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Abstract

A setof imagesof a Lambertiansurfaceundervarying
lighting directionsde nesits shapeupto a three-paameter
Geneanlized Bas-Relief(GBR) ambiguity In this paper
we examinethis ambiguityin the context of surfaceshav-
ing anadditivenon-Lambertiame ectancecomponentand
we showthat the GBR ambiguityis resolvedby ary non-
Lambertianre ectancefunctionthat is isotropic and spa-
tially invariant. Thekey observationis that each point on
a curvedsurfaceunderdirectionalillumination is a mem-
ber of a family of pointsthat are in isotropic or reciprocal
con gurations. e showthat the GBR can be resolvedin
closedform by identifyingmembes of thesefamiliesin two
or more images. Basedon this idea, we presentan algo-
rithm for recovering full Euclideangeometryfrom a setof
uncalibratedphotometricsterroimages,and we evaluateit
empiricallyon a numberof examples.

1. Intr oduction

Mostproblemsn computewisionaresimpli ed in thepres-
enceof perfectlydi use,or Lambertiansurfaces.Accord-
ing to the Lambertianmodel, the bidirectionalre ectance
distribution function (BRDF) is a constantfunction of the
viewing andillumination directions.By assuminghatsur

facesare well-representedy this model, one can build

powerful tools for stereoreconstructionshapefrom shad-
ing, motion estimation,segmentation,photometricstereo,
anda variety of othervisualtasks.

Most surfacesare not Lambertian,however, so we of-
ten seekways of generalizingthesepowerful Lambertian-
basedools. Onecommonapproachs to assumehatnon-
Lambertianphenomenaccur only in small regionsof an
image, and to treat theseregions as outliers or “missing
data'. Anotherapproachs to modelthesegphenomenasing
parametricgepresentationsf re ectancethataremorecom-
plex thantheLambertiammodel. Thelatterapproacthasthe
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importantadvantagenf usingall of theavailableimagedata,
but it alsohasa signi cant limitation. Evenrelatively sim-

plere ectancemodels(suchasthePhongor Cook-Torrance
models)severely complicatethe image analysisproblem,
and since they are only applicablefor limited classesof

surfacesthis approactgenerallyrequiresnew andcomplex

analysigfor eachapplicationandeachmaterialclass.

Recently we have witnessedacceleratiorin the devel-
opmentof a third approachto handling non-Lambertian
scenes—onthatis basecdon exploiting moregeneralprop-
ertiesof surfacere ectance.This approactstemsfrom the
obsenationthateventhoughthereis awide varietyof mate-
rialsin theworld, therearecommorre ectancephenomena
that are exhibited by broadclassef thesematerials. By
building toolsthatexploit thesepropertiespnecanbuild vi-
sion systemghataremorelikely to succeedn real-world,
non-Lambertiarervironments. One early exampleof this
approachs Shafersdevelopmenbf thedichromatiamodel,
which exploits the fact that additive di useand specular
component®f re ectanceoftendi erin color[15].

Two importantre ectancephenomenareisotropy and
Helmholtzreciprocity Onasmallsurfacepatch,theBRDF
is de ned as the ratio of the re ected radiancein direc-
tion( o; o) totherecevedirradianceromdirection( ;; ;).
It is typically denotedf( i; i; o; o), Wherethe parame-
ters are sphericalcoordinatesn the local coordinatesys-
tem of the patch. Helmholtz reciprocity tells us that the
BRDFis symmetridn its incomingandoutgoingdirections
(fCi; i o; o)=T(0; o i i), andisotropy impliesthat
thereis no preferredazimuthalorientationor “grain' to the
surface((f('i; 5 o o) = (o) iij o iJ))- In computer
vision, thesepropertieshave beenexploited for surfacere-
construction{11, 18], andsincethey e ectively reducethe
BRDF domain, they have also beenusedextensiely for
image-basedenderingn computergraphicye.g.,[7, 14]).

In this paperwe seekto exploit isotropy andreciprocity
morebroadly We shav thatanimageof a curved surface
(corvex or not) underparallelprojectionanddistantillumi-
nationcontainsobsenationsof distinct surfacepointsthat



have equivalentlocal view andillumination geometryunder
isotropy andreciprocity By studyingthe structureof these
equivalenceclasseswe derive intensity-basedonstraints
onthe eld of surfacenormals.As anapplicationwe shav
thattheseconstraintsaresu cientto resole the general-
ized bas-relief(GBR) ambiguitythatis inherentto uncali-
bratedphotometricstereo.

