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Abstract
Supposewe are given a set of objectsthat cover a region and a
durationassociatedwith eachobject. Viewing theobjectsasjobs,
canwe scheduletheir beginning times to maximizethe lengthof
timethattheoriginal regionremainscovered?Wecall thisproblem
theSENSOR COVER PROBLEM. It arisesin thecontext of covering
a region with sensors.For example,supposeyou wish to monitor
activity alonga fence(interval) by sensorsplacedat various�x ed
locations. Eachsensorhasa range(alsoan interval) and limited
batterylife. The problemis thento schedulewhento turn on the
sensorssothatthefenceis fully monitoredfor aslongaspossible.

This one-dimensionalprobleminvolves intervals on the real
line. Associatinga duration to eachyields a set of rectangles
in spaceand time, eachspeci�ed by a pair of �x ed horizontal
endpointsand a height. The objective is to assigna bottom
position to eachrectangle(by moving them up or down) so as
to maximize the height at which the spanninginterval is fully
covered. We call this one-dimensionalproblem RESTRICTED
STRIP COVERING. If we replacethe covering constraintby a
packingconstraint(rectanglesmay not overlap,andthe goal is to
minimize the highestpoint covered), then the problembecomes
identical to DYNAMIC STORAGE ALLOCATION, a well-studied
schedulingproblem,which is in turn a restrictedcaseof the well
known problemSTRIP PACKING.

Wepresentacollectionof algorithmsfor RESTRICTED STRIP
COVERING. We show that theproblemis NP-hardandpresentan
O(log log log n)-approximationalgorithm. We alsopresentbetter
approximationor exact algorithmsfor somespecialcases,includ-
ing when all intervals have equal width. For the generalSEN-
SOR COVER PROBLEM, we distinguishbetweencasesin which
elementshave uniform or variable durations. The results de-
pend on the structureof the region to be covered: We give a
polynomial-time, exact algorithm for the uniform-durationcase
of RESTRICTED STRIP COVERING but prove that the uniform-
durationcasefor higher-dimensionalregionsis NP-hard.We give
somemorespeci�c resultsfor two-dimensionalregions.Finally, we
considerregionsthatarearbitrarysets,andwepresentanO(log n)-
approximationalgorithmfor themostgeneralcase.

1 Intr oduction

Sensorsaresmall, low-costdevicesthat canbe placedin a
region to monitor local conditions. Distributedsensornet-
works have becomeincreasinglymorepopularasadvances
in MEMS and fabricationallow for suchsystemsthat can
performsensingandcommunication.How sensorscommu-
nicateis a well-studiedproblem.Our maininterestis: Once
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a sensornetwork hasbeenestablished,how can we maxi-
mizethe lifetime of thenetwork? It is clearthat the limited
batterycapacitiesof sensorsis a key constraintin maximiz-
ing the lifetime of a network. Additionally, researchshows
thatpartitioningthesensorsinto coversanditeratingthrough
themin a round-robinfashionincreasesthe lifetime of the
network [1, 4, 9, 10].

De�nitions. Let S bea setof n sensors.Eachsensors 2 S
canbe viewed asa point in somespacewith an associated
regionR(s) of coverage.For everypointx 2 R(s), s is live
at x. Let U betheregion to becoveredby S. U is covered
by someR � S if U �

S
s2R R(s). We call R a feasible

cover. Everysensors 2 S canbeactivefor a �nite duration
d(s). Let dmin = mins2S d(s), anddmax = maxs2S d(s).

PROBLEM 1.1. (SENSOR COVER) Computea scheduleS
of maximumdurationT, in which each sensors 2 S is
assigneda start time t(s) � 0, such that any x 2 U is
coveredby someactivesensorat all times0 � t < T . That
is, for all x 2 U and0 � t < T , there is somes 2 S with
x 2 R(s) andt(s) � t < t(s) + d(s).

A sensoris redundantin a scheduleS if it can be
removedwithout decreasingthe durationof S. A schedule
with no redundantsensorsis minimal. It suf�ces to consider
only minimal schedules,which may not utilize all sensors.
As aconvention,we sett(s) = 1 if s is unused.

Priorwork ontheSENSOR COVER problemhasfocused
solely on the casewhere the regions R(�) are arbitrary
subsetsof U and the durations are all identical. This
assumptionyields a packing constraint,and the problem
reducesto partitioning the set of sensorsinto a maximum
numberof valid covers. This problem is known as SET

COVER PACKING and is ln n-hard to approximate,with a
matchingupperbound[6].

In practice,theseassumptionsappearoverly constrain-
ing. Sensorswill have arbitrarydurationsandtypically de-
�ne geometricregions of coverage: intervals, rectangles,
disks,etc. In this paper, we considersuchvariations.In the
RESTRICTED STRIP COVER problem, the R(�)'s are one-
dimensionalintervals,andtheproblemis equivalentto slid-
ing axis-parallelrectanglesvertically to cover a rectangular
region of maximumheight. In the CUBE COVER problem,
the R(�)'s are axis-parallelrectangles,and the problemis
akin to sliding cubesvertically in thez-dimension.We also



Table1: Summaryof results.
Shapeof sensor Uniform duration Variableduration

Intervals exactin P
NP-hard,O(log log logn)-approx.,

(2 + � )-approx.for equal-width
Convex with NP-hard,O(log(ndmax =L))-approx.;

NP-hard,O(log n)-approx.
smallcuttings O(log(L max =L))-approx.whencongruent& fat

Arbitrary sets
logn-hardto approx., logn-hardto approx.,
O(log n)-approx.[6] O(log n)-approx.

considerSENSOR COVER, whentheR(�)'sarearbitrarysub-
setsof a setU of sizeO(n), with varyingdurations(in con-
trastto SET COVER PACKING).

In general,a schedulemay activate and deactivate a
sensormorethanonce.Wecall thisapreemptiveschedule. A
non-preemptivescheduleis a schedulein which eachsensor
is activatedat mostonce.In this paperwe only considerthe
non-preemptiveproblem.We havesomepreliminaryresults
for thepreemptivecase,but moreresearchis neededto gain
abetterunderstandingof thedifferences.

