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Abstract

A setof imagesof a Lambertiansurfaceundervarying
lighting directionsde�nesits shapeupto a three-parameter
Generalized Bas-Relief(GBR) ambiguity. In this paper,
we examinethis ambiguityin the context of surfaceshav-
ing anadditivenon-Lambertianre�ectancecomponent,and
we showthat the GBRambiguityis resolvedby any non-
Lambertianre�ectancefunction that is isotropic and spa-
tially invariant. Thekey observationis that each point on
a curvedsurfaceunderdirectional illumination is a mem-
ber of a family of pointsthat are in isotropic or reciprocal
con�gurations. We showthat the GBRcan be resolvedin
closedform by identifyingmembersof thesefamiliesin two
or more images. Basedon this idea, we presentan algo-
rithm for recovering full Euclideangeometryfrom a setof
uncalibratedphotometricstereoimages,andweevaluateit
empiricallyona numberof examples.

1. Intr oduction

Mostproblemsin computervisionaresimpli�ed in thepres-
enceof perfectlydi� use,or Lambertian,surfaces.Accord-
ing to the Lambertianmodel, the bidirectionalre�ectance
distribution function (BRDF) is a constantfunction of the
viewing andillumination directions.By assumingthatsur-
facesare well-representedby this model, one can build
powerful tools for stereoreconstruction,shapefrom shad-
ing, motion estimation,segmentation,photometricstereo,
anda varietyof othervisualtasks.

Most surfacesare not Lambertian,however, so we of-
ten seekwaysof generalizingthesepowerful Lambertian-
basedtools. Onecommonapproachis to assumethatnon-
Lambertianphenomenaoccuronly in small regionsof an
image, and to treat theseregions as outliers or `missing
data'.Anotherapproachis to modelthesephenomenausing
parametricrepresentationsof re�ectancethataremorecom-
plex thantheLambertianmodel.Thelatterapproachhasthe
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importantadvantageof usingall of theavailableimagedata,
but it alsohasa signi�cant limitation. Evenrelatively sim-
plere�ectancemodels(suchasthePhongor Cook-Torrance
models)severely complicatethe imageanalysisproblem,
and since they are only applicablefor limited classesof
surfaces,thisapproachgenerallyrequiresnew andcomplex
analysisfor eachapplicationandeachmaterialclass.

Recently, we have witnessedaccelerationin the devel-
opmentof a third approachto handling non-Lambertian
scenes—onethatis basedonexploiting moregeneralprop-
ertiesof surfacere�ectance.This approachstemsfrom the
observationthateventhoughthereis awidevarietyof mate-
rials in theworld, therearecommonre�ectancephenomena
that areexhibited by broadclassesof thesematerials. By
building toolsthatexploit theseproperties,onecanbuild vi-
sionsystemsthataremorelikely to succeedin real-world,
non-Lambertianenvironments. Oneearly exampleof this
approachis Shafer'sdevelopmentof thedichromaticmodel,
which exploits the fact that additive di� useand specular
componentsof re�ectanceoftendi� er in color [15].

Two importantre�ectancephenomenaare isotropy and
Helmholtzreciprocity. Onasmallsurfacepatch,theBRDF
is de�ned as the ratio of the re�ected radiancein direc-
tion (� o; � o) to thereceivedirradiancefrom direction(� i ; � i).
It is typically denotedf (� i ; � i; � o; � o), where the parame-
ters are sphericalcoordinatesin the local coordinatesys-
tem of the patch. Helmholtz reciprocity tells us that the
BRDFis symmetricin its incomingandoutgoingdirections
( f (� i ; � i; � o; � o) = f (� o; � o; � i ; � i)), andisotropy impliesthat
thereis no preferredazimuthalorientationor `grain' to the
surface(( f (� i ; � i ; � o; � o) = f (� o; � i ; j� o � � i j)). In computer
vision, thesepropertieshave beenexploitedfor surfacere-
construction[11, 18], andsincethey e� ectively reducethe
BRDF domain, they have also beenusedextensively for
image-basedrenderingin computergraphics(e.g.,[7, 14]).

In this paper, we seekto exploit isotropy andreciprocity
morebroadly. We show thatan imageof a curvedsurface
(convex or not)underparallelprojectionanddistantillumi-
nationcontainsobservationsof distinct surfacepointsthat



haveequivalentlocalview andilluminationgeometryunder
isotropy andreciprocity. By studyingthestructureof these
equivalenceclasses,we derive intensity-basedconstraints
on the�eld of surfacenormals.As anapplication,weshow
that theseconstraintsaresu� cient to resolve the general-
ized bas-relief(GBR) ambiguitythat is inherentto uncali-
bratedphotometricstereo.

