such that Tr(uw;) < « for all
1<i<m, and Z:il u; = e. Then there exists a partition S; U Se = {1,...,m}
such that

(1+v2a)?

< 5 , (8.8)

iGSj
for each j € {1,2}.
Proof. Consider the hyperbolic polynomial

H(x,x') = h(x)h(x') € R[z1,..., 20, 2], ..., 2],

rn

which is hyperbolic with respect to e®e’, where €’ is a copy of e in the z}-variables.
Let vy,...v,, be independent random vectors in A (e) @ A (e’) such that

Plv; =2u] =1/2 and P[v; = 2u}] = 1/2,
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where uj,...,u,, are the copies in A;(e’) of uy,...,u,,. Then Ev, = u; ® u} and
Tr(Ev;) < 2a, and hence
m
E Z vi=ede.
i=1

By Theorem 8.3 there is a T'C {1,...,m} such that

Amax ZQui + ZQu; = max { Amax <Z 2ui> , Amax ZQui < (1+\/ﬁ)2’

i€T igT icT igT
and the proposition follows. [

Now let a = 1/n in Proposition 8.4. Then
14+v2a)? 1 2
A+v2)* 1 \[ N
2 2 n

if and only if

Hence we have a “solution” to Theorem 8.2 (and thus Conjecture 8.1) for all

n>6+4v2 and 0<9§;72\/21,
For example n = 18 and 0 = 2. It remains to prove Theorem 8.3.

9. BOUNDS ON ZEROS OF MIXED HYPERBOLIC POLYNOMIALS

To prove Theorem 8.3, using the method of interlacing families, we want to
bound the zeros of the mized characteristic polynomial

t—= h[vi,...,vy](te + 1), (9.1)
where h is hyperbolic with respect to e € R”, 1 € R™ is the all ones vector, and
Vi,..., Vi € Ai(e) satisfies vi + -+ v, = e and Tr(v;) < eforall 1 <i<m.

Note that a real number p is larger than the maximum zero of (9.1) if and only if
pe + 1 is in the hyperbolicity cone of h[vy,...,vpy].

For the remainder of this section, let h € R[x1, ..., x,] be hyperbolic with respect
to e, and let vy,...,v,, € Ay. Let 9; = Dy, and
g
§ilgl = m—-

Note that a continuously differentiable concave function f : (0,00) — R satisfies
ft+6)> f(t)+df(t+0), foralld>0.
Hence by Theorem 6.6
§ilh](x 4 6v;) = &ih](x) + 60;&:[h](x + 6v;) (9-2)
for all x € A . The following elementary identity is left for the reader to verify.

Lemma 9.1.
9;&i[h]

&ilh — 0;h] = &[h] — T



18 PETTER BRANDEN

Lemma 9.2. Ifx€e Ay, 6> 1 and

e
then
&ilh = 9;h](x + 0v;) = &[h](x).
Proof. Since &;[h] is concave on A, and homogeneous of degree one we have

§ilh)(x + 6v;) — &i[h](x)
]
By letting § — 0 we see that

0;&i[h](x) > &i[h](v;) >0, forallx e Ayy. (9.3)

> &[h](vy), forallxe Ay,

If x € A4, then (by Proposition 6.2) (x,t) is in the closure of the hyperbolicity
cone of h — yd;h if and only if ¢ < ;[h](x). By Theorem 6.6 the polynomial

is hyperbolic with hyperbolicity cone containing the hyperbolicity cone of h —y0;h.
Hence if x € Ay and t < &;[h](x), then ¢t < ;[0;h](x), and thus

gj [8,h](x) > gj [h] (X), for all x € A++. (94)
By Lemma 9.1 and (9.2)
_ 9l
1-— fj[aih]_l
_ &0 (x+dv;) )
& [81/1] (X + (5Vj) -1
> 6l (5- 5052 ) = o

where the last inequality follows from (9.3), (9.4) and the concavity of &;[h].

gi[h — 8]h] (X + (SVj) — fl[h](x) = gz[h} (X + (5Vj) — 52 [h] (X) (X + 5Vj)

O
Consider R*™™ = R"™ & R™ and let ey,...,e,, be the standard bases of R™
(inside R™ @ R™).

