RestrictedStrip Coveringandthe SensoiCover Problem

AdamL. Buchshaum  Alon EfratY

Abstract

Supposewe are given a set of objectsthat cover a region anda
durationassociateavith eachobject. Viewing the objectsasjobs,
canwe scheduletheir beginning timesto maximizethe length of
timethattheoriginal region remainscovered?We call this problem
the SENSOR COVER PROBLEM. It arisesn the contet of covering
aregion with sensors.For example,supposeyou wish to monitor
activity alonga fence(interval) by sensorsplacedat various x ed
locations. Eachsensorhasa range(also an intenval) and limited
batterylife. The problemis thento schedulenvhento turn on the
sensorsothatthefenceis fully monitoredfor aslong aspossible.

This one-dimensionaprobleminvolves intervals on the real
line. Associatinga durationto eachyields a set of rectangles
in spaceand time, eachspeci ed by a pair of x ed horizontal
endpointsand a height. The objective is to assigna bottom
position to eachrectangle(by moving them up or down) so as
to maximize the height at which the spanningintenal is fully
covered. We call this one-dimensionaproblem RESTRICTED
STRIP COVERING. If we replacethe covering constraintby a
packingconstraint(rectanglesnay not overlap, andthe goal s to
minimize the highestpoint covered), then the problembecomes
identical to DYNAMIC STORAGE ALLOCATION, a well-studied
schedulingproblem,which is in turn a restrictedcaseof the well
known problemSTRIP PACKING.

We present collectionof algorithmsfor RESTRICTED STRIP
COVERING. We shawv thatthe problemis NP-hardandpresentan
O(log log log n)-approximationalgorithm. We also presentbetter
approximationor exact algorithmsfor somespecialcasesjnclud-
ing when all intenals have equalwidth. For the general SEN-
SOR COVER PROBLEM, we distinguishbetweencasesin which
elementshave uniform or variable durations. The results de-
pend on the structureof the region to be covered: We give a
polynomial-time, exact algorithm for the uniform-durationcase
of RESTRICTED STRIP COVERING but prove that the uniform-
durationcasefor higherdimensionakregionsis NP-hard. We give
somemorespeci ¢ resultsfor two-dimensionategions.Finally, we
consideregionsthatarearbitrarysetsandwe presenanO(log n)-
approximatioralgorithmfor themostgenerakase.

1 Intr oduction

Sensorsare small, low-costdevicesthat canbe placedin a
region to monitor local conditions. Distributed sensomet-
works have becomeincreasinglymore popularasadwances
in MEMS and fabricationallow for suchsystemsthat can
performsensingandcommunication How sensorsommu-
nicateis awell-studiedproblem.Our maininterestis: Once
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a sensometwork hasbeenestablishedhow canwe maxi-
mizethe lifetime of the network? It is clearthatthe limited
batterycapacitiesf sensorss a key constrainin maximiz-
ing the lifetime of a network. Additionally, researctshowns
thatpartitioningthesensorsnto coversanditeratingthrough
themin a round-robinfashionincreaseshe lifetime of the
network[1, 4,9, 10].

De nitions. Let S beasetof n sensorsEachsensors 2 S
canbe viewed asa pointin somespacewith anassociated
region R(s) of coverage.For every pointx 2 R(s), sis live
atx. LetU betheregionéo becoveredby S. U is covered
bysomeR SifU <r R(8). WecallR afeasible
cover. Everysensors 2 S canbeactivefor a nite duration
d(s). Letdmin = minszs d(s), anddmax = MaXxszs d(S).

PrROBLEM 1.1. (SENSOR COVER) Computea scheduleS
of maximumdurationT, in which ead sensors 2 S is
assigneda starttime t(s) 0, sudh thatanyx 2 U is
coveredby someactivesensorat all timesO  t < T. That
is,forall x 2 Uand0 t < T,therissomes 2 S with
X 2 R(s) andt(s) t< t(s)+ d(s).

A sensoris redundantin a scheduleS if it can be
removed without decreasinghe durationof S. A schedule
with noredundansensorsgs minimal It sufces to consider
only minimal schedulesyhich may not utilize all sensors.
As acorvention,we sett(s) = 1 if sisunused.

Priorwork onthe SENSOR CoOVER problemhasfocused
solely on the casewhere the regions R() are arbitrary
subsetsof U and the durationsare all identical. This
assumptionyields a pading constraint,and the problem
reducesto partitioning the set of sensorgnto a maximum
numberof valid covers. This problemis known as SET
COVER PACKING andis In n-hardto approximatewith a
matchingupperbound[6].

In practice theseassumptionsppearoverly constrain-
ing. Sensorwill have arbitrarydurationsandtypically de-
ne geometricregions of coverage: intervals, rectangles,
disks,etc. In this paper we considersuchvariations.In the
RESTRICTED STRIP COVER problem,the R()'s are one-
dimensionalintervals,andthe problemis equivalentto slid-
ing axis-parallelrectanglesrertically to cover a rectangular
region of maximumheight. In the Cuse CovER problem,
the R()'s are axis-parallelrectanglesand the problemis
akinto sliding cubesvertically in the z-dimension.We also



Tablel: Summaryof results.

Shapeof sensor| Uniform duration | Variableduration
. NP-hard,O(log loglogn)-approx.,
Intervals exactin P (2 + )-approx.for equal-width
Corvex with NP-hard,0(log(ndmax =L)) -approx.;

smallcuttings

O(log(L max =L)) -approx.whencongruent& fat

NP-hard,0(log n)-approx.

Arbitrary sets

O(log n)-approx.[6]

considelSENSOR CoVER, whentheR (' )'sarearbitrarysub-
setsof asetU of sizeO(n), with varyingdurations(in con-
trastto SET COVER PACKING).

In general,a schedulemay activate and deactvate a
sensomorethanonce.We call thisapreemptiveschedule A
non-preemptivescheduleis a scheduleén which eachsensor
is activatedat mostonce.In this paperwe only considerthe
non-preemptie problem.We have somepreliminaryresults
for the preemptve case put moreresearcthis neededo gain
abetterunderstandingf thedifferences.