1.1. The GBR Ambiguity

It is well establishedthat a set of imagesof a Lamber-
tian surface under varying, distant lighting do not com-
pletely determineits Euclideanshape.Given any suchset
of images,thesurfacecanonly berecoveredup to a three-
parameterambiguity—theGBR ambiguity[1, 10]. Signif-
icant e� ort hasbeendevoted to understandingwhen and
how this ambiguitycanbe resolved. It is known, for ex-
ample,that whena surfaceis Lambertian,the GBR ambi-
guity canberesolvedin thepresenceof interre�ections[2],
or whenrelative albedovaluesand/or sourcestrengthsare
known [1, 8]. It is also known that the GBR can be re-
solved when surfacere�ectancecan be representedusing
oneof two speci�c non-Lambertianre�ectancemodels:the
Torrance-Sparrow model[6] or the `Lambertianplusspec-
ularspike' model[4, 5].

In thispaper, we investigatetherelationshipbetweenthe
GBR and surfaceswith more generalnon-Lambertianre-
�ectance.We studyre�ectancethat is a linearcombination
of a Lambertiandi� usecomponentsandan isotropic1 (but
otherwisearbitrary)specularcomponent:

f (x; � i ; � i ; � o; � o) = � (x) + fs(� i ; � o; j� i � � oj): (1)

Here,x denotesa point on the surface,so that the di� use
componentvariesspatially(i.e., the surfacehas`texture'),
while the specularcomponentis spatially invariant. This
modelis quitegeneric,andit generalizesall existinganaly-
sisof theGBR ambiguityin thecontext of non-Lambertian
re�ectance[4, 5, 6], sinceall of theseconsiderspecialcases
of Eq. 1. Given a surfacewith re�ectanceof this form,
onecanobtaina reconstructionof thesurface(up to anun-
known GBR transformation)usingexisting techniquesfor
di� use/specularimageseparation(e.g.,[16, 13]) andby ap-
plying uncalibratedLambertianphotometricstereo[8, 17]
to the di� usecomponent. The specularcomponentthen
providesadditionalinformationthatcanbeusedto resolve
theGBRambiguity.

Oneof the key resultsof this paperis that two images
(with sourcesin generalpositions)aresu� cient to resolve
theGBRfor any surfacewith re�ectanceasshown in Eq.1.

1Thereseemsto be someconfusionin the useof the term isotropy in
the vision andgraphicscommunities.In somecases(e.g. [9]) it implies
dependenceon theabsolutedi� erenceof azimuthalanglesj� i � � oj, but in
othersit only impliesdependenceon thesigneddi� erence(� i � � o), with
the additionalabsolutevalue being a separatepropertytermed`bilateral
symmetry'(e.g.[12]). In thispaper, weusetheformerinterpretation.
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Figure1. Onthevisiblehemisphereof Gausssphere,two normals
form anisotropicpair if they lie at theintersectionsof two circles
centeredatsourcedirectionsandview directionv. If theBRDFis
isotropic(but otherwisearbitrary)the observed intensityat these
pointswill beequal.

Isotropy andreciprocityaresu� cient to resolve the GBR,
andnoadditionalassumptionsarerequired.

The remainderof the paper is organizedas follows.
Sect. 2 describesthe generalstructurethat isotropy and
reciprocity induceon the Gaussspherefor surfaceswith
isotropic,spatially-invariantre�ectance. Sect.3 discusses
how thesestructuresarea� ectedby a GBR transformation
andhow they canbeexploitedto resolve theGBR ambigu-
ity. Finally, Sect.4 describesa completesystemfor photo-
metricstereoauto-calibrationandevaluatesit empirically.

2. Isotropic and Reciprocal ImageStructure

We begin by exploring the geometricstructureof surface
pointsthatarein isotropicandreciprocalcon�gurationsun-
der a distantpoint light sourceandan orthographicview.
WeassumethattheGaussmapis known (e.g.,wearegiven
the output of a photometricstereoalgorithm), so that all
analysiscan be performedon the Gausssphere. A �x ed
orthographicobserver is locatedin directionv, andaglobal
coordinatesystemis chosensothatthez-axisisalignedwith
this direction.A distantpoint sourceis locatedin direction
s. Both v ands arevectorsof unit length,asareall vectors
in theremainderof this paperunlessstatedotherwise.We
usethephraseprincipal meridianto referto thegreatcircle
throughv ands.

