
Color SubspacesasPhotometric Invariants

ToddZickler SatyaP. Mallick David J.Kriegman PeterN. Belhumeur
zickler@eecs.harvard.edu spmallick@vision.ucsd.edu kriegman@cs.ucsd.edu belhumeur@cs.columbia.edu

HarvardUniversity Universityof California,SanDiego ColumbiaUniversity

Abstract
Complex re�ectancephenomenasuch as specularre�ec-
tions confoundmanyvision problemssince they produce
image`features' thatdonotcorresponddirectlyto intrinsic
surfacepropertiessuch as shapeand spectral re�ectance.
A commonapproach to mitigatetheseeffectsis to explore
functionsof an image that are invariant to thesephotomet-
ric events.In this paperwedescribetwo such invariants—
oneinvariant to specularre�ections,and theother invari-
ant to both specularre�ections and diffuseshading—that
resultfromexploitingcolor informationin imagesof dichro-
matic surfaces. Theseinvariants are derived from sub-
spacesof RGBcolor space, andthey enabletheapplication
of Lambertian-basedvision techniquesto a broad classof
specular, non-Lambertianscenes.Using implementations
of recentalgorithmstaken from the literature, we demon-
stratethepractical utility of theseinvariantsfor a wideva-
riety of applications,includingstereo,shapefromshading,
material-basedsegmentation,andmotionestimation.

1. Intr oduction
An imageis theproductof theshape,re�ectanceandillu-
minationin ascene.For many visualtasks,werequireonly
a subsetof this information, and we wish to extract it in
a mannerthat is insensitive to variationsin the remaining
`confounding'sceneproperties.For 3D reconstruction,for
example,we seekaccurateestimatesof shape,andwe de-
signsystemsthatareinsensitive to variationsin re�ectance
andillumination.

Onepracticalapproachto theseproblemsis to computea
functionof theinputimagesthatis invariantto confounding
scenepropertiesbut is discriminativewith respectto desired
sceneinformation. Suchfunctionsyield so-calledinvari-
ants, anda numberof examplesaredescribedin the litera-
ture. Perhapsthesimplestexamplefor a Lambertianscene
is a normalized-RGBimage. The normalizedRGB color
vector at eachpixel dependson the spectralre�ectance
of the correspondingsurfacepatchbut not its orientation,
whichmakesit usefulfor material-basedsegmentation.

Like normalized-RGB,many existing invariantsseekto
isolateinformationaboutthematerialpropertiesin a scene
andare thereforedesignedto be invariant to local illumi-
nation and viewing geometry. In contrast,we considera

Figure1.Left: Two framesof anRGBvideoof ascenewith mixed
illumination. A bluelight ontheright andayellow light ontheleft
inducecomplex speculareffects. Right: Projectingtheseimages
ontotheone-dimensionalsubspaceorthogonalto thesourcecolor
vectorsin RGB space,yields an invariant to specularre�ections
thatpreservesdiffuseshadingandspectralre�ectanceinformation.
(Thecompletevideois includedassupplementalmaterial.)

classof invariantsthat deliberatelypreserve geometryin-
formationin a way that is invariantto specularre�ections.
Theseinvariantsgive direct accessto surfaceshapein the
form of diffuse shadingeffects, and since diffuse shad-
ing is often well approximatedby the Lambertianmodel,
they satisfy the `constant-brightnessassumption'underly-
ing mostapproachesto stereoreconstructionandstructure-
from-motion.In addition,theseinvariantsprovideaccessto
surfacenormalinformation,which canbe recoveredusing
Lambertian-basedphotometricreconstructionmethods.

This work is motivatedin part by the work of Mallick
et al. [9], who proposea transformationof color spacefor
use in photometricstereo. Their work shows that when
surfacesarewell-describedby thedichromaticmodel[14],
a specular-free imagecan be computedby projectingthe
RGB color vector at each image point onto the two-
dimensionalsubspaceorthogonalto theilluminantcolor.

Inspiredby theseresults,we:

1. Derive a generalclassof specularinvariantsbasedon
color subspaces.Theseinvariantscan be appliedto
dichromaticsurfacesundermixed illumination envi-
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ronments(seeFig. 1.)
2. Derive a secondclassof functions that, in addition

to specularre�ections, are invariant to diffuse shad-
ing. They dependonly on thespectralre�ectanceof a
dichromaticsurface.