1.1 The GBR Ambiguity

It is well establishedhat a set of imagesof a Lamber
tian surface under varying, distantlighting do not com-
pletely determinets Euclideanshape.Givenary suchset
of imagesthe surfacecanonly berecoveredup to a three-
parameteambiguity—theGBR ambiguity[1, 10]. Signif-
icante ort hasbeendevotedto understandingvhen and
how this ambiguity canbe resolhed. It is known, for ex-
ample,thatwhena surfaceis Lambertian the GBR ambi-
guity canberesohedin thepresencef interre ections[2],
or whenrelative albedovaluesandor sourcestrengthsare
known [1, 8]. It is alsoknown that the GBR can be re-
solved when surfacere ectancecan be representedising
oneof two speci ¢ non-Lambertiame ectancemodels:the
Torrance-Sparne model[6] or the "Lambertianplus spec-
ular spike' model[4, 5].

In this paperwe investigateherelationshipbetweerthe
GBR and surfaceswith more generalnon-Lambertiarre-
ectance. We studyre ectancethatis a linearcombination
of a Lambertiandi usecomponentsindan isotropic' (but
otherwisearbitrary)speculaicomponent:

fX i i o0 0= (X)+ fs(i5 orf ol): 1)

Here,x denotesa point on the surface,so thatthedi use
componentariesspatially (i.e., the surfacehastexture’),
while the specularcomponentis spatially invariant. This
modelis quitegenericandit generalizesll existing analy-
sisof the GBR ambiguityin the context of non-Lambertian
re ectance[4, 5, 6], sinceall of theseconsiderspecialcases
of Eg. 1. Given a surfacewith re ectanceof this form,
onecanobtainareconstructiorof the surface(up to anun-
known GBR transformation)using existing techniquedor
di usdspeculaimageseparatiorfe.g.,[16, 13]) andby ap-
plying uncalibrated_ambertianphotometricstereo[8, 17]
to the di usecomponent. The specularcomponentthen
providesadditionalinformationthatcanbe usedto resohe
the GBR ambiguity

Oneof the key resultsof this paperis that two images
(with sourcesn generalpositions)aresu cientto resolhe
the GBR for any surfacewith re ectanceasshavnin Eq.1.

1Thereseemso be someconfusionin the useof the termisotropy in
the vision and graphicscommunities.In somecasege.g.[9]) it implies
dependencentheabsolutedi erenceof azimuthalangleg i o), butin
othersit only impliesdependencenthesigneddi erence( ;| ), with
the additionalabsolutevalue being a separatgropertytermed-bilateral
symmetry'(e.g.[12]). In this paperwe usetheformerinterpretation.

Figurel. Onthevisible hemispheref Gaussspherefwo normals
form anisotropic pair if they lie attheintersection®f two circles
centeredatsourcedirections andview directionv. If theBRDFis

isotropic (but otherwisearbitrary) the obsered intensity at these
pointswill beequal.

Isotropy andreciprocityaresu cientto resohe the GBR,

andno additionalassumptionsrerequired.

The remainderof the paperis organizedas follows.
Sect. 2 describesthe generalstructurethat isotropy and
reciprocity induce on the Gaussspherefor surfaceswith
isotropic, spatially-invariantre ectance. Sect.3 discusses
how thesestructuresarea ectedby a GBR transformation
andhow they canbe exploitedto resole the GBR ambigu-
ity. Finally, Sect.4 describesa completesystemfor photo-
metric sterecauto-calibratiorandevaluatest empirically.

2. 1sotropic and Reciprocal Image Structure

We begin by exploring the geometricstructureof surface
pointsthatarein isotropicandreciprocalcon gurationsun-

der a distantpoint light sourceand an orthographicview.

We assumeéhatthe Gausamapis known (e.g.,we aregiven
the output of a photometricstereoalgorithm), so that all

analysiscan be performedon the Gausssphere. A x ed
orthographimbsenreris locatedin directionv, andaglobal
coordinatesystems chosersothatthez-axisis alignedwith

this direction. A distantpoint sourceis locatedin direction
s. Bothv ands arevectorsof unit length,asareall vectors
in the remainderof this paperunlessstatedotherwise.We
usethephraseprincipal meridianto referto thegreatcircle
throughv ands.