Our results.We shawv thatmostvariantsof SENSOR COVER
are NP-hard,andwe studyappr@(imationalgorithms. For
ary pointx 2 U, letL(X) = g s jvearx A(S) bethe
load at x . De ne the overall load L = miny L(x); let
Lmax = maxy L(x). We write Lx (rsp.,Lx (x)) for the
load of ary subsetX of sensorgrsp.,atx). OPT denotes
thedurationof anoptimal schedulea trivial upperboundis
OPT L. All ourapproximatiorratiosarewith respecto
L. ThatOPT L allowstheassumptiothatdmax L.

Table 1 summarizesour results. Notably for RE-
STRICTED STRIP COVER, we give an O(logloglogn)-
approximationalgorithm for the generalcaseand O(1)-
approximationgor somespecialcasesincludinga (2 + )-
approximationwhen all intervals have equal width. For
CuBe COVER, we give approximationghat extendto ary
convex shapewith smallcuttings:rectanglesdisks,ellipses,
etc. We discussRESTRICTED STRIP COVER in Section2,
CuBE CoVERin Section3, andthegeneralSENSOR COVER
problemin Sectiord4.

Related Work. SET CoVER PACKING was studied by
Feigeetal. [6]. They consideredhe DOMATIC NUMBER
problem, where the goal is to maximize the number of
disjoint dominatingsetson the setof verticesof a graph. A
dominatingsetin agraphG = (V;E) isasetvV® V of
verticessuchthatevery v 2 V is eithercontainedn V° or
hasa neighborin V°. Feigeet al. shav thatthe DOMATIC
NUMBER problemis hardto approximatewithin afactorof
(X ")YInjvjfor"™ > 0, by rst shawving the hardnesof
approximatiorof the SET COVER PACKING problem.Note
thatthe SET COVER PACKING problemis a combinatorial
version of our problem, with each subsetbeing a region
of unit duration. Feigeet al. alsogive a randomizedn n-
approximationalgorithm, which they derandomize. Their

log n-hardto approx.,

log n-hardto approx.,
O(log n)-approx.

work shaved the rst maximizationproblemprovedto be
approximablewithin polylogarithmicfactorsbut no better

Thepracticalmotivationsfor studyingthis problemhave
inspiredthedevelopmenbf numeroudeuristics Slijepcevic
and Potkonjak [10] introducethe SET K-CoVER problem,
wherethey are given a setof subsetof a basesetand an
integer k and ask if it is possibleto constructat leastk
disjoint setcovers. They prove that SET K-COVER is NP-
complete,which is implied by Feigeet al's result[6], and
presenta heuristicfor constructingdisjoint setcovers.

Perillo and Heinzelman[9] study a variation of this
problem, where they want to maximize the lifetime of a
multi-modesensometwork. They computeall possiblefea-
sible covers and then translatetheir probleminstanceinto
a graph. Eachsensorand feasiblecover becomesa node.
Sensorsare connectedo a feasiblecover if they are con-
tainedin thatfeasiblecover. They uselinear programming
to model additional enegy constraintsand solve a maxi-
mum o w problemon this graph.Their solution,while opti-
mal, canbe exponentialin the size of the probleminstance.
Dasikaet al. [4] alsocomputeall possiblefeasiblecovers
anddevelopheuristicsfor switchingbetweerthesecoversin
orderto maximizethelifetime of their sensonetwork.

Abrams,Goel, and Plotkin [1] studya variation of the
problemwherethey are given a collection of subsetsof a
basesetanda positive integerk 2. Their goalis to par
tition the subsetsnto k covers,wherethe areaof coverage,
de ned asthe cardinality of a set,is maximizedacrossall
k covers. They give threeapproximatioralgorithmsfor this
problem:arandomizedlgorithm,a distributedgreedyalgo-
rithm, and a centralizedgreedyalgorithm. Their random-
ized algorithm partitions sensorswithin 1 % of the op-
timal solution. Their distributed greedyalgorithm givesa
%-approximationratio. Their centralizedgreedyalgorithm
achievesanapproximatiorfactorof 1 % They alsoprove
a%-hardnessesultfor their problem.

We areunavareof previouswork onthe RESTRICTED
STRIP COVER problem. Someof the closelyrelatedprob-
lemsarewell studied,however. If we replacethe covering
constrainty a packingconstraintrectanglesnay not over-
lap, andthe goal is to minimize the height of the highest
pointcovered) thentheproblembecome®yNAMIC STOR-
AGE ALLOCATION [7, ProblemSR2], for which thereis a



(2 + )-approximation{3]. If we furtherallow rectanglego

move both vertically andhorizontally thenthe problembe-

comesSTRIP PACKING, whichhasa (1 + )-approximation
upto anadditive term(8].

2 Restricted Strip Cover

Consideran instanceS of RESTRICTED STRIP COVER

(RSC). For easeof presentationywe de ne R(s) asa semi-
closedintenal [ (s); r(s)) for eachs 2 S; thewidthof s is

r(s) “(s). Weassumaewv.l.0.g.thatall interval coordinates
are integersin [0;2n 1] andthatU = [0;2n 1),

becausethere are at most 2n distinct interval endpoints.
It is corvenientto view scheduledsensorsas semi-closed
rectanglesn the plane,with intervals alongthe x-axis and
durationsalong the y-axis. Thus a valid scheduleS of

duration T is one in which any point (x;y) in the sub-
planeU [0;T) is coveredby somesensors; i.e., (S)

X < r(s) andt(s) y < t(s) + d(s). The problem
is equialentto sliding axis-parallelrectanglesvertically to

cover a rectangularegion of maximumheight. Therefore,
in this sectionwe usethe terms*“sensor” and “rectangle”
interchangeablyWe saytwo or morerectanglesoverlap if

they cover somecommonpoint. Whendiscussingnultiple

schedulesye write ts(s) to denotethe starttime of s in

someschedules.