3. Demonstratethat theseinvariantscan enhancemany
existing Lambertian-basedvision techniques,vastly
expandingtheir domainof applicability.

2. RelatedWork

A numberof photometricinvariantshavebeenproposedfor
Lambertiansceneswithout specularity. Normalized-RGB,
r -g chromaticity, andhue/saturationimagesareall exam-
plesof representationsthatareindependentof `diffuseshad-
ing' (the geometricrelationbetweena surfacenormaland
the illumination direction)anddependonly on thespectral
re�ectanceof the surfaceandthe spectralpower distribu-
tion (SPD) of the illuminant. Additional invariantsto ei-
therlocalgeometryor spectralre�ectancecanbecomputed
whenmultiple imagesof a sceneareavailable(e.g., [18]),
or whenthe re�ectanceof thesurfaceis spatiallycoherent
(e.g. [11]); andan invariantto both local geometryandil-
luminantSPDcanbecomputedfrom a singleimageunder
appropriateimagingconditions[4].

Invariantsfor sceneswith moregeneralre�ectancefunc-
tions are developedby Narasimhanet al. [10]. They de-
scribea generalmodelof re�ectanceconsistingof a prod-
uctof a“material” term(Lambertianalbedo,Fresnelcoef�-
cient,etc.)anda“geometry”termthatencodestherelation-
shipbetweenthesurfacenormal,light-source,andviewing
direction.Invariantsto bothof thesetermscanbecomputed
from either multiple observationsof a single point under
variableview or illumination,or from oneobservationof a
spatially-coherentscene.Thegeometryinvariantis of par-
ticular interest,sinceit can be useddirectly for material-
basedsegmentation[10].

2.1. Invariants for Dichromatic Surfaces

A substantialbody of work is devoted to exploiting the
dichromaticmodel of re�ection [14] in order to separate
diffuseandspecularre�ection components,which are in-
dependentof specularanddiffusere�ection effects,respec-
tively. Accordingto thedichromaticmodel,theobservation
of asurfacepoint is written

I k = � dD k + � sSk ; (1)

where� d and� s aregeometricscalefactorsthatdependon
surfaceshapeandmaterialpropertiesand

D k =
Z

E(� )R(� )Ck (� )d� (2)

Sk =
Z

E(� )Ck (� )d�: (3)

Here,E(� ) is the SPDof the incident illumination, R(� )
is the spectralre�ectanceof the surface,andCk (� ) is the
spectralsensitivity of a linearsensor. A typical RGB cam-
erayieldsthreesuchobservations,andin thiscasewewrite
I RGB = f I k gk= R;G;B andde�ne D = f D k gk= R;G;B and
S = f Sk gk= R;G;B to be the diffusecolor and specular
color, respectively. Theseare conventionallyassumedto
bevectorsof unit length.

There is practicalutility in separatingthe diffuse and
specularcomponentsin an image. Since diffuse re�ec-
tions are typically well-representedby the Lambertian
model, this separationallows the applicationof powerful
Lambertian-basedvisionalgorithmsto abroadclassof non-
Lambertianscenes.Unfortunately, computingsucha sepa-
ration is ill-posed. It traditionally requiresadditionalcon-
straintssuchastexture-lesssurfaces[6], knowledgeabout
(e.g., segmentationof) diffuse colors, constraintson the
neighborhoodof a pixel [8,15] or speci�c parametricmod-
elsfor specularre�ectance[13].

When the sourcecolor is known and constantover a
scene,one can computeinvariantsto specularre�ections
thatarebasedon transformationsof RGB color spaceand
do not requireexplicit specular/diffuseseparation.Tanand
Ikeuchi [15] obtainsucha specularinvariantusinga non-
linearcombinationof theRGB valuesI RGB at a pixel and
theRGB color vectorof thesourceS. The transformation
is computedindependentlyat eachpoint, and it yields a
positive grayscaleimagethat dependsonly on diffuse re-
�ections (� d andD ) andis independentof speculareffects
(� s). Park [12] de�nesanalternative, lineartransformation
providing two color channelsthat, while not pure invari-
ants,arehighly insensitive to specularre�ections. In this
transformation,oneof thecoordinateaxisof color spaceis
alignedwith thesourcecolor S, leaving theremainingtwo
channelsto bepredominantlydiffuse.