Our results.Weshow thatmostvariantsof SENSOR COVER

areNP-hard,andwe studyapproximationalgorithms. For
any point x 2 U, let L (x) =

P
s2S ;s live atx d(s) be the

load at x . De�ne the overall load L = minx L(x); let
L max = maxx L(x). We write L X (rsp., L X (x)) for the
load of any subsetX of sensors(rsp., at x). OPT denotes
thedurationof anoptimalschedule;a trivial upperboundis
OPT � L . All our approximationratiosarewith respectto
L . ThatOPT� L allows theassumptionthatdmax � L .

Table 1 summarizesour results. Notably, for RE-
STRICTED STRIP COVER, we give an O(log log logn)-
approximationalgorithm for the generalcaseand O(1)-
approximationsfor somespecialcases,includinga (2 + � )-
approximationwhen all intervals have equal width. For
CUBE COVER, we give approximationsthat extend to any
convex shapewith smallcuttings:rectangles,disks,ellipses,
etc. We discussRESTRICTED STRIP COVER in Section2,
CUBE COVER in Section3, andthegeneralSENSOR COVER

problemin Section4.

Related Work. SET COVER PACKING was studied by
Feigeet al. [6]. They consideredthe DOMATIC NUMBER

problem, where the goal is to maximize the number of
disjoint dominatingsetson thesetof verticesof a graph.A
dominatingset in a graphG = (V; E) is a setV 0 � V of
verticessuchthatevery v 2 V is eithercontainedin V 0 or
hasa neighborin V 0. Feigeet al. show that the DOMATIC

NUMBER problemis hardto approximatewithin a factorof
(1 � " ) ln jV j for " > 0, by �rst showing the hardnessof
approximationof theSET COVER PACKING problem.Note
that the SET COVER PACKING problemis a combinatorial
version of our problem, with eachsubsetbeing a region
of unit duration. Feigeet al. alsogive a randomizedln n-
approximationalgorithm, which they derandomize.Their

work showed the �rst maximizationproblemproved to be
approximablewithin polylogarithmicfactorsbut nobetter.

Thepracticalmotivationsfor studyingthisproblemhave
inspiredthedevelopmentof numerousheuristics.Slijepcevic
andPotkonjak [10] introducethe SET K-COVER problem,
wherethey are given a set of subsetsof a basesetandan
integer k and ask if it is possibleto constructat least k
disjoint setcovers. They prove that SET K-COVER is NP-
complete,which is implied by Feigeet al.'s result [6], and
presenta heuristicfor constructingdisjoint setcovers.

Perillo and Heinzelman[9] study a variation of this
problem, where they want to maximize the lifetime of a
multi-modesensornetwork. They computeall possiblefea-
sible covers and then translatetheir probleminstanceinto
a graph. Eachsensorand feasiblecover becomesa node.
Sensorsare connectedto a feasiblecover if they are con-
tainedin that feasiblecover. They uselinear programming
to model additional energy constraintsand solve a maxi-
mum�o w problemonthisgraph.Their solution,while opti-
mal, canbeexponentialin thesizeof theprobleminstance.
Dasikaet al. [4] also computeall possiblefeasiblecovers
anddevelopheuristicsfor switchingbetweenthesecoversin
orderto maximizethelifetime of their sensornetwork.

Abrams,Goel, andPlotkin [1] studya variationof the
problemwherethey are given a collection of subsetsof a
basesetanda positive integerk � 2. Their goal is to par-
tition thesubsetsinto k covers,wheretheareaof coverage,
de�ned as the cardinalityof a set, is maximizedacrossall
k covers.They give threeapproximationalgorithmsfor this
problem:arandomizedalgorithm,adistributedgreedyalgo-
rithm, and a centralizedgreedyalgorithm. Their random-
ized algorithm partitionssensorswithin 1 � 1

e of the op-
timal solution. Their distributed greedyalgorithm gives a
1
2 -approximationratio. Their centralizedgreedyalgorithm
achievesanapproximationfactorof 1 � 1

e . They alsoprove
a 15

16 -hardnessresultfor their problem.
We areunawareof previouswork on the RESTRICTED

STRIP COVER problem. Someof the closelyrelatedprob-
lemsarewell studied,however. If we replacethe covering
constraintby a packingconstraint(rectanglesmaynot over-
lap, and the goal is to minimize the height of the highest
pointcovered),thentheproblembecomesDYNAMIC STOR-
AGE ALLOCATION [7, ProblemSR2], for which thereis a



(2 + � )-approximation[3]. If we furtherallow rectanglesto
move bothvertically andhorizontally, thentheproblembe-
comesSTRIP PACKING, whichhasa (1 + � )-approximation
up to anadditive term[8].

2 RestrictedStrip Cover

Consideran instanceS of RESTRICTED STRIP COVER

(RSC). For easeof presentation,we de�ne R(s) asa semi-
closedinterval [`(s); r (s)) for eachs 2 S; thewidth of s is
r (s) � `(s). We assumew.l.o.g.thatall interval coordinates
are integers in [0; 2n � 1] and that U = [0; 2n � 1),
becausethere are at most 2n distinct interval endpoints.
It is convenient to view scheduledsensorsas semi-closed
rectanglesin the plane,with intervals alongthe x-axis and
durationsalong the y-axis. Thus a valid scheduleS of
duration T is one in which any point (x; y) in the sub-
planeU � [0; T ) is coveredby somesensors; i.e., `(s) �
x < r (s) and t(s) � y < t(s) + d(s). The problem
is equivalentto sliding axis-parallelrectanglesvertically to
cover a rectangularregion of maximumheight. Therefore,
in this sectionwe use the terms“sensor” and “rectangle”
interchangeably. We saytwo or morerectanglesoverlap if
they cover somecommonpoint. Whendiscussingmultiple
schedules,we write tS (s) to denotethe start time of s in
somescheduleS.

We assumeall durationsarepositive integers.Let S be
somescheduleof S. De�ne level j of S to bethehorizontal
sliceof sensorsthatcoverpointsin they-range[j � 1; j ). A
gap is a point p suchthat no sensorcoversp. For i 2 U,
de�ne M (S; i ) to bethegreatesty-coordinatej suchthatno
gap exists below j at i ; i.e., M (S; i ) = maxf j : 8j 0 <
j; 9s 2 S; s covers(i; j 0)g. Then the duration of S is
M (S) = min i M (S; i ).