We assumell durationsare positive integers.Let S be
somescheduleof S. De ne levelj of S to bethehorizontal
slice of sensorghatcoverpointsin they-range[j 1;j). A
gapis a point p suchthat no sensorcoversp. Fori 2 U,
de ne M (S;i) to bethegreatesy-coordinatg suchthatno
gapexists below j ati; i.e.,, M (S;i) = maxfj : 8j° <
i 9s 2 S; scovers(i;j9g. Thenthe duration of S is
M (S) = min; M (S;i).

Our mainresultsareanO(log log log n)-approximation
for arbitraryintervalsanda (2 + )-approximatiorfor inter-
valswhosex-projectionsarenon-nestedwhich includesthe
caseof uniformwidth. We usethreemaincomponents:

1. asimple, exactalgorithmif all sensorshave the same
duration(Section2.1);

2. anexact,dynamicprogrammingalgorithm,which runs
in poly(n) timeif L = O(log n=loglogn) andyields
a PTAS when L O(dmin logn=loglogn) (Sec-
tion 2.2);

3. (1 + )-approximationswhen L = ( dmax logn
minf 1= ; 10g(dmax =hin )g= *) (Section2.3).

2.1 Uniform-Duration Sensorslf all sensorshave the
sameduration, a simple greedyalgorithm gives an exact
solutionof durationL. Dene S; = fs2 S : sisliveatig.
Assumeby scalingthat all sensorshave unit duration. We
proceedleft-to-right, startingati = 0 and constructinga

scheduleS while maintainingthe following invariantsafter
schedulingsensordn S;: (i) no sensorsoverlapat ary x-
coordinate i,and(ii) M (S;i) = L.

Wheni 0, selectary L sensorghat are live at 0,
and schedulethem without overlap, establishinghe initial
invariants. Assumingthe invariantsaretrue at i, schedule
Si+1 asfollows. If therearenogapsati + 1, wearedone,as
theinvariantsextendto i + 1. Otherwise assumehereare
k > O unit-durationgapsati + 1. At leastk sensorsn S;.1
mustbe unscheduledyhich canbeusedto Il thegaps.

2.2 A Dynamic Programming Solution for SmallL We
give a dynamicprogramto determinef thereis a schedule
S suchthatM (S) = T fora x edT. Thedynamicprogram
is similar to thatof Buchsbaunetal. [3], but we needa new
analysisastheir analysiswould yield ann®( time bound
here.Below we ignoreportionsof sensorghatextendabove
level T in ary schedéjle.

Dene S ; = « i Sk. Considersomeschedules
S 10fS 1 andS; of S suchthatM (S; 151 1) =
M (Si;i) = T. We saythatS; ; andS; arecompatibleif
() foralls 2 S 1\ Sj; ts, ,(S) = tg (s); and(ii) for
allj 2 [0;T), (i;j) is coveredby S; 1 or S;. The rst
conditionstipulatesthat any sensorin both schedulesnust
havethesamestarttimein eachithesecondequiresasensor
in S; to be scheduledo cover eachlevel at which coverage
stopsati 1in S; ;. For eachi, we populatean array
Ci indexed by possibleschedule®f S;. For ary S;, de ne
Ci[Si] = 1lif thereisaschedule&s of S ; thatrespects; and
hasM (S;x) = T forO x i;andC;[Sj] = O otherwise.
ThenC;i[Si] = 1if andonlyif M (S;;i) = T andthereexists
someschedules; ; of S; 1 suchthatC; 1[S; 1] = 1and
Si 1 is compatiblewith S;j. Fori = 0, Co[Se] = 1 for
preciselythoseschedulesSy of Sy that have M (Sp; 0) =
T. The dynamicprogramthen populatesthe arraysC; in
increasingorder of i, by checkingall scheduleof S; for
eachi. Ultimately we checkif thereis someschedules;, 1
of S, 1 suchthatCon 1[Son 1]= 1L

First Analysis. For a scheduleS; of Sj, denoteby @S;)
the vertical boundarief the union of the rectanglef S;.
If S is partof a minimal scheduleS of durationT, then
ary rectangleof S; must cover somepoint on @S;) that
is coveredby no otherrectanglesn S;. ThusjS;j 2T,
becausedS;) hastotal length2T .

Becausethere are at most 2T sensorsper schedule,
thereareat most ,. T?T possibleschedulef S;. Each
scheduleof S; must be checled for compatibility against
each scheduleof S; 3, and checking compatibility of a
pair of schedulestakes O(T) time. Hencethe time to
run the whole dynamicprogramis 2n = 7 T2T 2o(T) =
(nT)°(M = (nL)°M). To determineOPT, we run the
dynamicprogramfor eachof the L possiblevaluesof T,
which doesnot affect the overallasymptotics.



Partitioning the Dynamic Program. It sufces to run the
dynamicprogramonly on x-coordinatewith relatively few
live sensors.Let X fi :jSij < 5Tg. We claimthatS
hasascheduleof durationT iff S hasascheduleS suchthat
M(S;i) T foraryi 2 X. We prove the“if” part; the
“only if” partis clear

Assumethatthereis aminimalschedules of durationT
thatonly coversX . We shav how to schedulghesensorsiot
usedin S to coverall x-coordinatesConsiderary maximal
interval X of x-coordinatesiotin X . At most4T sensors
from S arelive atany i 2 X, becauseary suchsensor
is alsolive at eithermin(X) 1 or max(X) + 1, andat
most 2T arelive at eitherone. By construction thereare
atleast5T sensordiveatary i 2 X, sothereareat least
5T 4T = T sensordive ati thatarenot usedby S and
henceareavailable,which sufce to coverall thelevelsati.
If sucha sensors shouldalsobe live at anotheri® 2 X (or
anotheii%in anotherX 9), it reducesy oneboththe number
of potentialuncoveredlevels and the numberof available
sensorgive ati® soenoughsensorsill remainati®.

Thereforene needonly runthedynamicprogramonthe
x-coordinatesn X . Thistakesonly 2n T°(T) time, because
therearefewerthan5T sensordiveatarnyi 2 X.

THEOREM 2.1. RSC canbesolvedin time2n L°(\),

COROLLARY 2.1. RSC can be solvedin poly(n) time if
L < ¢ logn=loglogn for anyconstant.