A third transformationis proposedby Mallick et al. [9],
who de�ne the SUVcolor spaceusing I SU V = RI RGB ,
whereR is any rotationof R3 satisfyingRS = (1; 0; 0).
Like Park's transformation,this rotationalignsoneof the
color axes(theS-axis) with thesourcecolor S, but unlike
Park's transformation,thecomponentsalongtheremaining
two axesareindeedinvariantto specularre�ections. This
is easilyseenby applyingthe transformationto Eq. 1 and
verifying thattheU andV componentsaregivenby [9]

I U = � dr >
2 D ; I V = � dr >

3 D ; (4)

wherer >
2 and r >

3 denotethe 2nd and3rd rows of the ro-
tation matrix R . Sincethey areindependentof the specu-
lar geometricscalefactor � s , thesecomponentsconstitute
a specularinvariant. An importantfeatureof this transfor-
mationis that it preservesandisolatesthe diffuseshading
information(� d).



3. Color Subspaces

The SUV color transformationcanbe viewed asa projec-
tion of RGB color vectorsonto the two-dimensionalsub-
spaceorthogonalto thesourcecolor S. (Seeleft of Fig. 2.)
Thisinterpretationprovidesthemainmotivationfor thispa-
per, andin this sectionwe show that it: 1) canbegeneral-
izedto mixedilluminantsandhyper-spectralimages;and2)
leadsnaturallyto a notionof generalizedhue.

TheSUV color transformationis basedon Eq.1, which
in turn is premisedon the assumptionthat the illuminant
SPDis constantover the incidenthemisphereof a surface
point (i.e., that the illuminant `color' is the samein all di-
rections.) Notationally, if L (! i ; � ) representsthe incident
radianceatasurfacepoint,where! i = (� i ; � i ) 2 
 param-
eterizesthehemisphereof incidentdirections,themodelre-
quiresthat this input radiance�eld canbe factored(with a
slightabuseof notation)asL (! )E (� ). To relatethis to the
termsin Eq. 1, we let f (� ; � ) with � = (� i ; � i ; � o; � o; � )
denotethe BRDF of the surface,andwe write the image
formationequationas

I k =
Z

�

Z



f (� ; � )L (! i ; � )Ck (� ) cos� i d! i d�:

Accordingto thedichromaticmodel,theBRDF of thesur-
facecanbedecomposedaccordingto

f (� ; � ) = f d(� )S(� ) + ksf s(� ); (5)

whereks is aconstant,andthis yieldstheexpressions

� d =
Z



f d(� )L (! i ) cos� i d! i

� s = ks

Z



f s(� )L (! i ) cos� i d! i

D k =
Z

S(� )E (� )Ck (� ) d�

Sk =
Z

E(� )Ck (� ) d�:

To generalizethemodel,we considera mixedillumina-
tion environmentwhosespectralcontentcanbe written in
termsof a �nite linearbasis:

L (! i ; � ) =
NX

j =1

L j (! i )E j (� ): (6)

An examplewith N = 2 is anof�ce environmentwherethe
illumination canbe describedasa solid angleof daylight
in thedirectionof thewindow anda distinctsolid angleof
�uorescentlight in the directionof the ceiling. Whenthe
input radiance�eld canbedecomposedin this manner, the
BRDFdecompositionof Eq.5 yields

I k =
NX

j =1

� ( j )
d D ( j )

k + � ( j )
s S( j )

k ; (7)

with

� ( j )
d =

Z



f d(� )L j (! i ) cos� i d! i

� ( j )
s = ks

Z



f s(� )L j (! i ) cos� i d! i

D ( j )
k =

Z
S(� )E j (� )Ck (� ) d�

S( j )
k =

Z
E j (� )Ck (� ) d�:

Equation7 suggeststhe existenceof a specularinvari-
antthat is analogousto thetwo-dimensionalsubspaceused
by Mallick et al. [9]. In their formulation, the illuminant
color is assumedconstantovertheinputhemisphere(which
correspondsto N = 1 in Eq. 7) and the specularinvari-
antsubspacecomputedfrom athree-channelRGBimageis
two-dimensional.In general,givenanM -channel(possibly
hyper-spectral)imageandanN -dimensionalspectralbasis
f E j (� )gj =1 :::N for the incident illumination, thereexists
a subspaceof dimension(M � N ) that is independentof
all � ( j )

s andthereforeinvariantto specularre�ections. Let-
ting f r l gl =1 ::: (M � N ) representanorthonormalbasisfor this
specularinvariantsubspace,the l th component(or `chan-
nel') of thespecularinvariantimageis givenby