De�nition 1. Two surface normals n and n0 form an
isotropicpair undersources if they satisfy

n0>s = n> s and n0>v = n> v:
A geometricinterpretationis shown in Fig. 1. Two nor-

mals form an isotropicpair if they lie at the intersections
of two circlescenteredat v ands on the Gausssphere.If
we considerthe local coordinatesystemfor theBRDF do-
mainateachof two suchsurfacenormals,it is clearthatthe
incomingandoutgoingelevationangles(� i and� o) arethe
samein bothcases.This is becausethetetrahedronformed
by unit vectors(n,s,v)is equivalentunderre�ection to that
formedby (n',s,v). Also, if we wereto projectv ands onto
theplaneorthogonalto eachnormal,it is clearthatthemag-
nitudeof the angulardi� erencebetweentheseprojections
(i.e., j� i � � oj) wouldalsobethesame.Thisremarkfollows.
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Figure2. Onthevisiblehemisphereof Gausssphere,two normals
form a reciprocal pair if they lie at the intersectionsof circles
that are centeredat s andv andwhoseradii are exchanged. In
this example,therearefour reciprocalpairs: m $ n, m0 $ n0,
m $ n0, andm0 $ n. If theBRDFis isotropicandreciprocal,the
observed BRDF value(but not necessarilythe radiance)at these
pointswill beequal.

Remark 1. Assumingan isotropicandspatially invariant
BRDF, theemittedradiancefrom two pointswhosesurface
normalsform anisotropicpairwill beequal.

De�nition 2. Two surfacenormalsn andm form a recip-
rocalpair underlight sources if they satisfy

m> s = n> v and m> v = n> s:

This conditioncansimilarly be interpretedin termsof
the intersectionsof circlescenteredat s andv. The impor-
tantdi� erenceis thattheradii of thetwo circlesareswapped
for the two normals. As depictedin Fig. 2, therearefour
possibleintersectionsderivedfrom all combinationsof cir-
cleswith centersat s or v andhaving two di� erentradii.
This family of four normalscomprisestwo isotropicpairs
(m $ m0 andn $ n0) andfour reciprocalpairs(m $ n,
m0 $ n0, m0 $ n andm $ n0). Usinganargumentsimilar
to thatabove, it is clearthat the local light andview direc-
tions at any two normalsof a reciprocalpair aresuchthat
thefollowing is true.

Remark 2. Assumingan isotropic andreciprocalBRDF,
the observed BRDF value (but not the emitted radiance,
which is theBRDF multiplied by n> s) at two pointswhose
surfacenormalsform areciprocalpairwill beequal.

Theconditionsin Def. 1 induceanequivalencerelation
(i.e., they satisfyre�exivity, transitivity andsymmetry)so
we cansaythat two normalsare`isotropicallyequivalent'
if they form an isotropicpair. The conditionsfor a recip-
rocal pair do not inducean equivalencerelation,however,
asa normal is generallynot reciprocalto itself. To form
anequivalencerelationthatexploits reciprocity, thecondi-
tions for isotropicandreciprocalpairsmustbe combined;
wecansaythattwo normalsare`equivalentundercombined
isotropy andreciprocity' if they form eitheranisotropicpair
or a reciprocalpair. Theseequivalencerelationspartition
the Gausssphereinto equivalenceclassesof normals. To
further investigatethe geometricstructureof theseequiv-
alenceclasses,it will be helpful to de�ne two familiesof

curveson theGaussspherethat,amongotherthings,have
thenicepropertyof beingunionsof equivalenceclasses.

De�nition 3. An isotropiccurveunders is agreatcircleon
theGaussspherethatsatis�es

(x> s) + � (x> v) = 0

wherex is apoint on theGausssphereand� is a constant.

An isotropiccurvehasthefollowing properties.First, if
a normalis on anisotropiccurve, its isotropiccorrespond-
ing normalis alsoon thecurve. (Thiscanbeeasilyveri�ed
by substitutingDef. 1 into the isotropic curve equation.)
In other words, an isotropic curve is a union of isotropic
equivalenceclasses.Second,the one-parameterfamily of
isotropiccurvespartitionsthe Gausssphere.Third and�-
nally, the emitted radiancealong the curve is symmetric
dueto the symmetricarrangementof isotropicpairsalong
it (e.g.,Fig. 3). This lastpropertyplaysanimportantrole in
subsequentanalysis,sowe presentit asa formalRemark.

Remark 3. For any isotropicBRDF, the emittedradiance
alongan isotropiccurve is a symmetricfunction whenthe
curve is parameterizedby the signedangle( , say)to the
principalmeridian.

De�nition 4. A reciprocal curveunders is a conicalcurve
on theGaussspherethatsatis�es

(x> v)(x> s) + � (v; s; x)2 = 0

wherex is apoint on theGausssphereand� is a constant.