De nition 1. Two surface normalsn and n® form an
isotropic pair undersourcesif they satisfy
n®”s=n”s and n®v=n’v:

A geometridnterpretations shovn in Fig. 1. Two nor-
mals form an isotropic pair if they lie at the intersections
of two circlescenteredat v ands on the Gausssphere. If
we considerthe local coordinatesystemfor the BRDF do-
mainat eachof two suchsurfacenormalsit is clearthatthe
incomingandoutgoingelevationangles( ; and ,) arethe
samein both casesThisis becausehetetrahedrorformed
by unit vectors(n,s,v)is equivalentunderre ection to that
formedby (n',s,v). Also, if we wereto projectv ands onto
theplaneorthogonato eachnormal,it is clearthatthemag-
nitude of the angulardi erencebetweentheseprojections
(i.e.,] i o) wouldalsobethesame.Thisremarkfollows.



Figure2. Onthevisible hemispheref Gausspherefwo normals
form a recipocal pair if they lie at the intersectionsof circles
that are centeredat s andv andwhoseradii are exchanged. In
this example,therearefour reciprocalpairs:m $ n, m®$ n°
m$ n%andm®$ n. If theBRDFis isotropicandreciprocal the
obsered BRDF value (but not necessariljthe radiance)at these
pointswill beequal.

Remark 1. Assumingan isotropic and spatially invariant
BRDF, the emittedradiancerom two pointswhosesurface
normalsform anisotropicpair will beequal.

De nition 2. Two surfacenormalsn andm form a recip-
rocal pair underlight sourcesif they satisfy
m’s=n’v andm’v=n’s

This condition cansimilarly be interpretedin termsof
theintersectionf circlescenteredat s andv. Theimpor-
tantdi erencas thattheradii of thetwo circlesareswapped
for the two normals. As depictedin Fig. 2, thereare four
possibleintersectionglerived from all combinationf cir-
cleswith centersat s or v and having two di erentradii.
This family of four normalscomprisesgwo isotropic pairs
(m$ mPandn $ n9 andfour reciprocalpairs(m $ n,
m°$ n°m°$ nandm$ nY. Usinganargumentsimilar
to thatabove, it is clearthatthelocal light andview direc-
tions at ary two normalsof a reciprocalpair are suchthat
thefollowingis true.

Remark 2. Assumingan isotropic andreciprocalBRDF
the obsened BRDF value (but not the emitted radiance,
whichis the BRDF multiplied by n” s) attwo pointswhose
surfacenormalsform areciprocalpair will beequal.

The conditionsin Def. 1 inducean equivalencerelation
(i.e., they satisfyre exivity, transitvity and symmetry)so
we cansaythattwo normalsare “isotropically equialent’
if they form anisotropicpair. The conditionsfor a recip-
rocal pair do not inducean equialencerelation, however,
asa normalis generallynot reciprocalto itself. To form
anequialencerelationthat exploits reciprocity the condi-
tions for isotropic andreciprocalpairs mustbe combined;
we cansaythattwo normalsare’equivalentundercombined
isotropy andreciprocity'if they form eitheranisotropicpair
or areciprocalpair. Theseequialencerelationspartition
the Gausssphereinto equivalenceclasseof normals. To
further investigatethe geometricstructureof theseequi-
alenceclassesit will be helpful to de ne two families of

cunveson the Gaussspherethat, amongotherthings, have
thenice propertyof beingunionsof equivalenceclasses.

De nition 3. An isotropiccurveundersis agreatcircle on
the Gaussspherehatsatis es

X9+ (Xv)=0

wherex is apointonthe Gausssphereand is aconstant.

An isotropiccurve hasthefollowing properties First, if
anormalis on anisotropiccurve, its isotropiccorrespond-
ing normalis alsoonthecurve. (This canbe easilyveri ed
by substitutingDef. 1 into the isotropic curve equation.)
In otherwords, an isotropic curve is a union of isotropic
equialenceclasses.Second the one-parametefamily of
isotropic curves partitionsthe Gausssphere.Third and -
nally, the emitted radiancealong the curve is symmetric
dueto the symmetricarrangemenof isotropic pairsalong
it (e.g.,Fig. 3). Thislastpropertyplaysanimportantrolein
subsequerdnalysissowe presenit asaformal Remark.

Remark 3. For ary isotropicBRDF, the emittedradiance
alonganisotropiccurve is a symmetricfunction whenthe
cunve is parameterizedby the signedangle( , say)to the
principal meridian.