J l =
NX

j =1

� ( j )
d r >

l D ( j ) : (8)

A specularinvariantimagewith (M � N ) channelsde�ned
by this equationcanbetreatedasanimagewith (M � N )
`colors', but thesè colors' canassumenegative values. In
somecasesit is moreconvenientto useagrayscalespecular
invariantgivenby

J in v(M � N) =

 
M � NX

l =1

I 2
l

! 1
2

; (9)

where the subscriptJ in v(u) is used to indicate that the
grayscaleinvariantis derivedfrom a u-dimensionalinvari-
antsubspace.

Sincethe vastmajority of camerasrecordthree(RGB)
channels,the most interestingcaseto consideris N = 2.
An example is shown in Fig. 1, wherelight comesfrom
two sourceswith differentSPDs. TheseSPDsinducetwo
sourcecolor vectorsS(1) andS(2) in RGB space,andby
projectingthe RGB color vectorsof the input imageonto
the one-dimensionalsubspaceorthogonalto thesevectors,
wecreateanimagethatis void of specularre�ection effects.

An essentialfeatureof thespecularinvariantsof Eqs.8
and9 is thatthey preservediffusere�ection effectsencoded
in the geometricscalefactors� ( j )

d . For many surfaces,
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Figure2. Left: ProjectingRGB color vector I RGB onto the 2D
subspaceorthogonalto the sourcecolor S resultsin a specular
invariant that preserves diffuse shading. The ratio betweenthe
channelsin this subspacerepresentsgeneralized hue( ), which
providesasecondinvariantdependingonly onspectralre�ectance.
Right: For two sourcecolors, the specularinvariant subspaceis
one-dimensional.By projectingRGB color vectorsontothis line,
aspecularinvariantcanstill becomputed(seeFig. 1.)

the diffuse componentis well approximatedby the Lam-
bertianmodel, meaningthat the term f d(� ) in Eq. 7 is a
constantfunctionof � andthegeometricscalefactors� ( j )

d
do not changewith viewpoint. This impliesthat thespecu-
lar invariantimagesde�ned by Eqs.8 and9 often: 1) sat-
isfy the `constant-brightnessassumption'underlyingmost
stereoandstructure-from-motionsystems;and2) provide
accessto surfacenormalinformationthroughLambertian-
basedphotometricreconstructionmethodssuchas shape-
from-shading.As aresult,by computingtheseinvariantsas
a pre-processingstep,we canexpandthedomainof appli-
cability of many Lambertian-basedalgorithmsto includea
muchbroaderclassof specular, non-Lambertiansurfaces.

Applicationsareexploredin Sect.4. Next, we de�ne a
secondclassof invariantsthat can be computedfrom the
colorsubspacesde�ned above.

3.1. GeneralizedHue

Returningto the caseof uniform sourcecolor (N = 1 in
Eq.6), we derive a secondinvariantby takingtheratio be-
tweenspecularinvariantchannelsin Eq.8. Theresult,

J1=J2 = r >
1 D =r >

2 D ;

is independentof both the diffuseandspeculargeometric
scalefactors� d and� d. As shown in Fig. 2, it is instructive
to interpretthis ratioasanangleandde�ne

 = tan � 1 (J1=J2) = tan� 1 �
r >

1 D =r >
2 D

�
: (10)

We referto  asthegeneralizedhue, sinceit reducesto the
standardde�nition of huewhenthesourcecolorS is white.

Examplesof generalizedhueimagesareshown in Fig. 3
for a specularglobeundertwo differentsourcecolors. In
eachcase,theknown sourcecolor is usedto computeatwo-
channelsubspaceimageaccordingto Eq. 8, and the ratio
betweenthe two channelsis usedto compute . Sinceit

Figure3. Generalizedhueimages(bottom),eachcomputedfrom a
singleRGBimage(top)of aglobe.Generalizedhueis invariantto
bothspecularitiesanddiffuseshading,andis discriminative only
with respectto thespectralre�ectanceof thesurface.

dependsonly onD , eachcountryontheglobeappears̀�at'
andis freeof bothspecularre�ectionsanddiffuseshading.