OurmainresultsareanO(log log logn)-approximation
for arbitraryintervalsanda (2 + � )-approximationfor inter-
valswhosex-projectionsarenon-nested,which includesthe
caseof uniform width. We usethreemaincomponents:

1. a simple,exact algorithmif all sensorshave the same
duration(Section2.1);

2. anexact,dynamicprogrammingalgorithm,which runs
in poly(n) time if L = O(log n= loglogn) andyields
a PTAS when L = O(dmin logn= loglogn) (Sec-
tion 2.2);

3. (1 + � )-approximationswhen L = 
( dmax logn �
minf 1=�; log(dmax =dmin )g=�4) (Section2.3).

2.1 Uniform-Duration SensorsIf all sensorshave the
sameduration, a simple greedyalgorithm gives an exact
solutionof durationL . De�ne Si = f s 2 S : s is liveat ig.
Assumeby scalingthat all sensorshave unit duration. We
proceedleft-to-right, startingat i = 0 and constructinga

scheduleS while maintainingthe following invariantsafter
schedulingsensorsin Si : (i) no sensorsoverlapat any x-
coordinate� i , and(ii) M (S; i ) = L .

When i = 0, selectany L sensorsthat are live at 0,
andschedulethemwithout overlap,establishingthe initial
invariants. Assumingthe invariantsare true at i , schedule
Si +1 asfollows. If therearenogapsat i + 1, wearedone,as
the invariantsextendto i + 1. Otherwise,assumethereare
k > 0 unit-durationgapsat i + 1. At leastk sensorsin Si +1

mustbeunscheduled,whichcanbeusedto �ll thegaps.

2.2 A Dynamic Programming Solution for Small L We
give a dynamicprogramto determineif thereis a schedule
S suchthatM (S) = T for a �x edT. Thedynamicprogram
is similar to thatof Buchsbaumet al. [3], but we needa new
analysis,astheir analysiswould yield annO(n ) time bound
here.Below we ignoreportionsof sensorsthatextendabove
level T in any schedule.

De�ne S� i =
S

0� k � i Sk . Considersomeschedules
Si � 1 of Si � 1 and Si of Si such that M (Si � 1; i � 1) =
M (Si ; i ) = T . We saythat Si � 1 andSi arecompatibleif
(i) for all s 2 Si � 1 \ Si ; tSi � 1 (s) = tSi (s); and (ii) for
all j 2 [0; T ), (i; j ) is coveredby Si � 1 or Si . The �rst
conditionstipulatesthat any sensorin both schedulesmust
havethesamestarttimein each;thesecondrequiresasensor
in Si to bescheduledto cover eachlevel at which coverage
stopsat i � 1 in Si � 1. For eachi , we populatean array
Ci indexedby possibleschedulesof Si . For any Si , de�ne
Ci [Si ] = 1 if thereis ascheduleS of S� i thatrespectsSi and
hasM (S;x) = T for 0 � x � i ; andCi [Si ] = 0 otherwise.
ThenCi [Si ] = 1 if andonly if M (Si ; i ) = T andthereexists
somescheduleSi � 1 of Si � 1 suchthatCi � 1[Si � 1] = 1 and
Si � 1 is compatiblewith Si . For i = 0, C0[S0] = 1 for
preciselythoseschedulesS0 of S0 that have M (S0; 0) =
T . The dynamicprogramthen populatesthe arraysCi in
increasingorder of i , by checkingall schedulesof Si for
eachi . Ultimatelywecheckif thereis somescheduleS2n � 1

of S2n � 1 suchthatC2n � 1[S2n � 1] = 1.

First Analysis. For a scheduleSi of Si , denoteby @(Si )
theverticalboundariesof theunionof the rectanglesof Si .
If Si is part of a minimal scheduleS of durationT, then
any rectangleof Si must cover somepoint on @(Si ) that
is coveredby no other rectanglesin Si . Thus jSi j � 2T ,
because@(Si ) hastotal length2T.

Becausethere are at most 2T sensorsper schedule,
thereareat most

� n
2T

�
T 2T possibleschedulesof Si . Each

scheduleof Si must be checked for compatibility against
each scheduleof Si � 1, and checking compatibility of a
pair of schedulestakes O(T) time. Hence the time to
run thewholedynamicprogramis 2n

�� n
2T

�
T 2T

� 2
O(T) =

(nT )O(T ) = (nL )O(L ) . To determineOPT, we run the
dynamicprogramfor eachof the L possiblevaluesof T ,
whichdoesnotaffect theoverallasymptotics.



Partitioning the Dynamic Program. It suf�ces to run the
dynamicprogramonly on x-coordinateswith relatively few
live sensors.Let X = f i : jSi j < 5Tg. We claim that S
hasascheduleof durationT iff S hasascheduleS suchthat
M (S; i ) � T for any i 2 X . We prove the “if ” part; the
“only if ” partis clear.

Assumethatthereis aminimalscheduleS of durationT
thatonlycoversX . Weshow how to schedulethesensorsnot
usedin S to coverall x-coordinates.Considerany maximal
interval �X of x-coordinatesnot in X . At most4T sensors
from S are live at any i 2 �X , becauseany such sensor
is also live at either min( �X ) � 1 or max( �X ) + 1, and at
most 2T are live at either one. By construction,thereare
at least5T sensorslive at any i 2 �X , so thereareat least
5T � 4T = T sensorslive at i that arenot usedby S and
henceareavailable,whichsuf�ce to coverall thelevelsat i .
If sucha sensors shouldalsobe live at anotheri 0 2 �X (or
anotheri 0 in another �X 0), it reducesby oneboththenumber
of potentialuncoveredlevels and the numberof available
sensorsliveat i 0, soenoughsensorswill remainat i 0.

Thereforeweneedonly runthedynamicprogramonthe
x-coordinatesin X . Thistakesonly 2n�T O(T ) time,because
therearefewer than5T sensorsliveat any i 2 X .

THEOREM 2.1. RSC canbesolvedin time2n � L O(L ) .

COROLLARY 2.1. RSC can be solvedin poly(n) time if
L < c � logn= loglogn for anyconstantc.

Using a standardtrick, a PTAS follows directly by
appropriatelytruncatingdurations.

COROLLARY 2.2. There is a PTAS for RSC if L < c �
dmin logn= loglogn for anyconstantc.

2.3 Algorithms for Small Durations We now have algo-
rithmsfor thecasesof uniform durationandlargedurations
(relative to load). Herewe considerthe casewhenall du-
rationsare small relative to load. To do so, we develop a
groupingtechnique,whichbuildsontheboxingtechniqueof
Buchsbaumet al. [3]. Although we follow the roughout-
line of their technique,thecovering(asopposedto packing)
natureof ourproblemnecessitatesnew ideas.