Using a standardtrick, a PTAS follows directly by
appropriatelytruncatingdurations.

COROLLARY 2.2, There is a PTASfor RSCif L < ¢
dmin logn=loglogn for anyconstantc.

2.3 Algorithms for Small Durations We now have algo-
rithmsfor the caseof uniform durationandlarge durations
(relative to load). Herewe considerthe casewhenall du-
rationsare small relative to load. To do so, we develop a
groupingtechniquewhich builds on theboxingtechniqueof
Buchsbaunet al. [3]. Although we follow the rough out-
line of their techniquethe covering (asopposedo packing)
natureof our problemnecessitatesew ideas.

The basicideaof groupingis to group shortersensors
into longer, virtual sensorauntil all the sensordhave equal
duration, at which point the greedyalgorithm is invoked.
Ensuringthat the load doesnot decreasé¢oo much during
theprocesss thekey to ouralgorithms.

Grouping Sensors. A groupingis a partition of a setY
of sensorsinto a setG of groups,eachof which is then
replacedby a rectanglethat canbe coveredby the sensors
in thegroup. Theduration of agroupis thatof therectangle
thatreplacest. Theserectangledorm a modi ed instance.
Lg (rsp.,Lg(i)) is de nedto betheload of thegroups(rsp.,

ati). NotethatLg (i) Ly (i), sinceportionsof thesensors
in a groupthat are overlappedor outsidethe rectangleare
not countedin L (i). We give polynomial-timeprocedures
to groupasetY of sensor®of unit durationinto G suchthat
Lg (i) isnotmuchsmallerthanLy (i) foranyi.

First, we give a groupingof a setof sensorghatareall
live at a x ed x-coordinate. The following adaptsLemma
2.1of Buchsbaunetal.[3], andtheproofis similar, although
simpler;detailsarein AppendixA.1.

LEmMMA 2.1. GivenasetY of unit-durationsensos,all live

at some xed x-coominate Xg, an integer group-duration
parameteD, and a sufciently small positive , there is a

setG of groups, ead of duration D, sud that for anyi,

Le(i)> Ly(i)=(1+ ) 4Ddl=e

We now partitiontheinput sothatwe canapplyLemma
2.lindividually to the parts.

DEFINITION 2.1. A -groupingis a partition of sensosinto
a setof groupssud that: (1) In ead group, there is an
anchor(x-coordinate)i at which all sensosin thegroupare
live; and(2) for anyx-coordinatei, the setof sensos live at
i aredrawnfromnomorethan groups.

Notes. Sensorsin a group may sharemary anchorsin
common;the anchorof the groupis onedistinguishedrom
this set.Not all sensordive atananchomwill bein its group.
Also, theexistenceof a -groupingis a purelycombinatorial
property of a family of ranges,like the canonicalsubsets
usedin rangesearching?2].

LEMMA 2.2. Givena setZ of unit-duration sensos that

admitsa -grouping an integer group-durationparameter
D, and a sufciently small positive , there is a setG of

groups,ead of duration D, sud that at any x-coordinate

hLe(i)>Lz(i)=(1+ ) O( D=):

Proof: Let G be a -groupingof Z. Each group in
G possessean anchorand thus satis es the premisesof
LemmaZ2.1. Apply LemmaZ2.1to eachgroupof G. Let
V bethesetof anchorsandlet Z, denotethe setof all the
sensorsn thegroupthathasv asananchor
Considerary x-coordinaté . By Leggnma2.1andthefact
thatthe Z, form a partition,Lg (i) > ,,,(Lz, (i))=(1+
) 4Dd1= e). By the -groupingproperty thereareonly
relevanttermsin thesummationsoLg (i) > Lz (i)=(1 +
) 4 Ddl=e 2

LEMMA 2.3. AnysetofintervalshasanO(log n)-grouping

Proof: Build an interval tree T on the intenals. For
eachnodev of T, form groupZ, containingthe intervals
associateavith v. Clearly, the x-coordinateof the dividing
line correspondingdo v is avalid anchorof thegroupZ,.
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Figurel: A badexamplefor grouping.

T hasdepthO(log n). For nodesu; w atthe samelevel
of T, setsZ, andZ, aredisjoint. Thus,theintervalslive at
ary x-coordinatearedistributedamongO(log n) groups. 2

Remark. This boundis tight in general. Considerary

groupingof the examplein Figurel. Let U be|[0;1]. We

shaw theremustbe an x-coordinatel suchthatthe sensors
live ati belongto (log n) groups. Initially, i might lie

arywherein U. Sensot is assignedo somegroup;assume
w.l.0.g.thattheanchorof this groupliesin theleft half of A,

i.e., [0; 0:5). Restrictthe rangeof candidatex-coordinates
for i to [0:5; 1]. Notethatall groupsinvolving intervalsin

thisrange(like B) mustbedifferentfrom A's group.Repeat
thisprocesaith B . As therangeof candidatex-coordinates
for i therebydecreaseswe maintainan increasingset of

intervals that all must belongto different groups. The

procesgerminatesafter (log n) steps.

More structureon theintervals allows for bettergroup-
ings. Considerfamiliesof non-nestedntenals,in which no
interval properly containsanother Uniform-width intervals
areaspecialcase.

LEMMA 2.4. Collectionsof non-nestedntervals admit 2-
groupings.

Proof: In non-decreasingrderby left endpointgreedilyadd
intervalsinto the rst groupaslongasthey all sharesomex-
coordinate Whenno furtherprogrescanbe made createa
new groupandcontinue.

Considerthree groupsA,; B; C createdin consecutie
order Let sa, Sg, andsc bethe rst intervals picked in
eachgroup. By assumptionall intervalsin A arelive atthe
right endpointof sp . If sa andsg arelive at somecommon
x-coordinatethensg is alsolive attheright endpointof sa ,
whichis notpossiblesincesg startedanew group.