It is interestingto note that this isolation of spectral
re�ectancecan be generalizedto mixed illumination and
hyper-spectralimages,albeitat theexpenseof requiringei-
thermultipleimages,spatialcoherence,orboth.As anillus-
tration,consideranillumination environmentwith two dif-
ferentsourcecolors(N = 2 in Eq.6), andsupposewe ac-
quiretwo RGBimageswith alteredilluminationdirections.
(The SPDsof the sourcesremainthe same.) In this case,
thespecularinvariantsubspaceis one-dimensional,andthe
specularinvariantimagesJ and �J of a surfacepoint under
thetwo lighting con�gurationsaregivenby (seeEq.8)

J = � (1)
d r > D (1) + � (2)

d r > D (2)

�J = �� (1)
d r > D (1) + �� (2)

d r > D (2) :

Here,wehavesuppressedthesubscriptcorrespondingto the
invariantchannelindex, sincethereis only asinglechannel.

Now, supposewe have identi�ed two additional im-
agepoints (p2 and p3) that correspondto surface points
having the samegeometriccon�gurations(e.g., the same
surfacenormalunderdistantlighting) but distinct spectral
re�ectance. This yields a total of six specularinvariant
observations—threepoints under two illuminations—that
canbeassembledinto a3� 2 observationmatrix. As shown
by Narasimhanetal. [10], sucha matrixcanbefactoredas
2

4
Jp1

�Jp1

Jp2
�Jp2

Jp3
�Jp3

3

5 =

2

6
4

r > D (1)
p1 r > D (2)

p1

r > D (1)
p2 r > D (2)

p2

r > D (1)
p3 r > D (2)

p3

3

7
5

"
� (1)

d �� (1)
d

� (2)
d �� (2)

d

#

;

from which it follows that the ratio of determinantsof its
two 2 � 2 sub-matricessatis�es

Jp1
�Jp2 � �Jp1 Jp2

Jp2
�Jp3 � �Jp2 Jp3

=
D (1) >

p1 D (2)
p2 � D (2) >

p1 D (1)
p2

D (1) >
p2 D (2)

p3 � D (2) >
p3 D (1)

p2

; (11)



which dependsonly on the spectralre�ectanceof the sur-
facepointsandis invariantto thegeometricscalefactors.

While this examplerelieson the identi�cation of three
surfacepoints(p1; p2; p3), a similar invariantcanbe com-
puted using a single surface point and multiple specular
invariant channelscollectedfrom a hyper-spectralimage.
Determinant-basedinvariantsof this form have beenwell
studiedby Narasimhanet al. [10], whoapplythemdirectly
to RGB imagesandobtaininvariantsfor relatively general
re�ectancefunctionsundermonochromaticenvironments.
Theanalysispresentedherecanbe viewedsimultaneously
asanextensionof their approachto mixed-illuminationen-
vironmentsas well as a specializationto the dichromatic
model.Thelatter is animportantdifference,becauseit en-
ablesthedistinctionbetweenspecularanddiffusematerial
propertiesin theresultinginvariants.

3.2. Practical Limitations

The utility of the proposedinvariantsrelies on the angu-
lar separationbetweenthe diffuseandsourcecolors(D ( j )

and S( j ) ) in color space. When this separationis small,
the signal-to-noiseratio (SNR) in the subspaceimagecan
be prohibitively low. This is evident, for example,in the
generalizedhueimageof the globe in the bottom-rightof
Fig. 3, wherethehuevariationwithin thePeople's Repub-
lic of China is seento be large. In practice,this can be
improvedusinghigh dynamicrangeimages.Additionally,
surfacepointswith low SNRcanbedetectedby monitoring
theanglebetweenthesourcecolorsS( j ) andtheinputcolor
vectorsI RGB , andthisinformationcanbeincorporatedinto
any robustvisionalgorithm(see,e.g., [17]).