The basicideaof groupingis to groupshortersensors
into longer, virtual sensorsuntil all the sensorshave equal
duration, at which point the greedyalgorithm is invoked.
Ensuringthat the load doesnot decreasetoo much during
theprocessis thekey to ouralgorithms.

Grouping Sensors. A grouping is a partition of a set Y
of sensorsinto a set G of groups,eachof which is then
replacedby a rectanglethat canbe coveredby the sensors
in thegroup.Thedurationof agroupis thatof therectangle
that replacesit. Theserectanglesform a modi�ed instance.
L G (rsp.,L G (i )) is de�ned to betheloadof thegroups(rsp.,

at i ). NotethatL G (i ) � L Y (i ), sinceportionsof thesensors
in a group that areoverlappedor outsidethe rectangleare
not countedin L G (i ). We give polynomial-timeprocedures
to groupa setY of sensorsof unit durationinto G suchthat
L G (i ) is notmuchsmallerthanL Y (i ) for any i .

First, we give a groupingof a setof sensorsthatareall
live at a �x ed x-coordinate.The following adaptsLemma
2.1of Buchsbaumetal. [3], andtheproofis similar, although
simpler;detailsarein AppendixA.1.

LEMMA 2.1. Givena setY of unit-durationsensors,all live
at some�xed x-coordinate x0, an integer group-duration
parameterD , and a suf�ciently small positive� , there is a
set G of groups,each of duration D , such that for any i ,
L G (i ) > L Y (i )=(1 + � ) � 4Dd1=�e:

We now partitiontheinputsothatwecanapplyLemma
2.1individually to theparts.

DEFINITION 2.1. A 
 -groupingis a partitionof sensorsinto
a set of groupssuch that: (1) In each group, there is an
anchor(x-coordinate)i at which all sensors in thegroupare
live; and(2) for anyx-coordinatei , thesetof sensors live at
i aredrawnfromnomore than
 groups.

Notes. Sensorsin a group may sharemany anchorsin
common;theanchorof thegroupis onedistinguishedfrom
thisset.Not all sensorsliveatananchorwill bein its group.
Also, theexistenceof a 
 -groupingis apurelycombinatorial
propertyof a family of ranges,like the canonicalsubsets
usedin rangesearching[2].

LEMMA 2.2. Given a set Z of unit-duration sensors that
admitsa 
 -grouping, an integer group-durationparameter
D , and a suf�ciently small positive � , there is a set G of
groups,each of duration D , such that at any x-coordinate
i , L G (i ) > L Z (i )=(1 + � ) � O(
 D=�):

Proof: Let G be a 
 -grouping of Z . Each group in
G possessesan anchorand thus satis�es the premisesof
Lemma2.1. Apply Lemma2.1 to eachgroup of G. Let
V be thesetof anchors,andlet Zv denotethesetof all the
sensorsin thegroupthathasv asananchor.

Considerany x-coordinatei . By Lemma2.1andthefact
that theZv form a partition,L G (i ) >

P
v2 V (L Z v (i )=(1 +

� ) � 4Dd1=�e). By the 
 -groupingproperty, thereareonly

 relevanttermsin thesummation,soL G (i ) > L Z (i )=(1 +
� ) � 4
 Dd1=�e. 2

LEMMA 2.3. Anysetof intervalshasanO(log n)-grouping.

Proof: Build an interval tree T on the intervals. For
eachnodev of T , form groupZv containingthe intervals
associatedwith v. Clearly, thex-coordinateof thedividing
line correspondingto v is a valid anchorof thegroupZv .



B
A

Figure1: A badexamplefor grouping.

T hasdepthO(log n). For nodesu; w at thesamelevel
of T , setsZu andZv aredisjoint. Thus,theintervalslive at
any x-coordinatearedistributedamongO(log n) groups. 2

Remark. This bound is tight in general. Considerany
groupingof the examplein Figure1. Let U be [0; 1]. We
show theremustbe an x-coordinatei suchthat the sensors
live at i belong to 
(log n) groups. Initially, i might lie
anywherein U. SensorA is assignedto somegroup;assume
w.l.o.g.thattheanchorof thisgrouplies in theleft half of A,
i.e., [0; 0:5). Restrictthe rangeof candidatex-coordinates
for i to [0:5; 1]. Note that all groupsinvolving intervals in
this range(likeB ) mustbedifferentfrom A'sgroup.Repeat
thisprocesswith B . As therangeof candidatex-coordinates
for i therebydecreases,we maintainan increasingset of
intervals that all must belong to different groups. The
processterminatesafter
(log n) steps.

More structureon the intervalsallows for bettergroup-
ings. Considerfamiliesof non-nestedintervals,in which no
interval properlycontainsanother. Uniform-width intervals
area specialcase.

LEMMA 2.4. Collectionsof non-nestedintervals admit 2-
groupings.

Proof: In non-decreasingorderby left endpoint,greedilyadd
intervalsinto the�rst groupaslongasthey all sharesomex-
coordinate.Whenno furtherprogresscanbemade,createa
new groupandcontinue.

ConsiderthreegroupsA; B ; C createdin consecutive
order. Let sA , sB , and sC be the �rst intervals picked in
eachgroup.By assumption,all intervalsin A arelive at the
right endpointof sA . If sA andsB areliveat somecommon
x-coordinate,thensB is alsoliveat theright endpointof sA ,
which is notpossible,sincesB starteda new group.

Thus, sA , sB and sC are mutually disjoint. Sinceno
interval of C hasits left endpointto theleft of thatof sC , no
interval of A canbelive at anx-coordinateof aninterval of
C, or sB would benested.Hence,all intervalsactive at any
x-coordinatebetweenthe left endpointsof sB andsC must
befrom A or B . 2

The Algorithm. Henceforth,we assumethat the input
admitsa
 -grouping.By Lemma2.3,
 = O(log n). Let � be
asuf�ciently smallerrorparameter, andlet D = dmax d1=�e.