Here(x; y; z) = (x � y)> z denotesthescalartriple prod-
uct. A reciprocalcurve haspropertiesthat are analogous
to its isotropic counterpart. If a normal is on a given re-
ciprocal curve, its isotropic/reciprocalcorrespondingnor-
malsareon the samecurve. Thus, it is a union of `com-
bined isotropic/reciprocalequivalenceclasses'. Also, like
isotropic curves, the one-parameterfamily of reciprocal
curves(parameterizedby � ) partitionstheGaussspheremi-
nuspointsontheprincipalmeridian.Finally, thesymmetric
arrangementof reciprocalandisotropicpairswithin arecip-
rocalcurveinducessymmetryin theBRDF alongit.

Remark 4. For any isotropicandreciprocalBRDF, wecan
choosea parameterizationof a reciprocalcurve suchthat
theBRDFvalue(emittedradiancedividedbyn> s) alongthe
curve is a symmetricfunction. Onesuchparameterization
is given by the azimuthalanglebetweena normal on the
curveandtheplanethatcontainsthebisectorof sandv and
is perpendicularto theprincipalmeridian.

An exampleof a reciprocalcurve is shown in Fig. 4.
To provide a geometricinterpretationof isotropic and re-
ciprocal curves, it is useful to interpret the Gausssphere
asbeingmappedto a plane. An elliptic planeis obtained
by a gnomonic(or central)projectionthatmapsa point of



the spherefrom the centerof the sphereonto the tangent
planeat v. It mapsa point to a point, a greatcircle to a
line, anda conicalcurve to a conic. Theelliptic planeis a
real projective planewith an elliptic metric [3]. The three
greatcirclesc1 = fx : v> x = 0g, c2 = fx : s> x = 0g, and
c3 = fx : (v � s)> x = 0garemappedinto threelines in the
elliptic plane:l1 is theline at in�nity , l2 = s, andl3 = v � s.

On theelliptic plane,isotropiccurvesform apencil(lin-
earfamily) of linesby l1 andl2. Reciprocalcurvesform a
pencilof conicsgoingthroughthedoublepointsp = l1 � l3
(theintersectionof l1 andl2) andq = l2 � l3 (theintersection
of l1 andl2). Theconicpencil is a linearfamily of parabola
directedby the light sourcedirections, andit touchesthe
pointat in�nity q.

3. Behavior under GBR Transformations

Theisotropicandreciprocalstructuresdescribedin thepre-
vioussectionexist wheneveracurvedsurfaceis illuminated
from a distantpoint-sourceand viewed orthographically.
They provide constraintsbetweenthe intensitiesobserved
at distinct surfacepointsandtheorientationof thesurface
normalsat thesepoints.Sincetheseconstraintsarevalid for
any isotropicandreciprocalBRDF, they may�nd usefor a
varietyof tasks.

In this section,we analyzethe behavior of thesestruc-
tures when a GBR transformationis applied. We show
that, somewhat surprisingly, a GBR transformationgen-
erally mapsisotropic/reciprocalcurves `as sets' to other
isotropic/reciprocalcurves. At the sametime, normals
within eachcurve generallymove relative to oneanother,
therebybreakingthe symmetryin the radiancefunctions
alongthe curve (seeFigs. 3 and4). As a result,given an
initial reconstructionup to anarbitraryGBRambiguity, we
can establishthe Euclideanreconstructionby �nding the
GBRtransformationthatrestoresthis symmetrystructure.

3.1. GBR Transformations

Given threeor moreuncalibratedimagesof a Lambertian
surface,the �eld of surfacenormalsn(x) (de�ned over the
imageplaneparameterizedby x 2 R2) andthe sourcedi-
rectionssi canonly be recoveredup to an invertible linear
transformationof R3 [8]. It hasbeenshown thatby impos-
ing integrability on thesurface,this generallineartransfor-
mationis restrictedto lie in thegroupof GBR transforma-
tions,whichare3 � 3 matricesof theform [1]

G =

0
BBBBBBBB@

1 0 0
0 1 0
� � �

1
CCCCCCCCA

;

with �; � ; � 2 R. A GBR transformationa� ectsthenormal
�eld andsourcedirectionsaccordingto

n̄ = G�> n=jjG�> njj; s̄ = Gs=jjGsjj; (2)
and

n = G> n̄=jjG> n̄jj; s = G� 1s̄=jjG� 1s̄jj (3)
is thee� ectof theinversetransformation.

It is easyto verify thataGBRtransformationa� ectsnei-
ther view directionv nor the principal meridian. Isotropy
and reciprocity, however, are in generaldestroyed by the
GBR sincen> s , n̄> s̄. As a result,if we aregivena recon-
structionupto anunknownGBRtransformationandweare
ableto �nd thepairsof transformedisotropicandreciprocal
normals,weexpectthattheGBR canbesolved.