De nition 4. A reciprocal curveundersis aconicalcurve
onthe Gaussspherghatsatis es

VX9 + (v;5x)%=0

wherex is apointonthe Gausssphereand is aconstant.

Here(x;y;z) = (x y)”z denoteghe scalartriple prod-
uct. A reciprocalcurve haspropertiesthat are analogous
to its isotropic counterpart. If a normalis on a given re-
ciprocal curve, its isotropidreciprocalcorrespondinghor-
mals are on the samecurve. Thus,it is a union of “‘com-
binedisotropidreciprocalequivalenceclasses'. Also, like
isotropic curves, the one-parametefamily of reciprocal
curnves(parameterizetly ) partitionsthe Gausspherani-
nuspointsontheprincipalmeridian.Finally, the symmetric
arrangemenf reciprocalandisotropicpairswithin arecip-
rocalcurve inducessymmetryin the BRDF alongit.

Remark 4. For ary isotropicandreciprocaBRDF, we can
choosea parameterizatiof a reciprocalcurve suchthat
theBRDFvalue(emittedradiancadividedby n” s) alongthe
cune is a symmetricfunction. One suchparameterization
is given by the azimuthalangle betweena normal on the
cunve andthe planethatcontainghe bisectorof sandv and
is perpendiculato the principal meridian.

An exampleof a reciprocalcurve is shaovn in Fig. 4.
To provide a geometricinterpretationof isotropic andre-
ciprocal curves, it is usefulto interpretthe Gausssphere
asbeingmappedto a plane. An elliptic planeis obtained
by a gnomonic(or central)projectionthat mapsa point of



the spherefrom the centerof the sphereonto the tangent
planeatv. It mapsa pointto a point, a greatcircle to a
line, anda conicalcurve to a conic. Theelliptic planeis a
real projective planewith an elliptic metric[3]. Thethree
greatcirclesc; = fx: v>’x = 0g ¢; = fx: $x = Og and
c3 = fx: (v §)”x = Ogaremappednto threelinesin the
elliptic plane:l; istheline atin nity , 1, = s,andlz = v s

Ontheelliptic plane,isotropiccurvesform apencil (lin-
earfamily) of linesby I; andl,. Reciprocalcurvesform a
pencilof conicsgoingthroughthedoublepointsp =11 I3
(theintersectiorof I, andl;) andqg = |, |3 (theintersection
of I; andl,). Theconicpencilis alinearfamily of parabola
directedby the light sourcedirections, andit touchesthe
pointatin nity q.

3. Behavior under GBR Transformations

Theisotropicandreciprocalstructuresdescribedn the pre-
vioussectionexist wheneeracurvedsurfaceis illuminated
from a distant point-sourceand viewed orthographically
They provide constraintbetweenthe intensitiesobsened
at distinct surfacepointsandthe orientationof the surface
normalsatthesepoints. Sincetheseconstraintarevalid for
ary isotropicandreciprocalBRDF, they may nd usefor a
variety of tasks.

In this section,we analyzethe behaior of thesestruc-
tureswhen a GBR transformationis applied. We shav
that, somavhat surprisingly a GBR transformationgen-
erally mapsisotropidreciprocalcurves “as sets' to other
isotropidreciprocal curves. At the sametime, normals
within eachcurve generallymove relative to one another
therebybreakingthe symmetryin the radiancefunctions
alongthe curve (seeFigs. 3 and4). As aresult,givenan
initial reconstructiorup to anarbitraryGBR ambiguity we
can establishthe Euclideanreconstructiorby nding the
GBR transformatiorthatrestoreghis symmetrystructure.

3.1 GBR Transformations

Given threeor more uncalibratedmagesof a Lambertian
surface,the eld of surfacenormalsn(x) (de ned overthe
imageplaneparameterizedby x 2 R?) andthe sourcedi-
rectionss canonly be recoveredup to aninvertiblelinear
transformatiorof R® [8]. It hasbeenshavn thatby impos-
ing integrability on the surface,this generalineartransfor
mationis restrictedto lie in the groupof GBR transforma-
tions,whichare3 3 matricesof theform [1]
1 00
G=B0 1 O

with ; ; 2 R. A GBRtransformatiora ectsthenormal
eld andsourcedirectionsaccordingo

n=G” njjG” njj; s= GsHjGsj; (2)
and

n=G’nHiG”njj;, s=G 'SHG '§j 3
isthee ectof theinversetransformation.