THEOREM 2.2. For any suf�ciently small positive � , Al-
gorithm 1 runs in poly(n; 1=�) time and givesa schedule

Algorithm 1 Approximationalgorithmvia grouping

(1) Truncateeachsensorof durationd to d(1+ � )k e, where
(1 + � )k � d < (1 + � )k+1 for someintegerk. Let X be
thesetof truncatedsensors.
(2) For eachd = d(1 + � )k e, k = blog1+ � dmin c,: : : ,
dlog1+ � dmax � 1e, do the following. Let X d denotethe
setof truncatedsensorsof durationd. Scaleeachsensorin
X d down by a factorof d, applyLemma2.2 with group-
durationparameterdD=de andthegiven� , andthenscale
theobtainedgroupsbackupby d.
(3) Let G bethesetof rectanglesobtainedfrom Step(2).
Truncatethem so that they all have durationexactly D .
Call theresultingsetof rectanglesG0.
(4) Apply thegreedyalgorithmto G0.

of the RSC problem with duration at least L=(1 + � ) �
O

�

 dmax log(dmax =dmin )=�3

�
.

Proof: We will show that truncatingand groupingdo not
decreasetheloadat any i excessively.

By Lemma2.2,Step2 producesagroupingGd of X d of
durationdD=ded suchthatat any i , L Gd (i ) > L X d (i )=(1 +
� ) � O(
 D=�). Summingoverall d, wehave

L G (i ) >
1

1 + �
L X (i ) � O

�

 D log(dmax =dmin )

� log(1 + � )

�

=
1

1 + �
L X (i ) � O

�

 dmax log(dmax =dmin )

� 3

�
:

Truncatingthesensorsin Step(1) decreasestheir dura-
tions by a factor of at most 1 + � , so L X (i ) � 1

1+ � L(i ).
Truncatingthe groupsin Step(3) also decreasestheir du-
rationsby a factor of at most dD =ded

D � D + d
D � 1 + � .

Since 1
(1+ � )3 � 1

1+7 � , we have L G0(i ) > L (i )=(1 +

7� ) � O
�

 dmax log(dmax =dmin )=�3

�
. Finally, applyingthe

greedyalgorithm in Step(4) yields a scheduleof duration
min i L G0(i ) > L=(1+ 7� ) � O(
 dmax log(dmax =dmin )=�3).
Replacing� with �=7 givesthedesiredresult. 2

By bootstrappingSteps(1)–(3)of Algorithm 1, we can
replacetheO(log(dmax =dmin )) factorwith O(1=�), yielding
thefollowing result,theproofof which is in AppendixA.2.

THEOREM 2.3. For any suf�ciently small positive� , there
is an algorithm that runs in poly(n; 1=�) time and givesa
scheduleto theRSC problemwith duration at leastL=(1 +
� ) � O

�

 dmax =�4

�
.

COROLLARY 2.3. There is a constantc, such that for any
smallenoughpositivereal � , thealgorithmgivesa schedule
of durationat leastL=(1 + � ) for anyL � 
 cdmax =�5.

2.4 Putting the PiecesTogether Theorem2.3 yields a
goodapproximationonly whendmax is small. On theother



hand,Corollary2.2yieldsa goodapproximationwhendmin

is large.We needthefollowing technicallemma.

LEMMA 2.5. For anypartition fR 1; : : : ; R k g of S andany
x-coordinatei , someR j hasload at leastL=k at i ; de�ne
m(i ) to beanysuch j .

Proof: By contradiction, if there were somei such that
L R j (i ) < L=k for 1 � j � k, then L S (i ) < L . Set
m(i ) = argmaxj f L R j (i )g. 2

Considerthe casewhen 
 = O(1). Fix a parameter
� , and partition S into two subsets:R 0 consistingof all
sensorswith durationat least� L (thelargesensors),andR 1

containingthe remaining(small) sensors.Invoking Lemma
2.5, for eachj , we useR j to cover all the x-coordinates
i wherem(i ) = j . Then by setting � = � 05=(
 c): for
R 0, Corollary 2.2 yields a solution of duration at least
L=(2(1 + � 0)) ; andfor R 1, Corollary2.3yieldsasolutionof
durationatleastL=(2(1+ � 0)) . Combiningthetwo solutions,
weobtainasolutionof durationL=(2+ 2� 0). Setting� = � 0=2
givesusour �rst result:

THEOREM 2.4. There exists a (2 + � )-approximation for
RSC for inputsthatadmitO(1)-groupings.

COROLLARY 2.4. If all sensors haveequalwidth, we can
obtaina (2 + � )-approximationfor RSC.

Proof: This follows from theaboveandLemma2.4. 2
If 
 is an increasingfunction of n, we must introduce

a middle layer in the decompositionof sensors.Placeall
sensorsof durationat leasth = L log logn= logn into set
R 0. Fix a parameter̀ , andfor 1 � i � ` , placeall sensors
of durationbetweenh=2i andh=2i � 1 into setR i , truncating
all their durationsto h=2i ; this at worst doublesthe overall
approximationratio. Placeall sensorsof durationat most
h=2` in R ` +1 .

We call R 0 the large subset; R i ; 1 � i � ` , themiddle
subsets; andR ` +1 the small subset. Invoking Lemma2.5,
for eachj , we useR j to coverall thex-coordinatesi where
m(i ) = j . For thelargesubset,weuseCorollary2.2to �nd a
scheduleof durationat leastL=((1+ � )( ` + 2)). For amiddle
subsetR j ; j � 1, becauseall its sensorshave the same
duration,we canusethegreedyalgorithmto �nd a schedule
of durationat leastL=(` + 2). For thesmallsubsetR ` +1 , we
useTheorem2.3 with � = 1. Sincethe sensorsin R ` +1

have maximum duration h=2` = L log logn=(2` logn),
Theorem2.3yieldsa scheduleof durationat least

L
2(` + 2)

� O
�



L log logn

2` logn

�
:

If 
 = O(log n= log logn), thensetting` = O(1) suf�ces
to make the term L

2( ` +2) dominate, yielding a constant-
factorapproximation.For arbitraryintervals,we know from
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Figure2: [3] A setof sensors(in the form (`(�); r (�); d(�)) )
A = (0; 1; 3), B = (0; 3; 1), C = (1; 2; 2), D = (1; 4; 1),
E = (2; 3; 1), F = (2; 5; 1), G = (3; 4; 2), and H =
(4; 5; 3). Theshadedregion is agap.In thisexample,L = 4
but OPT = 3, which canbe realizedby sliding G down so
thatt(G) = 1.

Lemma2.3that
 = O(log n), requiring` � 3 log log logn,
therebyyieldinganO(log log logn)-approximation.