A commenton terminology: in the subsequentdiscus-
sion, we will be interestedin describingthe mannerin
which two normalsn $ m of an isotropic or reciprocal
pair unders area� ectedby a GBR transformation.Since
a GBR transformationdoesnot preserve isotropy andreci-
procity, we aregenerallyuninterestedin normalsthat form
isotropic/reciprocalpairsunders̄ in thesenseof Defs.1 and
2. Instead,we saythat transformednormal n̄ corresponds
to transformednormalm̄ if thepre-imagesof thesenormals
n andm form anisotropic/reciprocalpairunders. Thestory
is di� erent,however, for isotropic and reciprocalcurves.
SincethesecurvesarepreservedassetsunderaGBRtrans-
formation,it doesmake senseto considerisotropicandre-
ciprocalcurvesunders̄ in thesenseof Defs.3 and4.

3.2. Isotropy and GBR Transformations

We �rst look at the action of a GBR transformationon
isotropicpairsandisotropiccurves.

Proposition1. A GBRtransformationmapseachisotropic
curveunders `asa set' to anisotropiccurveunders̄.

To provethis,we�rst look athow apairof isotropicnor-
malsis transformedby G. Supposēn is aGBR-transformed
normal and x̄ is its unknown isotropic correspondence.
Sincethepre-imagesof n̄ andx̄ form an isotropicpair un-
ders, we know x> v = n> v andx> s = n> s. By substituting
Eq. 3 into theseequations,we obtain the following linear
constraintfor thepositionof x̄ correspondingto n̄:

(x̄> s̄) + � (x̄> v̄) = 0;
with

� = � (n̄> s̄)=(n̄> v̄):
Thus,if n andx form anisotropicpairunders, thenn̄ andx̄
lie onanisotropiccurveunders̄.

To completethe proof, we canexplicitly derive a map-
ping betweenthepre-GBRandpost-GBRisotropiccurves
by substitutingtheinversetransformationequations(Eq.3)
into the expressionabove. The yields the following equa-
tion for thepre-imageof theisotropiccurve:

(x> s) + � (x> v) = 0;

where� = � jjGsjj=� . This is alsoanisotropiccurve,which
provesProposition1.

A GBRtransformationmapsisotropiccurvesto isotropic
curves,but asdemonstratedin Fig. 3, sinceit doesnot pre-
serve isotropy, it destroys the symmetryof the intensity



  

Figure3. (Left) Top view of theGausssphere.Greenpointsrep-
resentisotropicpairs,whicharearrangedsymmetricallyaboutthe
principalmeridianon an isotropiccurve prior to a GBR transfor-
mation. Thesepointsaremappedto theyellow pointsby a GBR
transformation,andareno longersymmetricallyarrangedwithin
thecurve. (Right) Emittedradianceasa functionof signedangle
from theprincipalmeridianalongtheisotropiccurvesbeforeand
after the GBR. Sinceisotropy is not preserved by the GBR, the
symmetryin theradiancefunctionis lost.

functionalongthecurve. Thus,assumingthatwe caniden-
tify correspondingnormalsn̄ andn̄0 on an isotropiccurve
in theGBR-transformedsystem,wecanobtaina constraint
on theunknown GBR transformationby imposingthecon-
dition that their pre-imagesn andn0 form anisotropicpair
unders. To formulatethis constraint,we substituteEq. 3
into theequationsin Def. 1. Theseequationsarehomoge-
neousin � , which is thereforeeliminated,andthey provide
a linearequationin � and� :

s̄y� � s̄x� + c = 0; (4)

wherec = (v̄; s̄; n̄ + n̄0)=(n̄> v̄ + n̄0> v̄).
Thereare two importantobservationsto make regard-

ing this equation.First, it is independentof � . This means
that isotropy is preservedby a classicalbas-relieftransfor-
mation(G = diag(1; 1; � )), and� cannotberesolvedusing
isotropicconstraintsalone.Second,thecoe� cientsof � and
� areindependentof n̄ andn̄0anddependonly onthesource
directions̄. As a result,eachimageprovidesonly oneinde-
pendentlinearconstrainton � and� . This constraintcanbe
geometricallyinterpretedasa requirementfor symmetryof
isotropicpairsn $ n0 abouttheprincipalmeridiancharac-
terizedby (v; s; n + n0) = 0. To recover � and� , we need
atleastoneadditionalindependentequation,whichrequires
a secondimageundersources̄0 whoseprojectiononto the
xy-planeis di� erentfrom thatof s̄. SincetheGBRtransfor-
mationdoesnot a� ect the xy-planeprojectionof a source
direction(nor theprincipalmeridianasmentionedearlier),
this leadsto thefollowing proposition.