It is easyto verify thata GBR transformatiora ectsnei-
therview directionv nor the principal meridian. Isotropy
and reciprocity however, arein generaldestryed by the
GBRsincen”s, n”s. As aresult,if we aregivenarecon-
structionupto anunknovn GBR transformatiorandwe are
ableto nd thepairsof transformedsotropicandreciprocal
normals we expectthatthe GBR canbe solved.

A commenton terminology: in the subsequendiscus-
sion, we will be interestedin describingthe mannerin
which two normalsn $ m of an isotropic or reciprocal
pair unders area ectedby a GBR transformation.Since
a GBR transformatiordoesnot presere isotropy andreci-
procity, we aregenerallyuninterestedn normalsthatform
isotropidreciprocalpairsundersin thesenseof Defs.1 and
2. Instead,we saythattransformechormaln corresponds
to transformedhormalm if the pre-image®f thesenormals
n andm form anisotropidreciprocabpair unders. Thestory
is di erent, however, for isotropic and reciprocalcurves.
Sincethesecurvesarepreseredassetsundera GBR trans-
formation,it doesmake senseo considerisotropicandre-
ciprocalcurvesundersin the senseof Defs.3 and4.

3.2 Isotropy and GBR Transformations

We rst look at the action of a GBR transformationon
isotropicpairsandisotropiccurves.

Proposition1. A GBR transformatiormapseachisotropic
curve unders "asaset' to anisotropiccurve unders.

To provethis,we rst look athow a pair of isotropicnor-
malsis transformedy G. Suppose is a GBR-transformed
normal and X is its unknown isotropic correspondence.
Sincethe pre-imageof n andX form anisotropicpair un-
ders, we know x”v = n”v andx”s = n”s. By substituting
Eq. 3 into theseequationswe obtainthe following linear
constrainfor the positionof x correspondingdo n:

X9+ (xXVv)=0
= (9N V):

Thus,if n andx form anisotropicpairunders, thenn andx
lie onanisotropiccurve unders.

To completethe proof, we canexplicitly derive a map-
ping betweerthe pre-GBRand post-GBRisotropiccurves
by substitutingheinversetransformatiorequationgEg. 3)
into the expressiomabore. Theyields the following equa-
tion for the pre-imageof theisotropiccurve:

(X*9)+ (XVv)=0;
where = jjGgj= . Thisis alsoanisotropiccurve, which
provesPropositionl.

A GBRtransformationmapsisotropiccurvesto isotropic
cunves,but asdemonstrateth Fig. 3, sinceit doesnot pre-
sene isotropy, it destrys the symmetryof the intensity

with



Figure3. (Left) Top view of the Gausssphere.Greenpointsrep-
resenisotropicpairs,which arearrangedsymmetricallyaboutthe
principal meridianon anisotropiccurve prior to a GBR transfor
mation. Thesepointsaremappedo the yellow pointsby a GBR
transformation,andareno longersymmetricallyarrangedvithin
the cunwe. (Right) Emittedradianceasa function of signedangle
from the principal meridianalongtheisotropiccurvesbeforeand
after the GBR. Sinceisotropy is not presered by the GBR, the
symmetryin theradiancefunctionis lost.

functionalongthecurve. Thus,assuminghatwe caniden-
tify correspondingiormalsn andn® on anisotropiccurve
in the GBR-transformedystemwe canobtaina constraint
ontheunknavn GBR transformatiorby imposingthe con-
dition thattheir pre-images andn® form anisotropicpair
unders. To formulatethis constraint,we substituteEq. 3
into the equationsn Def. 1. Theseequationsarehomoge-
neousin , whichis thereforeeliminated,andthey provide
alinearequationn and :

§ S tc=0 (4)
wherec = (V;S; 0+ O~ v + n® V).

Thereare two importantobsenationsto make regard-
ing this equation.First, it is independenbf . Thismeans
thatisotropy is preseredby a classicalbas-relieftransfor
mation(G = diag(1;1; )),and cannotberesohedusing
isotropicconstraint@lone.Secondthecoe cientsof and

areindependentf n andn®anddepencnly onthesource
directions. As aresult,eachimageprovidesonly oneinde-
pendentinearconstrainon and . This constraintcanbe
geometricallyinterpretedasa requiremenfor symmetryof
isotropicpairsn $ n°aboutthe principal meridiancharac-
terizedby (v;s;n + n% = 0. Torecover and , we need
atleastoneadditionalindependengquationwhichrequires
a secondmageundersources® whoseprojectiononto the
xy-planeis di erentfrom thatof s. Sincethe GBR transfor
mationdoesnot a ectthe xy-planeprojectionof a source
direction(nor the principal meridianasmentionecearlier),
this leadsto thefollowing proposition.