It is alsoimportantto notethat in orderto computethe
invariantsdescribedin the previous sections,we require
knowledgeof thesourcecolorsS( j ) . In acontrolledsetting,
thesecolorscanbemeasuredby imaginga `white' surface
underthegivenilluminants;andestimatesof theilluminant
colorsin anuncontrolledsettingscanbeobtainedusingex-
istingmethods(e.g., [1,16]). Fromapracticalstandpoint,it
is dif�cult to provide a meaningfulquantitative evaluation
of thesensitivity of theseinvariantsto errorsin thesource
colors sinceit dependson the spectralre�ectanceand il-
luminantSPDof a particularscene.We leave a statistical
evaluationfor futurework, andinstead,in thenext section
weassessthepracticalutility of theseinvariantsby evaluat-
ing theirperformancein averybroadrangeof applications.

4. Applications and Evaluation

Thissectiondemonstratestheutility of theproposedinvari-
antsusingRGB imagesfor a numberof vision algorithms
andcomparesthe resultsto thoseobtainedusingstandard
grayscaleimagesI g = (R + G + B )=3. For RGB images,
whentheilluminationis amixtureof two known colors,the

Figure4.Stereoreconstructionundermixedillumination. Topleft:
Oneimageof an input stereopair with blueandyellow illumina-
tion. Topcenter:Single-colorinvariantimageJ in v(2) from Eqs.8
and9 with S in thedirectionof thebluesource.Top right: Two-
color invariantJ in v(1) obtainedby projectingto the1D subspace
orthogonalto bothsources.Bottomrow: depthmapobtainedus-
ing thestereoalgorithmof Boykov et al. [3] in eachcase.

two-colorspecularinvariantJ1 from Eq.8 is grayscaleand
is equalto J in v(1) from Eq.9. On theotherhand,a single-
color specularinvariantcomputedfrom anRGB imagein-
cludestwo diffusechannelsf J1; J2g, which canbe com-
binedinto agrayscaleinvariantJ in v(2) usingEq.9. (This is
equivalentto the representationof Mallick et al. [9].) The
resultsin this sectionshow thatJ in v(2) is effective in situa-
tionswherethesourcecolor is uniform,andthatit performs
muchbetterthanI g. In situationswherethe sceneillumi-
nation is a mixture of two colors, however, J in v(2) is not
invariantto all specularre�ections,andsigni�cantly better
resultscanbeobtainedusingtheinvariantJ in v(1) , which is
derived from the one-dimensionalsubspaceorthogonalto
bothsourcecolors.

This sectionalsoincludesanapplicationof generalized
hueto theproblemof material-basedsegmentation.

4.1. Stereo

Thevastmajority of stereoalgorithmsarebased(eitherex-
plicitly or implicitly) on the assumptionthat surfacesare
Lambertian.Sincespecularre�ectionsviolatethis assump-
tion, stereoreconstructionsof specularsurfacesare often
inaccurate.In casesof signi�cant specularre�ections and
complex illuminationconditions,wecanimprovetheaccu-
racy of existing stereoalgorithmsby computingthe spec-
ular invariant as a pre-process. This is demonstratedin
Fig.4,whichcomparesbinocularstereoresultsobtainedus-
ing conventionalgrayscaleimagesI g, thesingle-illuminant
(2D subspace)invariantJ in v(2) , andthetwo-color(1D sub-
space)invariant J in v(1) . In this �gure, the grayscaleand
invariantimagesarecomputedfrom a recti�ed RGB stereo
pair (top of Fig. 4) andareusedasinput to the binocular



stereoalgorithmof Boykov et al. [3]. The original RGB
imageincludestwo specularhighlightscausedby blueand
yellow illuminants.Thebluehighlight is largelyeliminated
in thesingle-colorinvariantJ in v(2) , while imageJ in v(1) is
invariantto specularre�ectionsof bothcolors.As expected,
theresultsfrom thegrayscaleandsingle-colorinvariantim-
agesare poor in specularregions,and the depthmapob-
tainedusingJ in v(1) is signi�cantly improved.

4.2. Optical Flow

Motion estimationthroughthecomputationof optical �o w
is anotherexampleof an applicationthat canbene�t from
specularinvariance. Recovering denseoptical �o w relies
on the `constant-brightnessassumption',which is violated
whenanobservermovesrelative to a static,specularscene.
As demonstratedby theresultsin Fig. 5, optical�o w in the
presenceof specularre�ections in a complex illumination
environmentcanbe improvedby computinga specularin-
variantasapre-processingstep.