Proposition2. For any isotropic,spatially-invariantBRDF,
the GBR parameters� and � can be uniquelydetermined
from any two imagesundersourcedirectionsthat arenot
coplanarwith theview direction.

3.3. Reciprocity and Bas-relief Transformations

Once�; � areknown, we canapply theappropriateinverse
transformthat correctsfor the additive planeand reduces

theGBR ambiguityto a classicbas-reliefambiguity, which
is representedby the diagonalmatrix G0 = diag(1; 1; � ).
Here,we examinethee� ectsof a bas-relieftransformation
on reciprocalpairsandreciprocalcurves.

Proposition 3. A bas-relieftransformationmapseachre-
ciprocalcurveunders `asa set' to a reciprocalcurveunder
s̄.

Theproof is similarto theisotropiccase,consider̄n $ x̄
whosepre-imagesform a reciprocalpair unders. Thedef-
inition for a reciprocalpair statesthat x> v = n> s and
x> s = n> v. Substitutingthe expressionsfrom Eq. 3 into
theseequations(with G reducedto a bas-relieftransforma-
tion) andeliminatingvariable� , oneobtains

(x̄> v)(x̄> s̄) + � (v; s̄; x̄)2 = 0;
with

� = � (n̄> v)(n̄> s̄)=(v; s̄; n̄)2:
Thus,if n andx form areciprocalpairunders, thenn̄ andx̄
lie ona reciprocalcurveunders̄.

Next, to derive the relationship between reciprocal
curvesrelatedby bas-relieftransformations,we apply the
inverse transformationto the reciprocal curve equation
aboveto obtainthepre-imageof this curve:

(x> v)(x> s) + � (v; s; x)2 = 0;

where� = ��= jjGsjj. This is alsoa reciprocalcurve,which
completestheproofof Proposition3.

Sincereciprocity is not preserved by a bas-relieftrans-
formation,two correspondingnormalsn̄ andm̄ in thetrans-
formedsystemcanbe usedto obtaina constrainton � by
imposing the condition that the pre-imagesof thesenor-
mals form a reciprocalpair undersources. Substituting
Eq.3 (againwith G = diag(1; 1; � )) into theconditionsfor
a reciprocalcurveandsolvingfor � , we obtain:

(1 � s2
z)� 2 = (m̄> s̄)(n̄> s̄)=(m̄> v̄)(n̄> v̄) � s2

z: (5)

Geometrically, thisequationfor � derivesfrom thesymme-
try of reciprocalpairsm $ n unders. Thebisectorof these
normalsmust lie in the planecontainingthe bisectorof v
ands (characterizedby (s + v; s � v; m + n) = 0) that is
perpendicularto theprincipalmeridian.SeeFig. 4.

Equation 5 provides the magnitudeof the parameter
� , and its sign can be determinedas that of m̄> s̄=n̄> v or
m̄> v=n̄> s̄. Thuswehave:

Proposition 4. For a spatially-invariant,isotropic,andre-
ciprocalBRDF, thebas-reliefparameter� canbeuniquely
determinedfrom any imagewhosesourcedirection is not
collinearwith theview direction.

4. Application

The resultsof the previous sectiontell us that the auto-
calibrationof photometricstereocanbeperformedfrom as
few as two imagesby exploiting isotropy andreciprocity.



  

Figure 4. (Left) Greenpoints representreciprocaland isotropic
pairs, which are symmetricallyarrangedon a reciprocalcurve
prior to a bas-relieftransformation.Thesearemappedto theyel-
low pointsby a bas-relieftransformandareno longersymmetri-
cally located. (Right) The BRDF asa functionof positionalong
the reciprocalcurves beforeand after the transformation. This
function is initially symmetric,but thesymmetryis destroyed by
thebas-relieftransformation.

Givenan initial reconstructionof normalsandsources,the
GBR ambiguitycanbe recoveredfrom Eqs.4 and5. All
that is requiredis to identify at leastoneisotropicpair in
eachof two images(with sourcesin generalposition),and
at leastonereciprocalpair in any singleimage.

In orderto testtheseresults,we conductedexperiments
with both real andsyntheticdata. Eachsetof imageswas
captured/renderedusingdirectionalillumination andanor-
thographiccamera. In the caseof real data, the cam-
era was radiometricallycalibratedso that imageintensity
could be directly relatedto emittedsceneradiance. Dif-
fuse and specularre�ection componentsof the input im-
ageswere separatedusing a color-basedtechnique[13],
andan initial reconstructionwasobtainedby applyingan
existing methodfor uncalibratedLambertianphotometric
stereo[17] to thedi� useimages.Then,by identifying re-
ciprocalandisotropicpairsin thespecularimageswe were
ableto resolve theGBRambiguity.