Proposition2. For ary isotropic,spatially-invariantBRDF

the GBR parameters and canbe uniquely determined
from any two imagesundersourcedirectionsthat are not

coplanawith theview direction.

3.3 Reciprocity and Bas-relief Transformations

Once; areknown, we canapplythe appropriaténverse
transformthat correctsfor the additive planeand reduces

the GBR ambiguityto a classicbas-reliefambiguity which
is representedy the diagonalmatrix G° = diag(1;1; ).
Here,we examinethee ectsof a bas-relieftransformation
onreciprocalpairsandreciprocalcurves.

Proposition 3. A bas-relieftransformatiormapseachre-
ciprocalcurve unders “asaset' to areciprocalcurve under
s.

Theproofis similarto theisotropiccaseconsidem $ X
whosepre-imagedorm a reciprocalpair unders. The def-
inition for a reciprocalpair statesthat x>v = n”s and
X>s = n”v. Substitutingthe expressiondrom Eq. 3 into
theseequationgwith G reducedo a bas-relieftransforma-
tion) andeliminatingvariable , oneobtains

VX + (v;SX)>=0;

= (V)M 9HHAv;s )%
Thus,if n andx form areciprocalpairunders, thenn andx
lie onareciprocalcurve unders.

Next, to derive the relationship between reciprocal
cunesrelatedby bas-relieftransformationswe apply the
inverse transformationto the reciprocal curve equation
aboveto obtainthe pre-imageof this curve:

VY + (visx)®=0;
where = = jjGgj. Thisis alsoareciprocalcurve, which
completeghe proof of Proposition3.

Sincereciprocity is not presered by a bas-relieftrans-
formation,two correspondingiormalsn andm in thetrans-
formed systemcanbe usedto obtaina constrainton by
imposingthe condition that the pre-imagesof thesenor
mals form a reciprocalpair undersources. Substituting
Eq. 3 (againwith G = diag(1;1; )) into the conditionsfor
areciprocalcurve andsolvingfor , we obtain:

1 ) 2=(@ITIHMV@V) £ (5
Geometricallythisequationfor  derivesfrom thesymme-
try of reciprocalpairsm $ n unders. Thebisectorof these
normalsmustlie in the planecontainingthe bisectorof v
ands (characterizedy (s+ v;s v;m +n) = 0) thatis
perpendiculato the principalmeridian.SeeFig. 4.

Equation5 provides the magnitudeof the parameter
, andits sign can be determinedas that of m>sn”v or
m”v=n~s. Thuswe have:

with

Proposition 4. For a spatially-irvariant,isotropic,andre-
ciprocalBRDF, the bas-reliefparameter canbe uniquely
determinedrom ary imagewhosesourcedirectionis not
collinearwith the view direction.

4. Application

The resultsof the previous sectiontell us that the auto-
calibrationof photometricstereocanbe performedfrom as
few astwo imagesby exploiting isotropy and reciprocity



Figure 4. (Left) Greenpoints representeciprocaland isotropic
pairs, which are symmetricallyarrangedon a reciprocal curve
prior to a bas-relieftransformation.Thesearemappedo theyel-
low pointsby a bas-relieftransformandare no longersymmetri-
cally located. (Right) The BRDF asa function of positionalong
the reciprocalcurves before and after the transformation. This
functionis initially symmetric,but the symmetryis destryed by
thebas-reliefiransformation.

Givenaninitial reconstructiorof normalsandsourcesthe
GBR ambiguity canbe recoveredfrom Eqgs.4 and5. All

thatis requiredis to identify at leastoneisotropic pair in
eachof two images(with sourcesn generalposition),and
atleastonereciprocalpairin ary singleimage.