THEOREM 2.5. There exists a polynomial-timeconstant-
factor approximation for the RSC-problem on collections
of intervals that admit O(log n= loglogn)-groupings. For
general collectionsof intervals, there exists a polynomial-
timeO(log log logn)-approximationalgorithm.

2.5 Hardness To prove that RSC with variabledurations
is NP-hard,we exploit an identity to DYNAMIC STORAGE

ALLOCATION in a specialcase. An instanceof DSA is
like one of RSC, except that the instanceload is de�ned
as the maximumload at any x-coordinate,and the goal is
to schedulethe sensors(jobs, in DSA parlance)without
overlapto minimize the makespan.If the load is equalfor
all x-coordinates,thenOPT = L for eitherproblemimplies
aschedulethatis a solid rectangleof heightOPT= L .

Stockmeyer proves that determiningif there exists a
solution to DSA of a given makespanis NP-complete[7,
ProblemSR2]. In fact,heprovesthatgivena DSA instance
with uniformload,determiningif OPT= L is NP-complete,
even if durationsarerestrictedto thesetf 1; 2g, andby the
aboveidentity, thesameis truefor RSC.

To establisha gap betweenOPT and L , considerthe
examplein Figure2, in which L = 4 but OPT= 3. Scaling
showsthatnoapproximationalgorithmcanguaranteearatio
of betterthan4=3 with respectto L .

3 CubeCover

3.1 Hardness Results When the R(�)'s are axis-aligned
rectanglesandU is a two-dimensionalregion, the problem
is NP-hardeven when the sensorshave uniform duration,
in contrastto theuniform-durationcasefor RSC. We usea
reductionfrom an instanceof NAE-3SAT with n variables
andm clausesto aninstanceof CUBE COVER.



An instanceI of NAE-3SAT is asetU of variablesand
a collectionC = f C1; C2; :::; Cm g of clausesover U, such
thatjCi j = 3 for eachi . Theproblemis to determineif there
a truth assignmentfor U suchthat eachclausein C hasat
leastonetrue literal andat leastonefalseliteral [7]. A key
propertyis thatif X isasatisfyingassignmentfor aninstance
I of NAE-3SAT, �X is alsoa satisfyingassignmentof I .

Given I , we constructan associatedgraphG(I ), with
verticesfor eachvariableandeachclause.We draw anedge
betweena clausevertex anda variablevertex if thevariable
appearsin the clause. The graph is drawn on a planar
grid within a boundingbox U. From G(I ), we construct
an instanceS(I ) of CUBE COVER that hasa scheduleof
duration2 if I is satis�ablebut only 1 if I is unsatis�able.
Detailswill appearin thefull paper.

Theconstructioneliminatesthepossibilityof aPTAS as
well. Assumewe have a PTAS P for CUBE COVER. On
input (S(I ); � ), where � > 0 and S(I ) is an instanceof
CUBE COVER inducedby theabove construction,P would
outputasolutionwith durationT, whereT � (1 � � ) �OPT.
Setting� = 0:25, T � 1:5 whenOPT = 2, and0:75 � T �
1 whenOPT = 1. ThuswecanuseP to solveNAE-3SAT.

THEOREM 3.1. CUBE COVER is NP-hard and does not
admita PTAS,evenwith uniformduration.

3.2 RectanglesWith Uniform Duration Weconsiderap-
proximationalgorithmsif all sensorshave unit durationand
scaleto gettheuniform-durationresultsin Table1. First we
prove a technicallemma,which actuallyholdsfor arbitrary
sets.

LEMMA 3.1. Let U bean m-elementset. For s 2 S, R(s)
is an arbitrary subsetof U with unit duration. There exists
someconstantc large enough,such that if L > cln m,
then in polynomialtime we can �nd a subsetR � S and
a scheduleof R with duration at leastL= ln m so that the
remainingloadL SnR � L=2.

Proof: We take covers from S oneby one. Let L i be the
loadof theremainingsensorsafter taking the i th cover. For
the (i + 1)th cover X , we take eachremainingsensorinto
X with probability p = cln m=L i . Then we checkif (1)
X is a valid cover, and(2) L i +1 > L i � 1

2 ln m. For any
x 2 U, the probability that x is not covered is at most
(1 � p)L i < m� c, so (1) occurswith probability at least
1� m1� c (probabilityof unionof events).Forany x 2 U, the
probabilitythatL i (x) � L i � 1

2 ln m isatmostm� (2c� 1) 2 =8c

(Chernoff bound), so (2) occurswith probability at least
1 � m1� (2c� 1) 2 =8c. Thuswe canchoosec largeenoughthat
both (1) and(2) occurwith high probability (e.g.,> 1=2).
We repeatedlytake X until this happensandthenproceed
to thenext cover. We repeatthis procedureuntil L i +1 drops
below L=2, andthelemmafollows. 2

Thebasicideaof our algorithmsis thefollowing. Take
a partitionof U with a smallnumberof cells,andthencrop
R(�) so that eachsensorfully coversa numberof cells but
is completelydisjoint from therest.We ensurethattheload
doesnot decreaseby more thana constantfactorand then
applyLemma3.1.

THEOREM 3.2. If each sensors 2 S has unit duration,
thenthereis a polynomial-timeO(log(n=L))-approximation
algorithmfor CUBE COVER.

Proof: We assumeL > cln n for somelarge constantc;
otherwisewejust takeonecover, andthetheoremfollows. It
iswell knownthatsetsof rectanglesin theplaneadmit(1=r)-
cuttings: thereexists a subsetR � S of r log r rectangles
suchthat in the partition A R determinedby the rectangles
of R, eachfaceis intersectedby the boundariesof at most
cn=r rectanglesof S [5]. We chooser = d2cn=Le, so
cn=r � L=2.

Let f be a faceof A R , and let Sf � S denotethe
subsetof rectanglesthat fully contain f . Since the load
at every point in f is at leastL and only L=2 rectangles
partially cover f , we derive jSf j � L=2. Now replaceeach
rectangleR(s) by a croppedregion thatconsistsof all faces
of A R thats fully covers.Thisyieldsaninstanceof SENSOR

COVER, with auniverseof sizer 2 log2 r andloadL 0 � L=2.
Applying Lemma3.1yieldsthedesiredresult. 2

Whenall theR(�)'s have thesamesize,a morecareful
croppingschemeyieldsanimprovedbound.