4.1. Isotropic and ReciprocalCorr espondence

To obtainisotropiccorrespondencefor agivennormaln̄, we
searchalongtheisotropiccurvecontainingn̄ until welocate
anothernormalwith thesameintensity. By establishingat
leastonesuchcorrespondencein two or moreimages,we
canrecoverGBRparameters� and� usingEq.4 andreduce
theGBRambiguityto a classicbas-reliefambiguity.

Oncewe correctfor � and� , we usea similar procedure
to establishreciprocalcorrespondence.Thereciprocalcor-
respondencefor agivennormaln̄ canbelocatedby search-
ing alongthe reciprocalcurve until we locateanothernor-
malwith thesameBRDFvalue.Theprocessis complicated
by the fact thatwe do not have direct accessto theBRDF
valuealongthecurve. We only know the radiance(image
intensity)I (n̄) = f (n̄)(n � s). We notethat

I (m̄) = I (n̄)(m> s)=(n> s) = I(n̄)� jjG� 1(� )s̄jj(n̄> v)=(n̄> s̄);

which allows us to assessthe accuracy of any estimate� 1

by: 1) using this equationto estimatethe radianceI(m̄);

 

Figure5.Theaccuracy of anestimateof thethebas-reliefparame-
ter � canbeassessedby searchingareciprocalcurvefor reciprocal
correspondenceandcomputinganerrormeasurebasedonthiscor-
respondence(seetext for details).Here,theerrorreachesits global
minimumat thegroundtruth valueof � = 1:3.

2) searchingthe reciprocalcurve for a correspondencēm
thathasthis intensity;3) usingn̄ andthis estimateof m̄ to
compute� 2 using the Eq. 5; and 4) computingthe error
jj� 1 � � 2jj2. Basedon this procedure,we do an exhaustive
one-dimensionalsearchover a wide interval � 2 [� 10; 10].
Figure5 shows a typical pro�le of theerrorcomputedover
this interval, which generallyreachesa globalminimumat
thegroundtruth valueof � .

As anaside,wenotethatpreviouswork usingthe`spec-
ular spike' modelof re�ectance[4, 5] canbe derived asa
specialcaseof thismethod.In thatcase,thecorrespondence
problemis trivial becauseeachspecularnormal is its own
isotropicandreciprocalcorrespondingnormal. The result
is thesame,however, andtheGBR ambiguitycanbe fully
resolvedfrom two images[4].

4.2. Results

Figure6 showsresultsonasyntheticexampleconsisting
of thirty-six renderedinput imagesof a Venusmodelusing
a Cook-TorranceBRDF. Thetop row of this �gure showsa
linearlycodednormalmap,wheretheRGBchannelsrepre-
sentx, y, andz components,respectively. Thesecondrow
shows the correspondingsurfaceheight �elds obtainedby
integratingthenormal�elds. Fromleft to right, thecolumns
show resultsof calibratedphotometricstereo(i.e., `ground
truth'); uncalibratedphotometricstereo[17]; andour auto-
calibratedphotometricstereo. Theseresultsdemonstrate
that the proposedapproachsuccessfullyresolvesthe GBR
ambiguitythatremainsafterthetraditionaluncalibratedre-
sult [17], andgivesresultsthat arevery closeto the cali-
bratedcase.TheGBRparametersrecoveredby ourmethod
are(�; � ; � ) = (1:2; 0:9; 1:3).

Figures7 and8 show resultsfor experimentson realim-
ages. In these�gures, the top row shows oneof the input
imagesalongwith theseparateddi� useandspecularcom-
ponents.The middle andbottomrows show normalmaps
andsurfaceheight�elds asbefore,with columnsfrom left
to right representing:1) calibratedLambertianphotometric
stereoappliedto the di� useimages;2) uncalibratedLam-
bertianphotometricstereo[17] appliedto the di� useim-



   

   

Figure6. Resultsfrom thirty-six syntheticimagesrenderedwith
a Cook-TorranceBRDF. Top row: linearly codednormal maps,
where r, g, b channelsrepresentx, y, z components. Bottom
row: surfaceheight�elds. Resultsin columnsfrom left to right:
calibratedlighting directions;traditional uncalibratedphotomet-
ric stereo[17]; our auto-calibratedphotometricstereoalgorithm,
which successfullyresolves the GBR ambiguity and obtainsre-
sultscomparableto thecalibratedcase.