Thus, sa, sg andsc are mutually disjoint. Sinceno
interval of C hasits left endpointto theleft of thatof sc, no
interval of A canbelive at anx-coordinateof aninterval of
C, or sg would be nested Hence all intervalsactive at ary
x-coordinatebetweenthe left endpointsof sg andsc must
befromA orB. 2
The Algorithm. Henceforth,we assumethat the input
admitsa -grouping.By Lemma2.3, = O(logn). Let be
asufciently smallerrorparameterandlet D = dpnax dl= e

THEOREM 2.2. For any sufciently small positive , Al-
gorithm 1 runsin poly(n; 1= time and givesa schedule

Algorithm 1 Approximationalgorithmvia grouping

(1) Truncateeachsensoof durationd tod(1+ )¥e, where
(1+ )¢ d< (1L+ )1 for someintegerk. LetX be
thesetof truncatedsensors.

(2) For eachd = d(1 + )Xe, k = blog;, dminC,:::,

dog;, dmax 1le dothefollowing. Let X4 denotethe
setof truncatedsensor®f durationd. Scaleeachsensoin

X ¢ down by a factorof d, apply LemmaZ2.2 with group-
durationparametedD =de andthe given , andthenscale
the obtainedgroupsbackup by d.

(3) Let G bethe setof rectangleobtainedfrom Step(2).
Truncatethem so that they all have durationexactly D.

Call theresultingsetof rectangless®.

(4) Apply the greedyalgorithmto G°.

of the RSC problemwith duration at leastL=(1 + )
O dmax l0g(dmax =nin )= 3.

Proof: We will shaw that truncatingand groupingdo not
decreas¢heloadatary i excessiely.

By Lemma2.2,Step2 producesgroupingGq of X 4 of
durationdD =ded suchthatatary i, Lg, (i) > Lx,(i)=(1+
) O( D=). Summingoverall d, we have

. 1 . D log(dmax =0min )
Lg(i) > i Lx(i) O log(1+ )
. Omax | Omax =Chmin
= 1+ Lx (I) (@] 09(3 d’n )

Truncatingthe sensorsn Step(1) decreasetheir dura-
tions by a factorof at most1+ , soLx (i) 1%L(i).
Truncatingthe groupsin Step(3) also decreasesheir du-
rationsby a factor of at most dD;ﬂ b+d 1+ .
Since -y 0, we have Lgo(i) > L(i)=(1 +
7) O dmax 10g(dmax =dmin )= 2 . Finally, applyingthe
greedyalgorithmin Step(4) yields a scheduleof duration
min; Lgo(i) > L=(1+ 7 ) O( dmax 109(dmax =thin )= 3).
Replacing with =7 givesthedesiredresult. 2

By bootstrappingsteps(1)—(3) of Algorithm 1, we can
replacehe O(log(dmax =tmin )) factorwith O(1=), yielding
thefollowing result,the proof of whichis in AppendixA.2.

THEOREM 2.3. For any sufciently small positive , there
is an algorithmthat runsin poly(n; 1=) time and givesa
scheduleto the RSC problemwith duration at leastL=(1 +
) O dnax=?%.

COROLLARY 2.3. Thee is a constantc, sud that for any
smallenoughpositivereal , thealgorithmgivesa schedule
of durationatleastL=(1 + ) for anyL COmax = °

2.4 Putting the PiecesTogether Theorem2.3 yields a
goodapproximationonly whendmax is small. Onthe other



hand,Corollary 2.2 yieldsa goodapproximationwhendmin
is large. We needthefollowing technicallemma.

x-coordinatei, someR; hasload at leastL=k ati; de ne
m(i) tobeanysudj.

Proof: By contradiction,if there were somei such that
Lgr; (i) < L=k for 1 ] k, thenLs(i) < L. Set
m(i) = argmax fLg, (i)g. 2
Considerthe casewhen O(1). Fix a parameter

, and partition S into two subsets:R consistingof all
sensorsvith durationatleast L (thelargesensors)andR
containingthe remaining(small) sensors.Invoking Lemma
2.5, for eachj, we useR; to cover all the x-coordinates
i wherem(i) = j. Thenby setting B ¢): for
Ro, Corollary 2.2 yields a solution of duration at least
L=(2(1+ 9); andfor Ry, Corollary2.3yieldsasolutionof
durationatleastL=(2(1+ 9). Combiningthetwo solutions,
we obtainasolutionof durationL=(2+ 2 9. Setting = %2
givesusour rst result:

THEOREM 2.4. Ther existsa (2 + )-approximation for
RSC for inputsthatadmitO(1)-groupings.

COROLLARY 2.4. If all sensos haveequalwidth, we can
obtaina (2 + )-approximationfor RSC.

Proof: Thisfollows from theabose andLemmaz2.4. 2

If is anincreasingfunction of n, we mustintroduce
a middle layer in the decompositiorof sensors. Placeall
sensorf durationat leasth = L loglogn=Ilogn into set
Ro. Fix aparameter, andforl i °, placeall sensors
of durationbetweerh=2' andh=2" 1! into setR;, truncating
all their durationsto h=2'; this at worst doublesthe overall
approximationratio. Placeall sensorsof durationat most
h:2‘ in R‘+1 .

Wecall Rg thelargesubsetR;;1 i, themiddle
subsetsandR-;; the small subset Invoking LemmaZ2.5,
for eachj , we useR; to coverall thex-coordinates where
m(i) = j. ForthelargesubsetyweuseCorollary2.2to nd a
schedulef durationatleastL=((1+ )(" + 2)). Foramiddle
subsetRj ;] 1, becauseall its sensorshave the same
duration,we canusethe greedyalgorithmto nd aschedule
of durationatleastL=(" + 2). ForthesmallsubseR-.; , we
use Theorem?2.3 with 1. Sincethe sensordn R4
have maximum duration h=2 L loglogn=(2 logn),
Theorem?2.3yieldsa schedulef durationat least

L
20 + 2)

L loglogn

2 logn
If = O(logn=loglogn), thensetting™ = O(1) sufces
to make the term ﬁ dominate, yielding a constant-
factorapproximation For arbitraryintervals,we know from

4 G

B
3

D H
ZAV
A E
14+ |c
F

0 —

Figure2: [3] A setof sensorgin theform (C();r();d()))
A= (0;13),B = (0;3;1),C = (1;2,2),D = (1;41),
E = (2;31),F (2;5;1), G (3;4;2), andH
(4;5; 3). Theshadedegionis agap.In thisexample,L = 4
but OPT = 3, which canberealizedby sliding G down so
thatt(G) = 1.