In Fig. 5, anRGBimagesequenceis capturedby acam-
era translatinghorizontally relative to a staticscene. The
sequenceis usedto computea conventionalgrayscalese-
quenceI g(t), a single-colorinvariantsequenceJ in v(2) (t),
anda two-color invariantsequenceJ in v(1) (t). Thesethree
videosareusedasinput to Black andAnandan'salgorithm
for robustoptical�o w [2]. Theleft of Fig. 5 showsa single
imagefrom eachsequence,andthe right shows the recov-
ered�o ws in the indicatedwindow. Sincethe cameraun-
dergoespuretranslation,the `ground-truth'�o w lies along
parallelhorizontallines.The�o w recoveredusingthecon-
ventionalgrayscaleandsingle-colorinvariantsequencesare
shown in greenand blue, respectively; and as expected,
these�o ws are severely corruptedby specularhighlights.
In contrast,the �o w computedfrom the mixed-illuminant
invariant(shown in red) is closeto thegroundtruth andis
largelyunaffectedby thesenon-Lambertianeffects.

4.3. Shapefr om Shading

The previous two sectionsdemonstratethe utility of the
specularinvariantfor stereomatchingandoptical�o w, both
of which bene�t from the fact that the specularinvariant
doesnot changewith viewpoint. Herewe show that since
it alsopreservesdiffuse(ideallyLambertian)shadinginfor-
mation, thesespecularinvariantscan also be usedto en-
hancephotometricreconstructionmethods.

As anexample,we considerthespecialcaseof a single
point light-sourcein direction l̂ , so the specularinvariant
imageof Eq.9 reducesto

J in v(2) = f d
�
(r >

1 D )2 + (r >
1 D )2� 1

2 n̂ � l̂ :

It is theimageformationequationfor a Lambertiansurface
with aneffective albedogivenby the�rst two terms,andit

 

 

Figure5. Optical�o w comparison.An RGB imagesequence(top
left) is capturedby a cameratranslatingleft relative to a specular
appleunderyellow andblue illumination. Derived conventional
grayscaleI g (t ), yellow-invariantJ in v(2) (t ) (left middle),andtwo-
color invariant J in v(1) (t ) (left bottom) sequencesare computed
andusedasinputto BlackandAnandan's robustoptical�o w algo-
rithm [2]. Right: �o wsobtainedin thethreecases.Greenandblue
�o ws arefrom grayscaleandyellow-invariantsequences,respec-
tively, andboth arecorruptedby specularre�ections. Red �o w
is computedfrom the two-color invariant and is muchcloserto
groundtruth,which is horizontalandto theright.

suggeststhat thespecularinvariantcanbeuseddirectly as
input to Lambertian-basedshapefrom shadingalgorithms.

The bene�t of this approachis demonstratedin Fig. 6,
whereweassesstheperformanceof ZhengandChellappa's
shapefrom shading algorithm [20] for both a conven-
tionalgrayscaleimageI g andasingle-colorinvariantimage
J in v(2) . Thetop of the�gure shows grayscaleandspecular
invariantimagescomputedfrom an RGB imageof a pear,
and the middle row shows the surfacesthat are recovered
by applyingthesamealgorithmin thetwo cases.Thesolid
bluepro�le in thebottomgraphshows thatspecularre�ec-
tionscausesevereartifactswhenthealgorithmis appliedto
the grayscaleimage. In contrast,asshown by the dashed
redpro�le, onecanobtainvastlyimprovedresultsusingthe
samealgorithm by computingthe specularinvariant as a
pre-processingstep.

4.4. Photometric/GeometricReconstruction

More generally, the specularinvariantcan be usedto im-
provetheperformanceof abroadclassof Lambertian-based
reconstructionsystemsin the presenceof specular, non-
Lambertiansurfaces.This includes,for example,methods
that combineboth geometricand photometricconstraints
to obtainaccuratesurfaceshape[5, 7,19]. To provide an
example,we usethe passive photometricstereoalgorithm
describedby Lim et al. [7]. This methodbegins with an
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Figure6. Shapefrom shadingcomparison.An RGB imageof a
pearis usedto computeconventionalgrayscale(top-left)andspec-
ular invariant(top-right)images,andtheseareinput to Zhengand
Chellappa's shapefrom shadingalgorithm[20]. Middle row: sur-
facesrecoveredin bothcases.Bottomrow: cross-sectionsof the
recoveredsurfacesalongtheindicatedhorizontallines.

approximate,piece-wiseplanarreconstructionobtainedby
trackingasmallnumberof featuresacrossavideosequence
under(possiblyvarying)directionalillumination. Then,an
iterative methodbasedon uncalibratedLambertianphoto-
metricstereosimultaneouslyre�nes thereconstructionand
estimatestheunknown illuminationdirections.