THEOREM 3.3. If each sensors 2 S has unit duration
andeach R(s) is a unit square, thenthere is a polynomial-
time O(log(L max =L))-approximationalgorithm for CUBE

COVER.

Proof: We assumeL > cln L max for somelargeconstant
c; otherwisewejust takeonecover, andthetheoremfollows.
We draw a unit-coordinategrid � insideU. Thereareonly
O(n=L) cells in � . For a cell 
 2 � , let S(
 ) � S
denotethesetof squaresof S that intersect
 . Let nmax =
max
 jS(
 )j. Packingargumentsimply nmax � 4L max .

Two cells in � are independentif they areat leasttwo
grid cells apart from each other in both dimensions. It
is easyto seethat we can partition � into 9 independent
sets� 1; : : : ; � 9, where all cells in any one set are mutu-
ally independent. In the following, we will show how to
make 
( L= ln(nmax =L)) covers for � 1, such that the re-
maining load is at least L=8. Then we repeatthe pro-
cessfor � 2; : : : ; � 9, and ultimately we derive a schedule
that covers all cells with duration 
( L= ln(nmax =L)) =

( L= ln(L max =L)) .

By the de�nition of independence,we can isolatethe
cells in � 1 and need only show that for any 
 2 � 1,
we canmake 
( L= ln(nmax =L)) coversfrom S(
 ) without



decreasingthe load of any of its neighboring8 cells by
more than a factor of 8. The load of S(
 ) inside 
 is
at leastL , so following the approachusedin the proof of
Theorem3.2,webuild apartitionA in 
 andits neighboring
cellssuchthateachfaceof A intersectstheboundariesof at
mostL=2 squaresfrom S(
 ). A hassizer 2 log2 r , where
r = d2cnmax =Le. We further partition the facesof A that
intersecttheboundaryof 
 , suchthateachfaceof A is either
inside 
 or outside. This at most doublesthe size of A .
Let F be the setof facesof A that arefully coveredby at
leastL=4 sensorsfrom S(
 ). F includesall facesinside

andsomefacesoutside. For any facenot in F , the load of
S n S(
 ) mustbe at leastL � L=2 � L=4 = L=4, so we
canignoreit. Considerthe facesin F . Crop thesquaresof
S(
 ) accordingto F asin theproof of Theorem3.2. After
cropping,by constructiontheloadateachfaceof F remains
at leastL=4. Apply Lemma3.1 with U = F and S(
 ),
whichyields
( L= ln(nmax =L)) coverswhile theremaining
sensorshave loadat leastL=8 for any faceof A . 2
Remark. Theseresultsextendto convex shapesthat admit
smallcuttings:disks,ellipses,etc.

4 SensorCover

Now consider the general SENSOR COVER problem, in
which eachR(�) is an arbitrary subsetof a �nite set U
of size jUj = O(n). We show that a randomschedule
of the sensorsyields an O(log n)-approximationwith high
probability. Thisresultextendsthatof Feigeetal. [6], which
dealswith theunit-durationcase.

Let T = cL= ln n, where c is someconstantto be
determinedlater. We show that if we choosethe start time
of eachsensorrandomly between0 and T, then we will
have a valid schedulewith high probability. In order to
avoid fringe effects, we must choosepositionsnear 0 or
T judiciously. More precisely, for a sensors of duration
d(s) < T, wechooseits starttime t(s) uniformly at random
between� d(s) and T; if t(s) < 0, we resetit to 0. If
d(s) � T , we simply set t(s) = 0. Divide T evenly into
2n time intervals[t0 = 0; t1]; [t1; t2]; : : : ; [t2n � 1; t2n = T],
eachof lengthT=2n. If d(s) � T=n, thenfor any x 2 R(s)
andin any time interval, x is coveredby s with probability
at least(d(s) � T=2n)=(T + d(s)) � 1

4 � d(s)=T.
Considerany x 2 U, andlet f s1; : : : ; sk g be thesetof

sensorslive at x with durationsat leastT=n. We know that
P k

i =1 d(si ) � L � T=n � n � L=2. In any time interval
[t i ; t i +1 ], theprobabilitythatx is notcoveredis atmost

kY

i =1

�
1 �

d(si )
4T

�
�

kY

i =1

exp
�

�
d(si )
4T

�

� exp
�

�
L
8T

�
= exp

�
�

ln n
8c

�
= n� 1

8c :

ThereareO(n2) different(x; [t i ; t i +1 ]) pairs,so theproba-

bility thatsomex 2 U is notcoveredatsometimeis atmost

O(n2) � n� 1
8c = O

�
n2� 1

8c

�
. With c < 1=16, we obtaina

valid schedulewith highprobability.
The algorithmcanbe de-randomizedusingthemethod

of conditionalprobability. We omit thedetails.
SET COVER PACKING reducesto SENSOR COVER.

Given an optimal schedulefor an instanceof SENSOR

COVER, we can“snap” eachstartingtime t(s) to the inte-
ger dt(s)e without introducinggapsor decreasingthe total
duration.Hence,thelowerboundof Feigeet al. [6] applies.

THEOREM 4.1. There exists a polynomial-timeO(log n)-
approximationalgorithmfor the SENSOR COVER problem.
Thisboundis tight up to constantfactors.

5 Open Problems

Ideally we would like to prove strongerhardnessresultsor
�nd betterapproximationalgorithmsin orderto narrow the
gapbetweenour lower andupperbounds.In fact,we have
not ruledout thepossibilityof a PTAS for theRESTRICTED

STRIP COVER problem,althoughit cannotbe in termsof
L . It would be interestingto seeif other techniquesfor
geometricoptimization problemscould be applied to our
problemaswell.

We are also interestedin understandingpreemptive
schedulesbetter. For RESTRICTED STRIP COVER, a sim-
ple algorithm basedon maximum �o w yields an optimal
preemptive schedulein polynomial time. In higherdimen-
sions,however, it is not fully understoodin whichsituations
non-preemptive schedulesaresub-optimalwhencompared
with thebestpreemptive schedules.For example,usinges-
sentiallythesameargumentasin theNP-hardnessproof for
CUBE COVER, we canshow that its preemptive variantre-
mainsNP-hard. In general,we would like to uncover the
relationshipbetweenthe load of the probleminstance,the
durationof the optimal preemptive schedule,andthe dura-
tion of theoptimalnon-preemptiveschedule.