Lemma2.3that = O(logn), requiring” 3logloglogn,
therebyyieldinganO(log log log n)-approximation.

THEOREM 2.5. Ther exists a polynomial-timeconstant-
factor approximationfor the RSC-problemon collections
of intervals that admit O(log n=loglog n)-groupings. For

geneal collectionsof intervals, there existsa polynomial-
time O(log log log n)-approximationalgorithm.

2.5 Hardness To prove that RSC with variabledurations
is NP-hard,we exploit anidentity to DYNAMIC STORAGE
ALLOCATION in a specialcase. An instanceof DSA is
like one of RSC, exceptthat the instanceload is de ned
asthe maximumload at ary x-coordinate,andthe goal is
to schedulethe sensors(jobs in DSA parlance)without
overlapto minimize the makespan.If the loadis equalfor
all x-coordinatesthenOPT = L for eitherproblemimplies
ascheduleghatis a solid rectangleof heightOPT= L.

Stockmeer proves that determiningif there exists a
solutionto DSA of a given makespanis NP-complete[7,
ProblemSR2]. In fact,he provesthatgivena DSA instance
with uniformload,determiningf OPT= L is NP-complete,
evenif durationsarerestrictedto the setf 1; 2g, andby the
above identity, the sameis truefor RSC.

To establisha gap betweenOPT and L, considerthe
examplein Figure2, in whichL = 4 but OPT = 3. Scaling
shavsthatno approximatioralgorithmcanguarantearatio
of betterthan4=3 with respecto L.

3 CubeCover

3.1 Hardness Results Whenthe R()'s are axis-aligned
rectanglesand U is a two-dimensionakegion, the problem
is NP-hardeven when the sensorshave uniform duration,
in contrastto the uniform-durationcasefor RSC. We usea
reductionfrom aninstanceof NAE-3SAT with n variables
andm clausedo aninstanceof CUBE COVER.



Aninstancd of NAE-3SAT isasetU of variablesand
acollectionC = fCy; Cy;::i; Crpyg of clausesover U, such
thatjC;j = 3for eachi. Theproblemis to determinéf there
a truth assignmenfor U suchthat eachclausein C hasat
leastonetrue literal andat leastonefalseliteral [7]. A key
propertyis thatif X isasatisfyingassignmenfor aninstance
I of NAE-3SAT, X is alsoa satisfyingassignmenof | .

Given |, we constructan associatedyraphG(l ), with
verticesfor eachvariableandeachclause We drav anedge
betweera clausevertex anda variablevertex if the variable
appearsin the clause. The graphis dravn on a planar
grid within a boundingbox U. From G(l), we construct
an instanceS(l) of CuBe CoVER that hasa scheduleof
duration2 if | is satis ablebut only 1 if | is unsatis able.
Detailswill appeain thefull paper

Theconstructioreliminateshe possibilityof aPTAS as
well. Assumewe have a PTAS P for CuBe CovER. On
input (S(1); ), where > 0 andS(l) is an instanceof
CuBE CovER inducedby the above constructionP would
outputasolutionwith durationT, whereT (1 ) OPT.
Setting = 0:25 T 1.5whenOPT = 2,and0:75 T
1whenOPT = 1. Thuswe canuseP tosolve NAE-3SAT.

THEOREM 3.1. CuBE CoOVER is NP-had and does not
admita PTAS,evenwith uniformduration.

3.2 RectanglesVith Uniform Duration We consideap-
proximationalgorithmsif all sensorsave unit durationand
scaleto getthe uniform-duratiorresultsin Tablel1. Firstwe
prove a technicallemma,which actuallyholdsfor arbitrary
sets.

LEMMA 3.1. LetU beanm-elemenset. For s 2 S, R(S)
is an arbitrary subseiof U with unit duration. Thele exists
someconstantc large enough,sud thatif L > cinm,
thenin polynomialtime we can nd a subsetR S and
a scheduleof R with duration at leastL=In m so that the
remainingloadLs,r L=2.

Proof: We take coversfrom S oneby one. Let L; bethe
load of the remainingsensorsaftertakingthei™ cover. For
the (i + 1) cover X, we take eachremainingsensotinto
X with probabilityp = clnm=L;. Thenwe checkif (1)
X is avalid cover, and(2) Li+; > L; %In m. For ary
X 2 U, the probability that x is not coveredis at most
(I p)“' < m ¢ so(1) occurswith probability at least
1 m?! ¢ (probabilityof unionof events).Forary x 2 U, the
probabilitythatL;(x) L; 3Inmisatmostm ¢ 1)*=8c

(Chernof bound), so (2) occurswith probability at least
1 m! @c D’=8_ Thyswe canchoosec largeenoughthat
both (1) and (2) occurwith high probability (e.g.,> 1=2).

We repeatedlytake X until this happensandthen proceed
to the next cover. We repeatthis procedureuntil L., drops
below L=2, andthelemmafollows. 2

The basicideaof our algorithmsis thefollowing. Take
a partitionof U with a smallnumberof cells,andthencrop
R() sothateachsensorfully coversa numberof cells but
is completelydisjoint from the rest. We ensurethattheload
doesnot decreasdy morethana constantfactorandthen
applyLemma3.1.

THEOREM 3.2. If eadh sensors 2 S has unit duration,
thenthereis a polynomial-timeD(log(n=L)) -approximation
algorithmfor CuBe COVER.