In orderto testtheseresults,we conductedexperiments
with bothreal and syntheticdata. Eachsetof imageswas
capturedenderedisingdirectionalillumination andanor-
thographiccamera. In the caseof real data, the cam-
erawas radiometricallycalibratedso that imageintensity
could be directly relatedto emitted sceneradiance. Dif-
fuse and specularre ection componentof the input im-
ageswere separatedusing a color-basedtechnique[13],
andan initial reconstructiorwas obtainedby applyingan
existing methodfor uncalibratedLambertianphotometric
stereg[17] to thedi useimages.Then,by identifying re-
ciprocalandisotropicpairsin the speculaimageswe were
ableto resohethe GBR ambiguity

4.1 Isotropic and Reciprocal Corr espondence

To obtainisotropiccorrespondender agivennormaln, we
searchalongtheisotropiccurve containingn until we locate
anothemormalwith the sameintensity By establishingat
leastonesuchcorrespondenci two or moreimages,we
canrecorerGBR parameters and usingEg.4 andreduce
the GBR ambiguityto a classicbas-reliefambiguity

Oncewe correctfor and , we useasimilar procedure
to establishreciprocalcorrespondencel he reciprocalcor-
respondencéor agivennormaln canbelocatedoy search-
ing alongthe reciprocalcurve until we locateanothemor
malwith thesameBRDF value. Theprocesss complicated
by the factthat we do not have directaccesgo the BRDF
valuealongthe curve. We only know the radiance(image
intensity)l(n) = f(n)(n s). We notethat

I(m) = 1(M(mM”9)=n”s) = I(N) jiG *( )Si(T” V)9

which allows usto assesshe accurag of ary estimate
by: 1) using this equationto estimatethe radiancel (m);

Figure5. Theaccurag of anestimateof thethebas-reliefparame-
ter canbeassesseby searchingreciprocalcurve for reciprocal
correspondencandcomputinganerrormeasurdasednthiscor

respondencéseetext for details).Here theerrorreachedts global

minimumatthegroundtruthvalueof = 1:3.

2) searchingthe reciprocalcurve for a correspondencen
thathasthis intensity; 3) usingn andthis estimateof m to
compute , usingthe Eq. 5; and4) computingthe error
ji1 2jj> Basedon this procedurewe do anexhaustve
one-dimensionatearchoverawide interval 2 [ 10;10].
Figure5 shavs atypical pro le of the errorcomputedover
thisinterval, which generallyreaches global minimum at
thegroundtruth valueof

As anaside we notethatpreviouswork usingthe “spec-
ular spike’ modelof re ectance[4, 5] canbe derivedasa
speciakaseof thismethod.In thatcasethecorrespondence
problemis trivial becauseeachspeculamormalis its own
isotropicandreciprocalcorrespondingnormal. The result
is the same however, andthe GBR ambiguitycanbe fully
resohedfrom two imageq4].

4.2 Results

Figure6 shawvsresultson a syntheticexampleconsisting
of thirty-six renderednput imagesof a Venusmodelusing
a Cook-TorranceBRDF. Thetoprow of this gure shavsa
linearly codednormalmap,wherethe RGB channelsepre-
sentx, y, andz componentstespectiely. The secondrow
shaws the correspondingurfaceheight elds obtainedby
integratingthenormal elds. Fromleft to right, thecolumns
shaw resultsof calibratedphotometricstereo(i.e., ‘ground
truth'); uncalibratecphotometricstereg17]; andour auto-
calibratedphotometricstereo. Theseresultsdemonstrate
thatthe proposedapproactsuccessfullyresohesthe GBR
ambiguitythatremainsafterthetraditionaluncalibratede-
sult [17], and givesresultsthat are very closeto the cali-
bratedcase. The GBR parametersecoveredby our method
are(; ; )=(12,09;13).

Figures7 and8 shaw resultsfor experimentnrealim-
ages.In these gures, thetop row shavs one of the input
imagesalongwith the separatedli useandspecularcom-
ponents. The middle and bottomrows shov normalmaps
andsurfaceheight elds asbefore,with columnsfrom left
to right representingl) calibrated_ambertianphotometric
stereoappliedto the di useimages;2) uncalibrated_am-
bertian photometricstereo[17] appliedto the di useim-



Figure 6. Resultsfrom thirty-six syntheticimagesrenderedwith

a Cook-TorranceBRDF. Top row: linearly codednormal maps,
wherer, g, b channelsrepresentx, y, z components. Bottom
row: surfaceheight elds. Resultsin columnsfrom left to right:

calibratedlighting directions;traditional uncalibratedpohotomet-
ric stereq[17]; our auto-calibrategohotometricstereoalgorithm,
which successfullyresohes the GBR ambiguity and obtainsre-
sultscomparabléeo the calibratedcase.