Figure7 comparestheresultsobtainedfrom animagese-
quencethatconsistsof amoderatelyspecularcylindermov-
ing under�x edilluminationandviewpoint. Theshapeis es-
timatedby applyingthesamealgorithmto boththeconven-
tionalgrayscalesequence(I g(t)) andthespecularinvariant
sequence(J in v(2) ) computedfrom thesameRGBdata.The
right-mostsurfacein Fig. 7 shows that the reconstruction
obtainedusingthe specularinvariant is nearlycylindrical,
while that computedfrom the conventionalgrayscalese-
quenceis severelycorruptedby specularre�ections.

4.5. Material­basedSegmentation

Sections4.1–4.4demonstratetheutility of the�rst classof
specularinvariantsfor a varietyof visual tasks.In this sec-
tion, we demonstrateanapplicationsof thesecondclassof
invariants,which is independentof boththespecularre�ec-
tionsanddiffuseshadingin animage.Potentialapplications
of this invariantincludetrackingandrecognition.Here,we

Figure7. Comparisonof shapefrom combinedphotometricand
geometricconstraints.Left: threeRGBframesof aspecularcylin-
dermoving under�x edview andillumination. Right frame:result
of simultaneoustrackingandphotometricreconstruction(asde-
scribedby Lim et al. [7]) usingboth the conventionalgrayscale
(left) andspecularinvariant(right) sequences.

considertheapplicationof generalizedhueto theproblem
of material-basedsegmentation.

Figure8 shows an RGB imageof a dichromaticscene
underuniformsourcecolor (N = 1) aswell asanumberof
pseudo-coloredrepresentationsrelatedto theinvariantspre-
sentedin Sect.3. Thetoprow showsconventionalgrayscale
andspecularinvariantimages,andin thelatter, thespecular
effects(mostnotablyon thegreenapples,thepumpkin,and
theredpepper)arelargely eliminated.Thebottom-rightof
Fig. 8 shows the generalizedhue imagegiven by Eq. 10,
which is invariantto diffuseshadingin additionto specu-
lar re�ections, andthereforedependsonly on the spectral
re�ectance. The fact that the generalizedhuewithin each
region is relatively constantsuggeststhat it is a usefulrep-
resentationfor segmentation.The sameis not true for the
conventionalhueimage(shown onthebottom-left)because
theilluminant is notwhite.

5. Conclusion

This paperpresentstwo classesof photometricinvariants
thatarederivedfrom color subspaces.They areef�ciently
computedfrom a singleimageof a dichromaticsceneand
arevalid in casesof mixed(i.e., spectrally-varying)illumi-
nation environments. The invariantsare computedpoint-
wiseandthereforeplaceno restrictiononscenetexture.

Computationof theseinvariantsrequiresthat thesource
color(s) be known a priori , but in the future, we plan to
investigatemethodsthatexploit theserepresentationsto re-
coverthisinformationfrom thedata.For scenessuchasthat
in Fig. 8, for example,it is possiblethat theentropy of the
generalizedhueimageprovidesanindicatorof theaccuracy
of theestimatedsourcecolor.

The practicalutility of theseinvariantsis demonstrated
by theirability to improvetheperformanceof awidevariety
of vision algorithms,includingthosefor stereoandmotion
estimation.As a result,they providea meansfor extending
theapplicabilityof existingLambertian-basedalgorithmsto
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Figure8. Generalizedhuefor material-basedsegmentation.Each
panel shows a pseudo-coloredrepresentationthat is computed
from theRGB imageon the top-left. Thegeneralizedhueimage
on thebottom-rightis usefulfor segmentationbecauseit depends
only on the spectralre�ectanceof the surfaces.The sameis not
truefor a conventionalhueimage(bottom-left)unlessthe illumi-
nantis white.

amoregeneralclassof non-Lambertianscenes.
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