Groundtruth s Resultsfrom [17] Auto-calibrateds Error
(0.34,0.26,0.90) (0.13,0.20,-0.97) (0.33,0.52,0.79) 16
(0.35,-0.30,0.89) (0.20,-0.07,-0.98) (0.39,-0.15,0.90) 8
(-0.27,-0.34,0.90) (-0.02,0.05,-0.99) (-0.07,0.19,0.98) 33
(-0.23,0.11,0.97) (-0.02,0.03,-0.99) (-0.05,0.11,0.99) 10

Table1. Accuracy of recoveredsourcedirectionsfor four images
of thepeardataset.Right-mostcolumnshows angularerror.

ages;and3) ourauto-calibratedresultsthatusethespecular
imagesto resolve the GBR ambiguity. For the calibrated
case,we use sourcedirectionsthat were measuredfrom
mirroredspheresduringacquisition.TheGBR parameters
(�; � ; � ) recoveredby our methodare(2:1; � 1:2; � 3:3) and
(� 2; � 1:2; 3:1) for thepearand�sh, respectively.

Table1 andFigure9 provide quantitative evaluationre-
sults.For thepeardata,Table1 comparesthesourcedirec-
tionsrecoveredbyourmethodto theground-truthsourcedi-
rectionsmeasuredduringacquisition.Here,theright-most
columnprovidesangularerror in degrees.Figure9 shows
averageangularerrorsbetweenthenormalsrecoveredusing
our approachand thoserecoveredusingcalibratedphoto-
metricstereowith themeasuredsourcedirections.For the
Venus,pearand�sh examples,our methodachievesaver-
ageangularerrorsof 2.8,4 and6.7 degreesandmaximum
angularerrorsof 44,32and26.3degrees,respectively. The
sourcesof error include: 1) inaccuraciesin isotropic and
reciprocalcorrespondence;2) imagingnoise;and3) inac-
curatedi� use/specularseparation.

Finally, Fig. 10 shows surfacesobtainedby integrat-
ing therecoverednormal�elds from thecalibrated,uncali-
brated,andauto-calibratedmethods.In eachcase,ourauto-
calibratedproceduresigni�cantly improvestheuncalibrated

  
 

  
 

  
 

  
 

  
 

  
 

   

Figure 7. Resultsfrom four input imagesof a pear. Top row:
oneinput imagewith separateddi� useandspecularcomponents.
Middle row: linearly encodednormalmap. Bottomrow: surface
height�elds. Columnsfrom left to right show photometricstereo
resultsusing: calibratedlighting directions;an uncalibratedap-
proach[17]; and our auto-calibratedapproachthat resolves the
GBRandprovidesresultscomparableto thecalibratedcase.

  

  

 

   

   

Figure8.Resultsfrom seveninput imagesof aplastictoy �sh. Top
row: oneinput imagewith separateddi� useandspecularcompo-
nents. Middle row: linearly encodednormalmap. Bottom row:
surfaceheight�elds. Columnsfrom left to right show photometric
stereoresultsusing:calibratedlighting directions;anuncalibrated
approach[17]; andour auto-calibratedapproachthat resolvesthe
GBRandprovidesresultscomparableto thecalibratedcase.

resultsby resolvingtheGBR ambiguity.



 

Figure9. Surfacenormalangularerrorbetweentheresultsof our
auto-calibratedmethodandcalibratedphotometricstereoresults.

   

  

 

   

 

  

 

  

  

Figure10. Surfacesrecoveredfrom integratingestimatednormal
�elds. Renderingof the recoveredsurfacedfrom a novel view
point. Columnsfrom left to right show photometricstereore-
sults using: calibratedlighting directions; an uncalibratedap-
proach[17]; andourauto-calibratedapproach.

5. Conclusion

This paperdemonstratesthat the generalizedbas-relief
ambiguity can be resolved for any surface that has an
additive specularre�ectancecomponentthat is spatially-
invariant,isotropicandreciprocal.It showsthattwo images
aresu� cient to resolve the GBR, andpresentsa practical
algorithm for doing so. The result is an auto-calibrating
systemfor photometricstereothatcanbeappliedto a very
widevarietyof surfaces.

More broadly, this paper demonstratesthe utility of
two very generalre�ectanceproperties:isotropy andreci-
procity. It shows that any imageof a surface(convex or
not) underdirectionalillumination and orthographicview
containsobservationsof distinct surfacepoints that are in
isotropicandreciprocalcon�gurations.By analyzingthese
equivalenceclasses,it revealspatternsof intensity on the
Gaussspherethatcanbeusedasconstraintson surfacege-
ometry. In thefuture,theseconstraintscouldpotentiallybe
usedin otherwaysfor theanalysisof sceneswith complex,
non-Lambertiansurfaces.
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