Auto-calibrateds | Error
(0.33,052,0.79) | 16
(0.39,-0.15,0.90) | 8
(-0.27,-0.34,0.90) | (-0.02,0.05,-0.99) | (-0.07,0.19,0.98) | 33
(-0.23,0.11,0.97) | (-0.02,0.03,-0.99) | (-0.05,0.11,0.99) | 10
Table 1. Accuray of recoveredsourcedirectionsfor four images
of the peardatasetRight-mostcolumnshavs angularerror

Groundtruth s
(0.34,0.26,0.90)
(0.35,-0.30,0.89)

Resultsfrom [17]
(0.13,0.20,-0.97)
(0.20,-0.07,-0.98)

agesand3) ourauto-calibratedesultsthatusethe specular
imagesto resole the GBR ambiguity For the calibrated
case,we use sourcedirectionsthat were measuredrom

mirroredspheresiuring acquisition. The GBR parameters

(; ; )recoveredby our methodare(2:1; 1:2; 3:3)and
( 2; 1:2;3:1)for thepearand sh, respectiely.

Table1 andFigure9 provide quantitatve evaluationre-
sults. For the peardata, Table1 compareshe sourcedirec-
tionsrecoveredby our methodo theground-truthrsourcedi-
rectionsmeasurediuringacquisition.Here, the right-most
columnprovidesangularerror in degrees.Figure9 shavs
averageangularerrorsbetweerthenormalsrecoveredusing
our approachand thoserecoveredusing calibratedphoto-
metric stereowith the measuredourcedirections. For the
Venus,pearand sh examples,our methodachievesaver-
ageangularerrorsof 2.8,4 and6.7 degreesand maximum
angularerrorsof 44,32 and26.3degreesrespectiely. The
sourcesof errorinclude: 1) inaccuraciesn isotropic and
reciprocalcorrespondence?) imaging noise;and 3) inac-
curatedi usdspeculaiseparation.

Finally, Fig. 10 showns surfacesobtainedby integrat-
ing therecoverednormal elds from the calibrateduncali-
bratedandauto-calibratednethodsln eachcasepurauto-
calibratedproceduresigni cantly improvestheuncalibrated

Figure 7. Resultsfrom four input imagesof a pear Top row:

oneinputimagewith separatedli useandspecularomponents.
Middle row: linearly encodechormalmap. Bottomrow: surface
height elds. Columnsfrom left to right shav photometricstereo
resultsusing: calibratedlighting directions;an uncalibratedap-

proach[17]; and our auto-calibratedapproachthat resoles the

GBR andprovidesresultscomparabldo the calibratedcase.

Figure8. Resultsrom seveninputimagesof aplastictoy sh. Top

row: oneinputimagewith separatedi useandspecularompo-
nents. Middle row: linearly encodedhormal map. Bottom row:

surfaceheight elds. Columnsfrom left to right shav photometric
sterearesultsusing: calibratedighting directions;anuncalibrated
approacH17]; andour auto-calibratecpproactthatresohesthe
GBR andprovidesresultscomparabldo the calibratedcase.

resultsby resolvingthe GBR ambiguity



Figure9. Surfacenormalangularerror betweerthe resultsof our
auto-calibrateanethodandcalibratedphotometricsterearesults.

Figure 10. Surfacesrecoreredfrom integrating estimatechormal
elds. Renderingof the recorered suriacedfrom a novel view
point. Columnsfrom left to right shav photometricstereore-
sults using: calibratedlighting directions; an uncalibratedap-
proach[17]; andour auto-calibrategpproach.

5. Conclusion

This paperdemonstratethat the generalizedobas-relief
ambiguity can be resoled for ary surface that has an
additive specularre ectance componentthat is spatially-
invariant,isotropicandreciprocal.lt shovsthattwo images
aresu cientto resole the GBR, and presentsa practical
algorithmfor doing so. The resultis an auto-calibrating
systemfor photometricstereathatcanbe appliedto a very
wide variety of surfaces.

More broadly this paper demonstrateshe utility of
two very generalre ectanceproperties:isotropy andreci-
procity. It showvs that any imageof a surface(corvex or
not) underdirectionalillumination and orthographicview
containsobsenationsof distinct surfacepointsthat arein
isotropicandreciprocalcon gurations. By analyzingthese
equivalenceclassesijt revealspatternsof intensity on the
Gaussspherehatcanbe usedasconstrainton surfacege-
ometry In the future,theseconstraintould potentiallybe
usedin otherwaysfor theanalysisof scenesvith comple,
non-Lambertiarsurfaces.
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