Proof: We assumel. > clnn for somelarge constantc;
otherwisewe justtake onecover, andthetheorenfollows. It
is well knownthatsetsof rectanglesn theplaneadmit(1=r)-
cuttings: thereexistsa subsetR S of r logr rectangles
suchthatin the partition Agr determinedby the rectangles
of R, eachfaceis intersectedy the boundarief at most
cn=r rectanglesof S [5]. We chooser = d2cn=Le, so
cn=r L=2

Let f be afaceof Ar, andlet S S denotethe
subsetof rectanglesthat fully containf. Sincethe load
at every pointin f is at leastL andonly L=2 rectangles
partially coverf , wederivejS¢j L=2. Now replaceeach
rectangleR(s) by a croppedregion thatconsistf all faces
of Agr thats fully covers.Thisyieldsaninstanceof SENSOR
COVER, with auniverseof sizer? log® r andloadL? L=2.
Applying Lemma3.1yieldsthe desiredresult. 2

Whenall the R( )'s have the samesize,a more careful
croppingschemeyieldsanimprovedbound.

THEOREM 3.3. If eadh sensors 2 S has unit duration
andead R(s) is a unit squak, thenthere is a polynomial-
time O(log(L max =L)) -approximation algorithm for CuBE
COVER.

Proof: Weassumd. > clnL 5 for somelarge constant
c; otherwisewe justtake onecover, andthetheorentfollows.
We draw a unit-coordinategrid insideU. Thereareonly
O(n=L) cells in Foracell 2 ,letS() S
denotethe setof squaref S thatintersect . Let Npax =
max jS( )j. Packingagumentsmply Npax 4L max -
Two cellsin  areindependenif they are at leasttwo
grid cells apartfrom eachother in both dimensions. It
is easyto seethat we can partition into 9 independent

ally independent.In the following, we will shov how to
make ( L=In(nnax =L)) coversfor ;, suchthat the re-
maining load is at leastL=8. Then we repeatthe pro-
cessfor 5;:::; ¢, and ultimately we derive a schedule
that covers all cells with duration ( L=In(nmax =L)) =
( L=In(L max =L)).

By the de nition of independenceywe canisolatethe
cellsin ; and needonly showv that for ary 2 q,
we canmake ( L=In(nmax =L)) coversfrom S( ) without



decreasingthe load of ary of its neighboring8 cells by
more than a factor of 8. The load of S( ) inside is
at leastL, so following the approachusedin the proof of
Theorem3.2,we build apartitionA in  andits neighboring
cellssuchthateachfaceof A intersectdheboundarie®f at
mostL=2 squaresrom S( ). A hassizer?log®r, where
r = d2cnmax =Le. We further partitionthe facesof A that
intersectheboundaryof , suchthateachfaceof A is either
inside or outside. This at most doublesthe size of A.
Let F bethe setof facesof A thatarefully coveredby at
leastL=4 sensordrom S( ). F includesall facesinside
andsomefacesoutside. For ary facenotin F, the load of
SnS( ) mustbeatleastL L=2 L=4= L=4, sowe
canignoreit. Considerthefacesin F. Cropthe squaref
S( ) accordingto F asin the proof of Theorem3.2. After
cropping,by constructiortheloadateachfaceof F remains
at leastL=4. Apply Lemma3.1with U = F andS( ),
whichyields ( L=In(nmax =L)) coverswhile theremaining
sensordiave loadatleastL=8 for ary faceof A. 2
Remark. Theseresultsextendto corvex shapeghatadmit
smallcuttings:disks,ellipses.etc.

4 SensorCover

Now considerthe general SENSOR COVER problem, in
which eachR(') is an arbitrary subsetof a nite setU
of sizejuj = O(n). We showv that a randomschedule
of the sensorgyields an O(log n)-approximationwith high
probability. Thisresultextendsthatof Feigeetal. [6], which
dealswith the unit-durationcase.

Let T = cL=Inn, wherec is some constantto be
determinedater We shaw thatif we choosethe starttime
of eachsensorrandomly betweenO and T, then we will
have a valid schedulewith high probability In orderto
avoid fringe effects, we must choosepositionsnear 0 or
T judiciously. More precisely for a sensors of duration
d(s) < T, wechoosadts starttime t(s) uniformly atrandom
between d(s) andT; if t(s) < 0, we resetit to 0. If
d(s) T, wesimplysett(s) = 0. Divide T evenly into

eachof lengthT=2n. If d(s) T=n, thenfor any x 2 R(s)
andin ary time interval, x is coveredby s with probability
atleast(d(s) T=2n)=(T + d(s)) % d(s)=T.
ﬁensoréive atx with durationsatleastT=n. We know that

:(:1 d(si) L T=n n L=2. In ary time interval
[ti; ti+1 ], theprobabilitythatx is not coveredis at most

dis) ¥

d(si)
o P

4T

Inn
8c

oo
3=

= exp =n

8T

ThereareO(n?) different(x; [ti;ti+1]) pairs,sothe proba-

bility thatsomex 2 U is notcoveredatsometimeis atmost
O(n?) n & = O n? s . Withc< 1=16, we obtaina
valid schedulawith high probability.

The algorithmcanbe de-randomizedisingthe method
of conditionalprobability. We omit the details.

SET COVER PACKING reducesto SENSOR COVER.
Given an optimal schedulefor an instanceof SENSOR
COVER, we can“snap” eachstartingtime t(s) to the inte-
ger dt(s)e without introducinggapsor decreasinghe total
duration.Hence thelower boundof Feigeetal. [6] applies.

THEOREM 4.1. Ther exists a polynomial-timeO(log n)-
approximationalgorithm for the SENSOR COVER problem.
Thisboundis tight up to constanffactors.

5 OpenProblems

Ideally we would like to prove strongerhardnessesultsor

nd betterapproximationalgorithmsin orderto narrav the
gapbetweenour lower and upperbounds.In fact, we have
not ruled out the possibility of a PTAS for the RESTRICTED
STRIP COVER problem,althoughit cannotbe in termsof
L. It would be interestingto seeif other techniquesfor
geometricoptimization problemscould be appliedto our
problemaswell.