Corollary 9.3. Suppose h is hyperbolic with respect to e € R™, and let I be the
closure of the hyperbolicity cone of h[vi,..., V], where vi,..., v, x € Aii(e).
Suppose t;, t; > 1 are such that

x+trer €Ty, forke{i,j}.
Then

tj
X+ vj+e;j+te; €l .
t;—1

Moreover if e + tre, € Ty for all k € [m], then

1\ e t 1) «— 1 &
x—i—(l—m)Zt_1v1+<1—m>;el+m;tzezef+

i=1 "
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Proof. Let 0 = ty/(tx — 1). Then
X + tpey, € Ty if and only if & [h] > Jf o
Also &[h — 0;h](x +6;v;) > 0;/(0; — 1) is equivalent to

S5
X+5jVj +ej —+ 7287; S F+.
5 —1
Hence the first part follows from Lemma 9.2.
Suppose e + tyeg, € T'y for all k € [m]. By the first part we have X’ + taeq, x’ +
tses € I'y, where

x =x+ vy +e;

1
t1 —1
is in the hyperbolicity cone of (1 — y1 Dy, )h. Hence we may apply the first part of
the theorem with h replaced by (1 — y1 Dy, )h to conclude
2 tl tg
Vo + €9 4+ t3e3 = x + vy + v2—|—e1—|—e2+t3e3€F+.
to — 1 t1 — 1 to — 1

By continuing this procedure with different orderings we may conclude that

m m
t; t;
X+<E t.ilvi>—tjilvj—i—(‘glei)—ej+tiei€1“+,
i=

i=1 "

x' +

for each 1 < j < m. The second part now follows from convexity of I'y upon taking
the convex sum of these vectors. O

Theorem 9.4. Suppose h is hyperbolic with respect to e € R™ and let vy,...,v,, €
A (e) be such that Tr(v;) < e forall1 <j<m and e =vy+---+ Vy,. Then the
largest root of

H (1— Dy,) h(te)

is at most me if me < 1 and at most

() (b)) = ()

if me > 1.

Proof. Let x = se, where s > 0 and t; =t for 1 < i < m and apply Corollary 9.3.
Then for t > 1 and s/t <€

s+ (1-21) L
we+ler+_
11—+

Hence (set s = te) the maximal root is no larger than

t+(1-21) L
mf{6 ) o :t>1}.

.,
1 m m

It is a simple exercise to deduce that the infimum is exactly what is displayed in
the statement of the theorem. [



20 PETTER BRANDEN

REFERENCES

[1] L. Garding, An inequality for hyperbolic polynomials, J. Math. Mech. 8 (1959), 957-965.

[2] O. Giiler, Hyperbolic polynomials and interior point methods for convex programming, Math.
Oper. Res., 22 (1997), 350-377.

[3] J. Helton, V. Vinnikov, Linear matrix inequality representation of sets, Comm. Pure Appl.
Math. 60 (2007), 654674, http://arxiv.org/pdf/math/0306180.pdf.

[4] R. V. Kadison, I. M. Singer, Extensions of pure states Amer. J. Math. 81 (1959), 383400.

[5] A. Lewis, P. Parrilo, M. Ramana, The Lax conjecture is true, Proc. Amer. Math. Soc. 133
(2005), 2495-2499, http://arxiv.org/pdf/math/0304104.pdf.

[6] A. Marcus, D. A. Spielman, N. Srivastava, Interlacing families I: Bipartite Ramanujan graphs
of all degrees, http://arxiv.org/abs/1304.4132.

[7] A. Marcus, D. A. Spielman, N. Srivastava, Interlacing families II: Mixed characteristic poly-
nomials and the Kadison-Singer problem, http://arxiv.org/abs/1306.3969.

[8] N. Weaver, The Kadison-Singer problem in discrepancy theory, Discrete Math. 278 (2004),
227-239.

DEPARTMENT OF MATHEMATICS, ROYAL INSTITUTE OF TECHNOLOGY, SE-100 44 STOCKHOLM,
SWEDEN
E-mail address: pbranden@kth.se


http://arxiv.org/pdf/math/0306180.pdf
http://arxiv.org/pdf/math/0304104.pdf
http://arxiv.org/abs/1304.4132 
http://arxiv.org/abs/1306.3969

	1. Introduction
	2. Graph spectra
	3. Expander graphs, Ramanujan graphs and Two-lifts
	4. The matching polynomial
	5. Interlacing families
	6. Hyperbolic polynomials
	7. Mixed hyperbolic polynomials
	8. The Kadison–Singer problem
	9. Bounds on zeros of mixed hyperbolic polynomials
	References