Acknowledgements. We thankNikhil Bansalfor pointing
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A Details for Section2

A.1 Proof of Lemma 2.1 Givena setY of unit-duration
sensors, all live at some�xed x-coordinatex0, an integer
group-durationparameterD , anda suf�ciently smallpositive
� , there is a setG of groups,each of duration D , such that
for anyi , L G (i ) > L Y (i )=(1 + � ) � 4Dd1=�e:

Proof: It is convenient to view a sensors as a point
(`(s); r (s)) in theplane.Notethatall sensorslive at x0 are
insidethe rectangleRx 0 = f (x; y) : x � x0 � yg. (See
Figure3.) First we partition thesensorsof Y into stripsby
repeatingthefollowing aslong assensorsremain.

(1) CreateaverticalstripcontainingtheatmostDd1=�e
sensorsthatremainwith thesmallest̀ (�) values.

(2) Createa horizontal strip containing the at most
Dd1=�esensorsthatremainwith thelargestr (�) values.

Now for every vertical strip of Y , take the sensorsin
orderof decreasingr (�) valuein groupsof sizeD . (We may
discardthe last< D sensorsin the laststrip.) Similarly, for
everyhorizontalstrip, take thesensorsin orderof increasing
`(�) value in groupsof size D . (We may discardthe last
< D sensorsin the last strip.) Replaceeachgroup X
with a larger rectanglesX with `(sX ) = maxs2 X `(s),
r (sX ) = mins2 X r (s), andd(sX ) =

P
s2 X d(s) = D .

Considerany i � x0 (the casei > x0 is symmetric),
andexamineFigure3(c). All sensorslive at i areinsidethe
rectangleRi = f (x; y) : x � i � yg. Assumethat the line
x = i intersectsk horizontalstrips;thenR i entirelycontains
at leastk � 1 vertical strips,so L Y (i ) � (k � 1)Dd1=�e.
For any groupcompletelyinsideR i , it contributesD to both
L Y (i ) andL G (i ); for any groupcompletelyoutsideR i , it
doesnot contribute anything to eitherL Y (i ) or L G (i ). So

only the groups in the k horizontal strips and the single
verticalstrip intersectedby the line x = i contribute to the
difference,that is, L Y (i ) � L G (i ) < kD + Dd1=�e + D,
wherethe last term accountsfor the fewer thanD sensors
thatwe did notgroupin thelaststrip. Therefore,

L G (i ) > L Y (i ) � (k � 1)D � (2 + d1=�e)D

� (1 � � )L Y (i ) � 2Dd1=�e

�
1

1 + 2�
L Y (i ) � 2Dd1=�e;

for any � � 1=2. Replacing� with �=2 gives the desired
result. 2

A.2 Proof of Theorem2.3 For anysuf�ciently smallpos-
itive � , there is an algorithm that runs in poly(n; 1=�) time
and givesa scheduleto the RSC problemwith duration at
leastL=(1 + � ) � O

�

 dmax =�4

�
.

Proof: We are going to apply Steps(1)–(3) of Algorithm
1 repeatedly, groupingthesmallersensorssoasto increase
dmin until log(dmax =dmin ) becomessmall enoughthat we
canapplyTheorem2.2to theresultingrectangles.

For easeof presentation,we assumethat 1=� is an
integer. Let r denotethe ratio dmax =dmin . Assume�rst
that logr � 1=�, andset� = �= logr andD = d� 4dmax e.
Apply Steps(1)–(3)of Algorithm 1 to Ss , thesetof sensors
of durationat mostd0

max = d�D e, with groupdurationD
anderrorparameter� . This yieldsa setof rectanglesGs of
durationD suchthatfor any i andsomeconstantc1

L G s (i ) >
1

1 + �
L Ss (i ) � O

�

 d0

max log(d0
max =dmin )

� 3

�

>
1

1 + �
L Ss (i ) � O(
 � 2dmax log(� 5r ))

>
1

1 + �
L Ss (i ) �

c1
 � 2dmax

log r
:

Now considerGs as a set of sensorsand the new
probleminstanceS0 = Gs [ (S n Ss). Its loadat i is

L S0(i ) >
L (i )
1 + �

�
c1
 � 2dmax

log r
:

Moreover, the new minimum durationof this problemin-
stanceis at leastd0

max , andthe maximumdurationremains
dmax , sothenew ratiois r 0 � dmax

d0
max

� 1
� 5 = log 5 r

� 5 � log10 r ,

sincelogr � 1=�. For � suf�ciently small,wehaver 0 �
p

r ;
hencelogr 0 � 1

2 log r .
Iteratetheabove procedure,eachtime usingnew error

parameter� 0 = �= logr 0, until it yields a probleminstance
S� with minimumdurationd�

min for which r � = dmax =d�
min

is such that logr � < 1=�. Let r 0; : : : ; r k = r � be the
sequenceof ratios and L 0(i ) = L (i ); L 1(i ); : : : ; L k (i ) =
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Figure3: [3] (a) Four sensors.(b) Thesensorsof (a) viewedas(x; y) points. (c) Groupinga setof sensorswith D = 2
and� = 1=2. TherectangleRx 0 containsthesetY of sensors.Thesensorsare�rst partitionedinto alternatingverticaland
horizontalstripsof Dd1=�e = 4 each.Within eachstrip, thesensorsaregrouped(dottedlines)into groupsof D = 2. The
groupsthatintersecttheline x = i areshaded.

L � (i ) bethesequenceof loads.For someconstantc2

L � (i ) >
1

1 + �= logr k � 1
L k � 1(i ) �

c1
 � 2dmax

log r k � 1

>
1

1 + �= logr k � 1
�

�
1

1 + �= logr k � 2
L k � 2(i ) �

c1
 � 2dmax

log r k � 2

�
�

c1
 � 2dmax

log r k � 1

...

>

 
k � 1Y

i =0

�
1 +

�
logr i

� ! � 1

L(i ) �

k � 1X

i =0

�
1

logr i

�
c1
 � 2dmax

�
1

1 + c2�= logr � L(i ) �
2

logr � c1
 � 2dmax

> L(i )=(1 + 2c2� 2) � 4c1
 � 3dmax :

Let L � = minp L S � (i ). Finally, applyTheorem2.2 to
S� , whichyieldsascheduleof durationat least

1
1 + �

L � � O
�


 dmax log r �

� 3

�
�

1
1 + c4�

L � O
�


 dmax

� 4

�
;

for someconstantc4. Replacing� with �=c4 givesthedesired
result. 2