We are also interestedin understandingpreemptve
scheduledetter For RESTRICTED STRIP COVER, a sim-
ple algorithm basedon maximum o w yields an optimal
preemptve scheduldn polynomialtime. In higherdimen-
sions,however, it is not fully understoodn which situations
non-preemptie schedulesare sub-optimalwhen compared
with the bestpreemptve schedulesFor example,usinges-
sentiallythe sameargumentasin the NP-hardnesgroof for
CuBEe COVER, we canshaow thatits preemptve variantre-
mainsNP-hard. In general,we would like to uncover the
relationshipbetweenthe load of the probleminstance the
durationof the optimal preemptve schedule andthe dura-
tion of the optimalnon-preemptie schedule.

Acknowledgements. We thank Nikhil Bansalfor pointing
usto the paperby Kenyon and Remila[8] and Piotr Indyk
for fruitful discussions.
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A Detailsfor Section2

A.1 Proof of Lemma 2.1 Givena setY of unit-duration
sensos, all live at some xed x-coordinate xg, an integer
group-duratioparameteb , anda sufciently smallpositive
, there is a setG of groups,ead of duration D, sud that
foranyi,Lg(i) > Ly (i))=(1+ ) 4Ddl=e

Proof: It is corvenientto view a sensors as a point
(" (s);r(s)) in theplane.Notethatall sensordive atx, are
insidetherectangleRy, = f(X;y) : X Xo Yg. (See
Figure3.) First we partitionthe sensorf Y into stripshy
repeatinghefollowing aslong assensorgemain.

(1) Createaverticalstrip containingtheatmostD d1= e
sensorshatremainwith thesmallest (') values.

(2) Createa horizontal strip containing the at most
D dl= esensorshatremainwith thelargestr () values.

Now for every vertical strip of Y, take the sensorsin
orderof decreasing( ) valuein groupsof sizeD. (We may
discardthelast< D sensorsn thelaststrip.) Similarly, for
every horizontalstrip, take the sensorsn orderof increasing
() valuein groupsof sizeD. (We may discardthe last
< D sensorsin the last strip.) Replaceeachgroup X
with a larger rectanglesyx with "(ss) = maxs2x (S),
r(sx) = mingzx r(s),andd(sx) = 4,4 d(s) = D.

Considerary i Xgo (thecasei > Xg is symmetric),
andexamineFigure3(c). All sensordiveati areinsidethe
rectangleR; = f(x;y) : x i yg. Assumethattheline
X = i intersectk horizontalstrips;thenR; entirelycontains
atleastk 1 verticalstrips,soLy (i) (k 1)Ddl=e
For any groupcompletelyinsideR;, it contributesD to both
Ly (i) andLg(i); for arny groupcompletelyoutsideR;, it
doesnot contribtute anything to eitherLy (i) or Lg(i). So

only the groupsin the k horizontal strips and the single
vertical strip intersectedy theline x = i contrituteto the

differencethatis, Ly (i) Lg(i) < kD + Ddl=e+ D,

wherethe last term accountdor the fewer thanD sensors
thatwe did not groupin thelaststrip. Therefore,

Le(i)>Ly(i)) (k 1)D (2+ dl=¢D
A )Ly(i) 2Ddl=e
for ary 1=2. Replacing with =2 givesthe desired

result. 2
A.2 Proof of Theorem2.3 For anysufciently smallpos-
itive , there is an algorithmthat runsin poly(n; 1=) time
and givesa scheduleto the RSC problemwith duration at
leastL=(1+ ) O dmax=?%.

Proof: We are going to apply Steps(1)—(3) of Algorithm
1 repeatedlygroupingthe smallersensorso asto increase
Omin  until log(dmax =tmin ) becomessmall enoughthat we
canapply Theorem?2.2to theresultingrectangles.

For easeof presentationwe assumethat 1= is an
integer. Let r denotethe ratio dmax =tmin . Assume rst
thatlogr 1=, andset =logr andD = d “dmax €.
Apply Steps(1)—(3) of Algorithm 1to S, the setof sensors
of durationat mostdS,,, = dD e, with groupdurationD
anderrorparameter . Thisyieldsa setof rectanglesss of
durationD suchthatfor any i andsomeconstant;

0 0 —d..
La,(i) > 1+ Ls.(i) ©O dmaX Iog(c:l;max Chin )
> g7 bs.() O 20 max log( °r))
; C1 2dmax .
1 el logr

Now considerGs as a set of sensorsand the new
probleminstanceS®= Gs[ (SnSy). Itsloadati is

L (i)
1+

2
Omax .

logr

Lso(i) > @

Moreover, the new minimum duration of this problemin-
stanceis at leastd? andthe maximumdurationremains

max ?
A 5
dmax , SOthenew ratiois r° =gt joglr,
r;

sincelogr 1= . For sufciently small,wehaver®
hencedogr® % logr.

Iteratethe above proceduregachtime usingnew error
parameter © = =logr? until it yields a probleminstance
S with minimumdurationd,,;, for whichr = dmax =0,
is suchthatlogr < 1=. = r bethe

dmax 1
qo0 5

min
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Figure 3: [3] (a) Four sensors.(b) The sensorf (a) viewed as(x; y) points. (c) Groupinga setof sensorswith D = 2
and = 1=2. TherectangleRy, containshesetY of sensorsThesensorsre rst partitionedinto alternatingverticaland
horizontalstripsof D d1l= e = 4 each.Within eachstrip, the sensoraregrouped(dottedlines)into groupsof D = 2. The
groupsthatintersectheline x = i areshaded.

L (i) bethesequencef loads.For someconstant,

L (i) > Le 1@y G Omax
1+ =logrg 1 <1 logry 1
1
> L —
1+ =logrg 1
2
1 Le (i) C1 dmax
1+ =logrg » logrk 2
C1 zdmax
logrk 1
g
Ry 1
> 1+ L(i)
o logr;
K 1 1
loar. C1 2dmax
i=0 gri
1 . 2 2
W'—(') logT €1 “Omax

>L()=(1+ 2c %) 4c 3dmax:

LetL = minyLs (i). Finally, apply Theorem2.2to
S , whichyieldsa scheduleof durationat least
1 dmax |Ogr 1 dmax

1+L © 3 1+ ¢y 4 '

for someconstant,. Replacing with =c, givesthedesired
result. 2



